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<< Notation~

This formulation is incomprehensible and | guessed how it
works:

In order to write the n-simplex equations in terms of A and B let us further define (in

analogue with (2))

. AP fi=K,, j = Kp for some a, 3,
A - _: _Lx.' 1 £ 1 M 11
(Ar..) { &7,  otherwise, D
B;, ifi=K,, for some a,
(Brr.kn)i = ' ,u (12)
0, otherwise,
so that
N
(Rier i )iy = L 0hn, eyt Br ot (13)
p=1 '

where now the v summation runs from 1 to N.
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Notation[ Ri_,j_ = makeA[A, {i_, j_}, 3] ]
Notation[ Ri_,j .« = makeA[A, {i_, j_, k_}, 6] ]

Notation[ Ri .j ,x,n. = makeA[A, {i_, j_, k_,h_}, 10] ]

makeMatrix[dim_, a_] := Array[Subscript[a, #1, #2] &, dim]
(» makeA generates the A matrices In Hietarinta paper =)
makeA[A_, list_, n_] := Module[{res, i, j, Kk},

res = ConstantArray[-1, {n, n}];

Table[1f[MemberQ[list, 1] != True, res [[iI]][[J]1] = KroneckerDeltali, j];
res [[J1]1[[1]]1 = KroneckerDelta[j, 111, {i, 1, n}, {J, 1, n}];

Table[k = 1; Table[
If[res[[Iist[[I]]1110[0]] = -1, res[[DasC[d1]11100d]1] = AL[I]]1[[Kk]]; k=k+1];,
J-1,n}], {i, 1, Length[list]}];

res

3-Simplex

In[17]:=

A = makeMatrix[{3, 3}, a];

A // MatrixForm
Out[18]//MatrixForm=

a1 ai2 a3

dz,1 a2 azas

dz 1 az,2 ass

Rename the entries to match the paper:

In[19]:=
A=A/,
{a;,1»a, ag2->b, a;3>C, a,1>X, &>y, 8,32z, az,1>U, az>->V, az 3> W};
A // MatrixForm

Out[20]//MatrixForm=

ENO

b
y
v

c X o

Make the R matrices for 3-implex:
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nei= Ri,2,3 // MatrixForm

Out[21]//MatrixForm=
a

coooc x
coo<<oT
Ooos NO
corooo
oroooo
rOoOOoOooo

In[22]:=
Ri,4,5 // MatrixForm

Out[22]//MatrixForm=

a00bcOoO
010000
001000
x 00y z O
uo0oOvwa>oO
000O0O0L1

In[23]:=
Ro.4,6 // MatrixForm

Out[23]//MatrixForm=

100000
0aol0OboOc
001000
O0x 0Oy 0z
000O011O0
OuOvOw

In[24]:=
Rs,5,6 // MatrixForm

Out[24]//MatrixForm=

100000
010000
00aO0Obec
000100
00x 0y z
0 0OuOvw
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In order to solve the tetrahedron equation under the present ansatz we first consider
the homogeneous part. The equation to solve is just like (4) with R replaced with A.

When the matrix

a b ¢
A= |z y =z
U v ow

is inserted into the 6 x 6 matrix Ak, k,k, the six different ways indicated in (4) and we
compute the corresponding matrix product we find 29 equations:
abr =0, bry =0, vyz = 0, vwz =0,
bz(b—z) =0, vz(v —2) =0, y(bu — cv) = 0, y(—cz + uz) =0,
blay+b—-1)=0,z(ay+z-1) =0, z(wy+2—-1) =0, v(wy +v— 1) =0,
abuz + acx + beu = 0, bvxz + cvy + coy = 0, buwz + cuz + cow = 0,
abu + acvx + cux = 0, buy + bvzz + uyz = 0, cuv + cvwz + vwz = 0,
abwz + acz + bew + ¢ = 0, auv + avws + v? + vwz = 0,
buvz + cuy + cv? — cvz = 0, buzz — bex + cuy + cx? =0,
—b?u — beve + buz — cuy = 0, —cuy — cvrz + uvz — uz? = 0,
bwzz + cwy + czz + cz — ¢ =0, abvz + acy + bev + be — ¢ =0,
—auy — avzrz —urz —ur+u =0, —buv — bvwz — wv — vwy + u = 0,
—beu + bu®z — cvr + cuw + cur — cuz = 0.
By just considering the first four equations the problem can be split into 9 different cases,
and each one of them can then be solved rather easily. After eliminating those solutions
that reduce to 2-simplex solutions and those with noninvertible A we find 3 basic solutions

from which others are obtained by the allowed transformations. These solutions and their

nonhomogeneous additions will be discussed below.

10

In[25]:=

(R1,2,3-R1,4,5-R2,4,6-R3,5,6 - R3,5,6-R2,4,6-R1,4,5-R1,2,3) // MatrixForm
Out[25]//MatrixForm=

0 abx acx+u (bc+abz)
—abx -b%x +bx? -bcx+cx2+u (cy+bxz)
-cux-a (bu+cvx) bux-b (bu+cvx)-cuy cux-c (bu+cvx)-cuz+u(cv+l
Xx-x2-axy -bxy —CXy+uUyzZ
U-UXx-Uxz-a(uy+vxz) -uyz-b(uy+vxz) Uuvz-uz?-c (Uy+vxz)
—U?-uwx-a (UV+VWX) U-UV-b (UV+VWX)-Uwy -C (UV +VWX) -UWZ

We get exactly the same equations.

Solve these simultaneous system of equations, ‘-’ means substitute for solution:
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3-Simplex Solutions

nzel= SOl = SOlve[Ry 2,3-R1,4,5-R2,4,6-R3,5,6 - R3,5,6-R2,4,6-R1,4,5-R1,2,3 ==
ConstantArray[0, {6, 6}], {a, b, c, xX,y, z,u, Vv, w}];

Substitute them back into the original A matrix:

In[27]:=
sol = DeleteDuplicates[sol];
Table[ A /. sol[[i]] // MatrixForm, {i, 1, Length[sol]}]

u u-ux
v 0 0 tox 0 0 g 0 0 oo a0o0
-1+ -1+ z
out[28]= { X V(u X 0 , X (1UV)X 0 |, 0 z 1 | x y ol 0y 0y,
u v vl::i:/x) u v T x v 0 0w o oW
1-b 1-x c-bc
lyibo a0 o0 5 o v 00 b (-1:2) b ¢
0 0
0O v — 1-v 1-z
0 0w y OVy OOy 0 0 _c
s b ¢ wooy [v O 0 0o X 90
o (lmz o, 100 0 - 0 x -X 0 ¢
. , ) ' ' x y O
0 0 c-cz u 1 w u v u(-1+v) u o ¢ 0O 0O
(-1+b) z \ X
1x 4 o 00 O 1x g o 00 O 00 O a0 o0 200
y Oy O y Oy z ly z Oy O 00 1
x y 0} 1v |’ X y 1p 1-z |’ 1z |’ 1|’ ’
0 10 0v =¥ 0 00 00 % 00 %% 00 ; 00w
1-x 1-b 1
810 5 %01 400, ;a00, ;ja10y |y PO R
Vlz, x yol|, |[ooo|,|t00[,|O00O0|, |0 yol| [0y z [
-z
00 % 0 ot 00w 00w 00w 0 ot 00 Lz
y y y
1
to0) a00 y 00 818 alo0 b b
y
Oyo,ooo,Oyo,0 o o0ol g yol o yol
00w 01w 0v v v 01w 0 00 0 10
C
_ -- 0 ¢
1y—bbo 00 0 a0 o0 al c a0o0 :
oyl |2Y 2 jtoo| joo 1| j1oaf |0 -2 z |
o 00 Ov%’ ul -u 00 -c 00w 0o o cti2)
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Ina, b, C

Solve[R1,2,3-R1,4,5-R2,4,6-R3,5,6 - R3,5,6-R2,4,6-R1,4,5-R1,2.3

3-Simplex Solutions

solabc

In[29]

{X,¥,z,u,v, w}];

ConstantArray[0, {6, 6}],

icates[solabc];

DeleteDupl

solabc

Table[ A /. solabc[[i1]] // MatrixForm, {i, 1, Length[solabc]}]

ab+c-bc

1-b



