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<< Notation`

This formulation is incomprehensible and I guessed how it 

works:



NotationB Ri_,j_ � makeA@A, 8i_, j_<, 3D F

NotationB Ri_,j_,k_ � makeA@A, 8i_, j_, k_<, 6D F

NotationB Ri_,j_,k_,h_ � makeA@A, 8i_, j_, k_, h_<, 10D F

makeMatrix@dim_, a_D := Array@Subscript@a, ð1, ð2D &, dimD

H* makeA generates the A matrices in Hietarinta paper *L

makeA@A_, list_, n_D := Module@8res, i, j, k<,

res = ConstantArray@-1, 8n, n<D;

Table@If@MemberQ@list, iD != True, res @@iDD@@jDD = KroneckerDelta@i, jD;

res @@jDD@@iDD = KroneckerDelta@j, iD D, 8i, 1, n<, 8j, 1, n<D;

Table@k = 1; Table@
If@res@@list@@iDDDD@@jDD � -1, res@@list@@iDDDD@@jDD = A@@iDD@@kDD; k = k + 1D;,

8j, 1, n<D, 8i , 1, Length@listD<D;

res

D

3-Simplex

In[17]:=

A = makeMatrix@83, 3<, aD;

A �� MatrixForm

Out[18]//MatrixForm=

a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

Rename the entries to match the paper:

In[19]:=

A = A �.

8a1,1 ® a, a1,2 ® b, a1,3 ® c, a2,1 ® x, a2,2 ® y, a2,3 ® z, a3,1 ® u, a3,2 ® v, a3,3 ® w<;

A �� MatrixForm

Out[20]//MatrixForm=

a b c

x y z

u v w

Make the R matrices for 3-implex:
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Make the R matrices for 3-implex:

In[21]:= R1,2,3 �� MatrixForm

Out[21]//MatrixForm=

a b c 0 0 0

x y z 0 0 0

u v w 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

In[22]:=

R1,4,5 �� MatrixForm

Out[22]//MatrixForm=

a 0 0 b c 0

0 1 0 0 0 0

0 0 1 0 0 0

x 0 0 y z 0

u 0 0 v w 0

0 0 0 0 0 1

In[23]:=

R2,4,6 �� MatrixForm

Out[23]//MatrixForm=

1 0 0 0 0 0

0 a 0 b 0 c

0 0 1 0 0 0

0 x 0 y 0 z

0 0 0 0 1 0

0 u 0 v 0 w

In[24]:=

R3,5,6 �� MatrixForm

Out[24]//MatrixForm=

1 0 0 0 0 0

0 1 0 0 0 0

0 0 a 0 b c

0 0 0 1 0 0

0 0 x 0 y z

0 0 u 0 v w

hietarina_3_simplex.nb    3



In[25]:=

HR1,2,3.R1,4,5.R2,4,6.R3,5,6 - R3,5,6.R2,4,6.R1,4,5.R1,2,3L �� MatrixForm

Out[25]//MatrixForm=

0 a b x a c x + u Hb c + a b zL

-a b x -b
2

x + b x
2

-b c x + c x
2

+ u Hc y + b x zL
-c u x - a Hb u + c v xL b u x - b Hb u + c v xL - c u y c u x - c Hb u + c v xL - c u z + u Hc v + b

x - x
2

- a x y -b x y -c x y + u y z

u - u x - u x z - a Hu y + v x zL -u y z - b Hu y + v x zL u v z - u z
2

- c Hu y + v x zL

-u
2

- u w x - a Hu v + v w xL u - u v - b Hu v + v w xL - u w y -c Hu v + v w xL - u w z

We get exactly the same equations.

Solve these simultaneous system of equations, ‘®’ means substitute for solution:

3-Simplex Solutions 
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3-Simplex Solutions 

In[26]:= sol = Solve@R1,2,3.R1,4,5.R2,4,6.R3,5,6 - R3,5,6.R2,4,6.R1,4,5.R1,2,3 �

ConstantArray@0, 86, 6<D, 8a, b, c, x, y, z, u, v, w<D;

Substitute them back into the original A matrix:

In[27]:=

sol = DeleteDuplicates@solD;

Table@ A �. sol@@iDD �� MatrixForm , 8i, 1, Length@solD<D

Out[28]= :

-

u

v
0 0

x
v H-1+xL

u
0

u v
u-u v

v H-1+xL

,

u-u x

H-1+vL x
0 0

x
H-1+vL x

u
0

u v -

u

x

,

a 0 0

0 y z

0 0
1-z

y

,

1-x

y
0 0

x y 0

0 0 w

,

a 0 0

0 y 0

0 0 w

,

1-b

y
b 0

0 y 0

0 0 w

,

a 0 0

0 y 0

0 v
1-v

y

,

1-b

y
b 0

0 y 0

0 v
1-v

y

,

1-x

y
0 0

x y z

0 0
1-z

y

,

c-b c

b H-1+zL
b c

0
b H-1+zL

c
z

0 0 -

c

b

,

-

c

z
b c

0
H-1+bL z

c
z

0 0
c-c z

H-1+bL z

,

-u 0 0

1 0 0

u 1 w

,

-

u

v
0 0

0 -

v

u
0

u v
u H-1+vL

v

,

u H-1+xL

x
0 0

x -

x

u
0

u 0 -

u

x

,

1-x

y
0 0

x y 0

0 0 0

,

1-x

y
0 0

x y 0

0 1 0

,

0 0 0

0 y 0

0 v
1-v

y

,

1-x

y
0 0

x y 1

0 0 0

,

0 0 0

0 y z

0 0
1-z

y

,

0 0 0

1 y z

0 0
1-z

y

,

a 0 0

0 y 0

0 0
1

y

,

a 0 0

0 0 1

0 0 w

,

0 1 0

0 y z

0 0
1-z

y

,

1-x

y
0 0

x y 0

0 0
1

y

,

a 0 0

0 0 0

0 0 w

,

a 0 0

1 0 0

0 0 w

,

a 1 0

0 0 0

0 0 w

,

1-b

y
b 0

0 y 0

0 0
1

y

,

1

y
0 0

0 y z

0 0
1-z

y

,

1

y
0 0

0 y 0

0 0 w

,

a 0 0

0 0 0

0 1 w

,

1

y
0 0

0 y 0

0 v
1-v

y

,

0 1 0

0 y 0

0 v
1-v

y

,

a 1 0

0 0 0

0 1 w

,

1-b

y
b 0

0 y 0

0 0 0

,

1-b

y
b 0

0 y 0

0 1 0

,

1-b

y
b 0

0 y 1

0 0 0

,

0 0 0

1 y 0

0 v
1-v

y

,

a 0 0

1 0 0

u 1 -u

,

a 1 c

0 0 1

0 0 -c

,

a 0 0

1 0 1

0 0 w

,

-

c

z
0 c

0 -

z

c
z

0 0
c H-1+zL

z

,

, , , , , ,
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Out[28]=

H-1+bL c

b
b c

0 -

b

c
0

0 0 -

c

b

,

-c 1 c

0 0 1

0 0 w

,

0 0 0

1 y 0

0 0
1

y

,

0 1 0

0 y 0

0 0
1

y

,

0 1 0

1 0 0

0 0 w

,

0 0 0

0 0 1

0 0 w

,

0 0 0

1 0 1

0 0 w

,

0 1 0

0 0 1

0 0 w

,

0 0 0

0 0 0

0 1 w

,

0 0 0

1 0 0

0 1 w

,

0 1 0

0 0 0

0 1 w

,

1

y
0 0

0 y 0

0 1 0

,

a 0 0

0 0 1

0 1 0

,

a 1 0

0 0 0

0 0 0

,

a 1 0

0 0 0

0 1 0

,

a 1 0

0 0 1

0 0 0

,

1

y
0 0

0 y 0

0 0
1

y

,

a 0 0

1 0 0

0 0 0

,

a 0 0

1 0 0

0 1 0

,

a 0 0

1 0 1

0 0 0

,

0 0 0

1 y 1

0 0 0

,

-u 0 0

1 0 1

u 1 0

,

0 1 0

1 0 0

u 1 -u

,

0 1 c

1 0 1

0 0 -c

,

0 1 0

0 y 0

0 1 0

,

-c 1 c

0 0 1

0 1 0

,

0 1 0

1 0 1

0 0 0

,

0 0 0

0 0 1

0 1 0

,

0 1 0

0 0 1

0 1 0

,

0 1 0

1 0 0

0 1 0

,

0 0 0

1 0 1

0 1 0

,

0 1 0

1 0 0

0 0 0

,

0 0 0

1 0 1

0 0 0

,

0 1 0

0 0 0

0 1 0

>

3-Simplex Solutions: In a, b, c
In[29]:= solabc = Solve@R1,2,3.R1,4,5.R2,4,6.R3,5,6 - R3,5,6.R2,4,6.R1,4,5.R1,2,3 �

ConstantArray@0, 86, 6<D, 8x, y, z, u, v, w<D;

solabc = DeleteDuplicates@solabcD;

Table@ A �. solabc@@iDD �� MatrixForm , 8i, 1, Length@solabcD<D

:

a b c

0
1-b

a

a b+c-b c

a b

0 0 -

c

b

,

a b c

0
1-b

a
-

c

a

0 0
-a-c

-1+b

>
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