Let’s define the Poisson Bracket as in the math books and modify the symbols { } so they become some
sort of operator:

In[1]:=
<< Notation™

In[69]:=
(* Poisson Bracket defined as function and as symbolic operator x)

Notation[ {X_, Y_}runn = poissonBra[x_, VY ] ]

makeMatrix[dim_, a_] := Array[Subscript[a, #1, #2] &, dim]
makeVar [dim_, a_] := Array[Subscript[a, #1] &, dim]

poissonBra[xx_, yy ] := Module[{},

i ((8g,%x) * (8p, YY) - (8p, xX) * (04, ¥Y))

]l:l

Notation[ {X_, Y _}pnew = makeNewBra[x_, Yy_] ]

Notation[ Hi = H[[i_]] ]

makeF[] := Module[{},

Table[Table[ (ay,H;) - (dy,Hi) + {Hj,» Hi}ryy» (> 1, M}],
. 1, M}]

]

makeNewBra[x_, y ] := Module[{v1l, v2},

vl = Table[ (6y,X) + {X, Hi}runy» {i, 1, M}];
v2 = Table[ (8y,Y) + {Y> Hi}eunn» {i, 1, M}];

{X, Y}runn + V1.G.v2

For this draft of the code | assume n = 4, M = 2. If you need the general such formal system with n and
m arbitrary, | have to consult some experts in Boston to get back to you.
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In[86]:=

Out[91]=

Out[92]=

Out[93]=

In[102]:=

Out[105]=

In[106]:=

Out[106]=

In[107]:=

Out[107]=

At lease we get an idea how the symbolic mechanisms work.

We can simply change n and m below to any numbers and all the code works without modification!

3;
2

n
M
f=.;
g=-;
h=.;
makeVar[n, p]
makeVar[n, q]
makeVar [M, u]

{P1, P2, P3}
{d1, 92, ds}

{uz, uz}

The concrete functional dependence is not important. Only for any case - all functions depend on mutually
independent arguments (gi, pi, §»). The definition of Poisson bracket is

X:i= f[pls p21 p3!q11 q2’ q31 Ul, u2] ;
Y = g[p1, P2, P3, C1, 02, O3, U1, U2] ;
Z:= Z[pl’ P2, P3 >, d1, 92, 43, U1, uz] 3

(» vector of functions x)
H = Table[hi[p1, P2, P3, d1, d2, O3, U1, U2], {i, 1, M}]

{hy[pP1, P2, P3, d1, O2, O3, U1, Uz], ha[p1, P2, P3, Oz, O2, O3, Ug, Uz]}
H indexing to match the paper:
Hi

hi[p1, P2, P3, d1, G2, O3, U1, Uz]

Ha
ho [P1, P2, Pz, d1, G2, O3, U1, Uz]

Let's mak F:
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In[108]:=
F = makeF[];
(xLet"s check for the enteries, too long to output properly =)
FII21101]]
outrogl= 0
In[110]:=
FI[111[[2]]
oupior hy (000000001, n,ps, g1, 02, O3, U, U] -
hy (0000050 15, p,, ps, 01, U2, O3, U, Uz] -
hy (00000100015, b, ps, 01, U2, U3, Uy, UZ]
hy (010000015, ', ps, g1, Gz, O3, U, U] +
hy (0000010015, b, ps, 1, U2, U3, Uz, Uz]
hp (010000015, ', ps, 1, Uz, U3, U, U] -
hp (©0.0.0.1.0.0.00 15, " p,. ps, 01, G2, U3, U1, Up]
hy 1500000015, p, ps, qi, G2, U3, Uz, Up] +
hy (0000100015, p, ps, 01, G2, U3, U1, Up]
hp (1000000 15, p, ps, g1, G2, a3, Uz, Up] -
hp (0001000015, " p,, ps, 01, G2, U3, U1, Up]
hy 1000000015, p, ps, g1, G2, 3, Uz, Up] +
hy (001000015, p,. ps, 01, G2, Q3. U1, Up]
hy 40:0.0.0.0.0.0 19, py, p3, a1, 2, s, U1, Uz]
In[111]:=
FI[2]111[1]]
oufie —hy (©00.0.0.0.0 01, " p, ps, a1, 2, s, UL, Up] +
hy (000001019, py, p3, q1, A2, Gs, Uz, Uz] +
hy (00000100015, b, ps, 01, U2, U3, Uy, Uz]
hy 00000015, p,, ps, a1, A2, Gs, U1, Uz] -
hy (000010019, 'p,, p3, 1, A2, s, U1, Ug]
hp (010000015, p,. ps, 1, U2, U3, U, U] +
hy (00001000015, b, p3, 01, U2, U3, Uz, Uz]
hy 1000000 15, p,, ps, g1, 2, O3, U, U] -
hy (0001000 15, p, ps, 01, Gz, U3, U1, U]
hp (0100000015, " p, ps, g1, G2, a3, Uz, Up] +
hp (00010000015, " p,. ps, 01, G2, Qs U1, Up]
hy 1000000015, " p, ps, qi, G2, 3, Uz, Up] -
hy (0001000015, p, ps, 01, G2, U3, U1, Up]
hp 1:0.0.0.0.0.0.0 15, p, ps, 01, G2, Gs, U1, U]
In[113]
FI[2]11[[2]]
ouf113= 0

For experimentation make G inverse of F:
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In[114]:=
G = Inverse[F];
Dimensions[G]

ouuis= {2, 2}

In[116]
GL[111[[1]]

outi16l= O

ni7= GL[L111[[2]]

oz -1/ (hy (®© 00000010, "p,. p3, 1, A2, Gs, U1, Uz] -
hp (©0.0.0.0.0.L0 15, p,, ps, 01, G2, U3, U, Uz] -
P1, P2, Ps, U1, Uz, Q3, Uy, Up] hy (O 0100000 1h " ps gy, qp,
ds, Up, Up] +hy (%000 10.01s p, ps g:, G2, Qs U1, U]
hp (0010000015 py ps, 01, G2, Q3 U, Up] ~hp @0 00L000 1y py
P3, O1, G2, O3, Ug, Up] hy @1 0000:00 1 p, ps g1, 2, O3, UL, U] +
hy (0001000 1p, py ps, a1, 2, s, Ug, Uz] hp @ 1000000 p, p,pg,
i, G2, Os, Uy, Up] —hy (@0 0H0000 5 "y ps g1, 02, g3, U1, Uz]
hy 400000000 15, "p,. ps, 01, 02, O3, U, Up] +hy (@0 0100005 )
P3, 1, G2, O3, Ug, Up] hpy 000000 5, p, ps, g1, g2, gs, U1, Uz])

h2 (0,0,0,0,0,1,0,0) [

In[118]

GL[2]11[[1]1]

out[118]= —1/

(7h1<0'0'010Y0’0'011) [pl- P2, P3, d1, Q2, Qs3, Uj, Uz] +h2<O’OVOYOYO’0'l'O) [plv P2, P3, d1, G2, Qs,

0.0.0.0.0.1.0.0) 15, " py, p3, 1, Gz, g3, Uz, Up] hy (@0 10000015 "p, b,
d1, G2, O3, Uy, Up] —hy(©00.0.0L0.00 15 ", ps gy, 02, g3, U1, U]
hZ(O’O’l’OVOYO’O’O) [pl! p21 p31 qlv QZ, q3l ug, UZ] +h2(010,0,0,1,0,0,0) [plv p21
p3! QL QZ- q31 usg, uZJ hl(OVlYO’OVOVOYO’O)[plv p2! p3! Q1a qu q31 usg, uZJ -
hy (000010000 15, ", ps, 1, G2, Qs Uz, Up] hp @ 1000000 p, i p, ps,
1, G2, Os, Uy, Up] +hy (@0 0H0000 15 "y ps, g1, 02, g3, U1, U2]
hl(lyO’O'OVOYOYO’O) [pl! p21 p3! qlv QZ, q3l Ul, UZ] 7hl(0,0,0,1,0,0,0,0) [plv p21
P3, 1, G2, Os, Uz, Up] hp b ® 0000005 py ps, gy, 02, g3, Uy, uz])

Ug, Up] +hy!

In[119]:=
G[[2]11[[2]]

ou119= O

nzop= NEW = {X, Y} yew 5
Dimensions[new]

ouf121)= {8}
In[122]:= New
0,0,0,0,0,1,0,0
ouizzi= ~g "[P1, P2, P3, d1, G2, d3, Uz, Uz]

f<0,0'1’0’0’0'0Y0) [pll P2, P3, g1, G2, Qs3, Uj, UZ] +
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f(0.0.0.0.0.L0.0 15, py, p3, 1, G2, Gs, U1, Uz]

0.0.1,0.0.0.0.0 5, Py, P3, 1, G2, O3, Uz, U] -
P1, P2, P3, d1, J2, Cs, Uz, Uz]
f (1000000 15 p, ps, a1, Gz, U3, U1, Uz] +
P1, P2, P3, d1, G2, O3, U1, Uz]
g 1000000 15 py ps 01, U2, G3, Uz, U] -
g©00 10000 5 py, ps, Q1 G2, U3, Uz, Up]
f (10000000 15 p, ps, g1, G2, U3, U1, Uz] +
P1, P2, P3, d1, 02, O3, U1, Uz]
gt 0000000 15 py ps 01, U2, g3, Uz, U] -
((g!®®®000L0 p) p; ps 01, G2, O3, Uz, Up] —hy (0000100 1p p, ps g, g2, 03,
up, up] g®@% 1000009 15 py ps, 41, 02, O3, Ug, Up] +g@ 0000 LO0 p
P2, Ps, G, Oz, G3, Uy, Up] hy© 01000001 "hpaqq, gz, g3, Ug, Up] -
hy (0001000 p, py ps, a1, G2, g3, Ug, Up] gOTO00000 p p, g, qy,
0.0.0.0.1,0.0.9 19, pz, p3, G1, G2, U3, Uy, Up] hy (10000000
P1, P2, Ps, G1, G2, Q3, Uy, Up] —hy (@ 0010000 5 ", ps gy, 2, 03, UL, UZ]
gh®000000 b py ps, a1, G2, Qs Up, Up] 900010000 P, p,,
P3, 1, G2, Os, U1, Up] hy 0 ® 000000 5 "py ps, g1, 02, g3, Us, uz])
(f(©000.0.000 P, ps, g1, Gz, s, U1, Up] —hp @ % 000100y py pg,
U1, G2, Q3 Ug, up] f(©0100.0.00 15 n, psq;, gz, g3, U1, Up] +f (000001000
P1, P2, P3, G, G2, G3, Uy, Up] hp(© 01000001 "p)pa gy, gp, g3, Ug, Up] -
hy (©0:0:0.1.0.0.00 15, 'py, ps, 01, U2, Qs Uy, Up] (00000005 n,ps, g,
up) +f(©000L000 g p, ps, G1, G2, O3, Ug, Up] hp (1 00.0.0:0.00¢
P1, P2, P3, G1, G2, O3, Uy, Up] —hp(@ 0010000 5 ", ps gy, 02, 03, UL, UZ]
f (100000005, p, ps, g, G2, s, Uy, Up) +f(©00L0000 g g
P3, 1, G2, Os, U1, Up] hp 0 ® 000000 5 " py ps, g1, 02, g3, Ug, uz1)) /
(~hy(© 0000000 5, py p3, Q1. G2, s, Up, Up] +hp (0000010 5 p,
P3, 41, G2, Q3, Uz, Up] +hp(© 00001000 g " h, ps g1, g2, 3, U1, Uz]
hy (010000015, p, ps, g1, G2, U3, Uy, Up] -
P1, P2, Ps, d1, G2, Qs, U1, U2]
hp (010000015, " p,. ps, q1, G2, 3, U, Up] +
P1, P2, Ps, d1, G2, Qs, U1, Uz]
hy (100000015, p, ps, 1, G2, Qs U, Up] -
P1, P2, Ps, d1, G2, Qs, U1, U2]
hy (01000000019, ' py, p3, a1, G2, s, U1, Uz] +
hy (0010000 1p, py, p3, a1, 2, g3, U1, Uz]
hy 4000000019, py. p3, 1, 92, g3, U1, U2] -
hy (0010000 1p, s, p3, a1, G2, s, U1, U2]
hy 1:0.0.0.0.0.0.0 15, "p;, ps, g1, G2, g3, Uz, Uz]) -
((f 000001070, by ps 01, G2, Gs, Uz, Up] —hy @ %000L00 p p, ps gy,
2, Q3. Up, Up] f (0 10000.01p ", ps g, G2 03, UL, Up] +f (0000100
P1, P2, P3, G, G2, O3, Uy, Up] hy 0100000 1h "p,paqq, gz, g3, Ug, Up] -
hy (0001000015, py ps, 1, G2, O3, Uy, Up] f(O10000.0.0 5 Tn,ps, g,
0.0.0.0.1,0.0.9 19, pz, p3, G1, G2, U3, Uy, Up] hy (10000000
hy (0010000015, "p, ps, 1, G2, O3, Uy, Uz]

g(
0,0,0,0,1,0,0,0
g '

f (0,0,0,0,1,0,0,0) [

f (0,0,0,1,0,0,0,0) [

42, 3, Ug, Uz] +g!

g2, Qs3, Uy,

0,0,0,0,0,1,0,0

hy '
0,0,00,1,0,0,0

h2< )[

hl (0,0,0,0,1,0,0,0) [

d2, O3, Ug, Up] +f ¢
P1, P2, P3, 01, d2, g3, Ui, Uz] -
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f (10000000, py p3, a1, 92, s, U1, Up] +f @000, p,

0.0.0.0.0.9 19, py, ps, A1, 2, 3, U1, Uz])

P1, P2, Ps3, G1, G2, G3, Ug, Up] —hp(© 0000100 5, ", py

Q0L 0000% py, Py, Pa Q1 G2 3, Uz, Up] + Q"0 OOLO0T
uz] hy (@0 100009 15 py. p3, d1, 02, g3, U1, Uz] -

0.1,0.0.0.0.0.00 15, p,, p3, a1
0,1,0,0,0,0,0,0
] hy! '

P3, d1, G2, g3, Uz, U] hy 0
(g<°’ 0,0,0,0,0,0,1) ¢
41, O2, O3, U1, Uz] g!
P1, P2, P3, 91, g2, g3, Uz,
hp (%0.0.0.1.0.00 15, p, ps, g1, G2, s, U1, Uz] g
0.0.0.0.1,0.0.0) [pl! p21 p3l QL q21 q3! ull U2
pll va p3v ql! QZ: QS, ull UZ] 7h2<0’0'011Y0’0'010) [plv pZ! p31 ql! CI2: q3l ul! UZ]
g(lYOYOVOVOVOYO’O) [pl! p21 p3! qll q21 q31 ulv UZ} +g(OVOYOYl'0'0'OYO) [pl! p21
Ps, d1, 2, Gs, Uz, Up] hpH® 000000 1p, py ps g1, g, gs, Uy, uz])) /
(hy© 0000000 p, py, p3, a1, G2, Q3 U1, Up] —hyp (00000 LO b, by pg,
qll CIZ- q31 usz, UZJ 7h2(0'010’0’0'110’0) [pl! p2! p3: QL q21 q31 usg, UZ}
hy (050000015, p, ps, 1, G2, Gs, U, Uz] +
P1, P2, P3, 91, g2, g3, Uz, UZ]
hp (0 10.0.0.0.01p, p,, ps, g1, G2, s, U1, Uz] -
P1, P2, P3, 91, g2, g3, Uz, U2]
hl(OYl’OVOVOYOYO’O) [pl! p21 p3! qlv QZ, q3l U]_, UZ] +
P1, P2, P3, 91, g2, g3, Uz, UZ]
hy (©:1:0.0.0.0.0.0) 15, " p,. ps, g1, Gz, Gz, Uz, U] -
P1, P2, P3, d1, g2, (s, Uz, Uz]
hy (1:0.0.0.0.0.0.00 15, " p,. ps, g1, Uz, Gz, Uz, U] +
P1, P2, P3, di1, dz, (3, Uz, U2]
hp 1:0.0.0.0.0.0.0 15, "y, p3, a1, G2, 93, UL, uz])

g2, 03, Uy, UZ} +g(

hl(0,0, 0,0,0,1,0,0) [
h2<0'0' 0,0,1,0,0,0) [
hl(0,0, 0,0,1,0,0,0) [
h2(0,0, 0,1,0,0,0,0) [

h, (©:0.0.1,0,0,0,0)

Very large, so was placed in a separate file:

{{X’ Y}New’ Z}New+ {Y’ {X7 Z}New}New_ {X’ {Y’ Z}New}New
$Aborted ]

Let's see how the Poisson Bracket looks like:

axX @ @ aX
dq; Op; dy; ap'z'.

{X.Y}=
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In[124]:=
{X5 Y}aun
oupza- -9 (00050015, p, 0 ps g1, g2, g3, UL, Up)
f(00100000 15 p, ps g1, U2, g3, Uz, Up] +
f (00000100 h, ps ps, 91, U2, g3, Ug, Up]
g<0'0'1’0’0’0'0’0) [pli va p31 ql! q2! q31 Uy, u2] -
g(O’O’O’O'LO’O’O) [pli p21 p35 qll q21 q3! Ul, UZ}
f<0’1'0’0’0’0'0’0) [plr pZ! p31 q1; q2| q31 Uj_, UZ] +
f(O’O’O’O'LO’O’O) [pl! p21 p35 qll q21 CI3, Ul, UZ}
g<0’1'0’0’0’0'0’0) [p11 p2! p31 CI11 q2| q31 ul! UZ] -
g(O,OyoylvO,O,O,O) [pl! p21 p31 qll q21 Q3, Ul, u21
f (10000000 15 n ps g1, G2, 93, U, Up] +
f (00010000 5 " p, p3, g1, d2, g3, Uy, Up] gt 00000000 g nol pa 1, g2, g3, Ui, U]
Check the anti-symmetic property:
{X,Y}=-{Y,X} antisymmentric Poisson bracket
In[125]:=
X5 YYeun + {Y5 XYeunn
out12sl= 0
a
'
4., e
inp26)= Oy, X
oupze f (00000010015, " n, 0 ps, A1, G2, g3, U, Up]

In[127]:=

ou, Y

1

0.0.0.0.0.0.1.0) 5, " py. p3, Q1, Ga2, g3, Uz, U]

out[127]1= g (
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In[128]:=
0u, {X, Y}runr

0,0,0,0,0,1,1,0
Out[128]= 79( )[pl! P2, P3, 41, Q2. 03, Uy, UZ]

(00100000715 n, ps, g1, 92, 03, Uy, Ux] +
P1, P2, P3, d1, d2, O3, Uz, Uz]
0.0.1,0.0.0.0.0 5, Py, P3, A1, G2, U3, Uz, U] -
P1, P2, P3, d1, d2, Cs, Uz, Uz]
f(0010.0010 715 by ps, g1, 92, O3, Uy, UZ] +
P1, P2, P3, d1, J2, Cs, Uz, Uz]
g© 0100010 p  py ps 01, U2, Q3 Uz, U] -
g©000L0LO p) Py, p3, Q1. G2, U3, Uz, Up]
f (1000000 15 p, ps, a1, G2, U3, U1, Uz] +
P1, P2, P3, d1, 02, Gs, U1, Uz]
0.1.0.0.0.0.0.0 15, pp, P3, G1, G2, Q3. U1, Up] -
P1, P2, P3, d1, 02, O3, U1, Uz]
f (050000505 p, ps, g1, G2, Gs, U1, Uz] +
P1, P2, Ps, d1, 02, O3, U1, Uz]
©0.1.0.0.0.0.L.0 19, py, p3, q1, 2, g3, U1, Uz] -
P1, P2, P3, d1, 02, O3, U1, Uz]
f (10000000 9, p; ps, a1, dz2, s, U1, Uz] +
P1, P2, Ps, d1, 02, O3, U1, Uz]
g 0000000 b by ps G1, G2, Gs, Uz, U] -
P1, P2, P3, d1, d2, O3, Uz, Uz]

1,0,0,0,0,0,1,0
f< )[pll P2, P3, g1, G2, Qs3, Uj, U2] +
(1,0,0,0,0,0, 1,0)[

f(0,0,0,0,0, 1,1,0)[
g<

0,0,0,0,0,1,0,0
g '

f (0,0,0,0,0,1,0,0) [

f(0.0,0,0,1,0,1,0)
g(

0,0,0,0,1,0,0,0
g '

f(0,0,0,0,l,0,0,0)[
g
0,0,0,1,0,0,1,0
g T
f(0,0,0,l,0,0,l,O)[

0,0,0,1,0,0,0,0
g '

§(0,0,0,1,0,0,0,0) [

P1, P2, P3, d1, G2, O3, U1, U2] Q P1, P2, P3, 41, G2, d3, Uz, Uz]
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In[129]:=
{80, X5 Y}eunn + (X, 0y, Y}runi

0,0,0,0,0,1,1,0
Out[129]= 79( )[pl! P2, P3, 41, Q2. 03, Uy, UZ]

(00100000715 n, ps, g1, 92, 03, Uy, Ux] +
P1, P2, P3, d1, d2, O3, Uz, Uz]
0.0.1,0.0.0.0.0 5, Py, P3, A1, G2, U3, Uz, U] -
P1, P2, P3, d1, d2, Cs, Uz, Uz]
f(0010.0010 715 by ps, g1, 92, O3, Uy, UZ] +
P1, P2, P3, d1, J2, Cs, Uz, Uz]
g© 0100010 p  py ps 01, U2, Q3 Uz, U] -
g©000L0LO p) Py, p3, Q1. G2, U3, Uz, Up]
f (1000000 15 p, ps, a1, G2, U3, U1, Uz] +
P1, P2, P3, d1, 02, Gs, U1, Uz]
0.1.0.0.0.0.0.0 15, pp, P3, G1, G2, Q3. U1, Up] -
P1, P2, P3, d1, 02, O3, U1, Uz]
f (050000505 p, ps, g1, G2, Gs, U1, Uz] +
P1, P2, Ps, d1, 02, O3, U1, Uz]
©0.1.0.0.0.0.L.0 19, py, p3, q1, 2, g3, U1, Uz] -
P1, P2, P3, d1, 02, O3, U1, Uz]
f (10000000 9, p; ps, a1, dz2, s, U1, Uz] +
P1, P2, Ps, d1, 02, O3, U1, Uz]
g 0000000 b by ps G1, G2, Gs, Uz, U] -
P1, P2, P3, d1, d2, O3, Uz, Uz]

1,0,0,0,0,0,1,0
f< )[pll P2, P3, g1, G2, Qs3, Uj, U2] +
(1,0,0,0,0,0, 1,0)[

f(0,0,0,0,0, 1,1,0)[
g(

0,0,0,0,0,1,0,0
g '

f (0,0,0,0,0,1,0,0) [

f(0.0,0,0,1,0,1,0)
g(

0,0,0,0,1,0,0,0
g '

f (0,0,0,0,1,0,0,0) [

g
0,0,0,1,0,0,1,0
g '

f(0,0,0,l,0,0,l,O)[
9(0’0’0'1'0'0’0'0)[

f(0,0,0,1,0,0,0,0) [

P1, P2, P3, d1, G2, O3, U1, U2] Q P1, P2, P3, 41, G2, d3, Uz, Uz]

8. {X,Y} = {8uX,Y} + {X,8.Y)

nisop= Ouy {Xs YYeumr === {00, X5 Y}eunn + {X, 0u, Y}run

ouf130= True

Let’s go thru all parameters and see if the latter is correct, and print True each time:

In[131]:=

Table [y, {X, Y}runn === {08u; X, Y}runn + {X, Oy, Y}rumr» {F, 1, M}]

oufizi)= {True, True}
In[132]:= Table[a\,i{x, Y}Full === {aviX, Y}Fu||+{X, aviY}Fu||, {i, l, M}]

oufizz= {True, True}

The standard jacobi identity for the Poisson bracket {_, _} is
({X.Y},2} = (X, (Y, 2}} - (¥, {X, 2}}.
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In[1

w
@
1

(» Expand is a function that distributes all terms and undoes the factors x)
Expand [ {{X, Y}rurrs ZYrunn + (Y5 (X, ZYeunndron - 05, {Ys ZYeunn}runi]

ou133= 0



