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n1= Clear[a, b, c, d, p, q];

Assume a, b, ¢, d, p and g belong to a multiplicative commutative distributive algebra, with both additive
and multiplicative inverses.

Based upon the 6-vertex YBE solutions [3], the following matrix forms are created:

In[2]:=

R=.;

R = ConstantArray[0, {4, 4}];
RI[111[[11] = p;
RI[2]11[[2]]1 = c;
RI[311[[3]] = b;
RI[4]11[[4]1]1 = q;
RI[2]11[[3]] = d;
RI[311[[2]]1 = a;

R // MatrixForm

Out[10])//MatrixForm=

p 00O
0Ocdo
0Oabao
0 0O0GQq
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In[11]:=

R12 =.
R12

ConstantArray[O {8,

R12[[11]1[[1]]
R12[[2]1]1[[2]]
R12[[3]1]1[[3]1]
R12[[4]11[[4]]
R12[[511[[5]1]
R12[[6]1]1[[6]1]
R12[[711[[7]1]
R12[[8]]1[[8]]
R12[[311[[5]1]
R12[[4]1]1[[6]]
R12[[5]11[[3]1]
R12[[6]]1[[4]]

R12 // Matrleorm

Out[25]//MatrixForm=

OO OO0 O0OO0ODT

In[26]:=

OO O0OO0OOCOoOT O

OO0 O0O®»Y OO OO

R13=.;
ConstantArray[O {8, 8}1;
R13[[111[[1]]
R13[[2]1[[2]]
R13[[311[[3]]
R13[[411[[4]]
R13[[511[[5]]
R13[[6]1[[6]1]
RI3[[711[[7]]
R13[[811[[8]]
R13[[2]11[[5]]
R13[[4]1[[7]1]
R13[[511[[2]]
RI3[[711[[4]1]

R13

R13 // Matrleorm

Out[40]//MatrixForm=
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OO O0O®»Y OO O O
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In[41]:=

R23=_;

R23 = ConstantArray[0, {8, 8}1;
R23[[1]1[[1]] p;
R23[[2]11[[2]]
R23[[311[[31]
R23[[411[[4]]
R23[[511[[5]]
R23[[611[[6]]
R23[[711[[71]
R23[[811[[8]]
R23[[2]11[[3]]
R23[[611[[7]]
R23[[311[[2]1]
R23[[711[[6]]
R23 // MatrixForm

Out[55]//MatrixForm=

vywoaooocolloo

OO O0OO0OO0OO0OOT
OO OO0 OO
[cNeoNelNolNole oo
[cNeoleolNoliciolNolNe]
OO O0OT OO OO
oY O OO0 OO0OOo
OQOT o OO0 O0OOo
felloNoNelNelNoNolNo]l

From the braid equation get the algebraic equations that must satisfy O:

nse= equations = Simplify[R12_R13.R23 - R23.R13.R12];

Style[equations // MatrixForm, FontSize - 9]

0 0 0 0
0 0 -acd 0
0 acd ad (-a+d) 0
0 0 0 0
OulSTE 1 g a (be + (a-p)p) abd 0
0 0 0 -acd
0 0 0 a(-bc+qg(-a+q))
0 0 0 0

From [1] check the computations:

cda =0,
bda=10,
da(d —a)=0, pd(d — p)+cbd =0,
qd(d —q)+chd =0,)
pa(a—p)+cha=0,}
ga(a—gq)+cba=0. |

0

d(-bc+p(-d+p))

-abd

o OO O o

(28)
(29)
(30)

(31)
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In[58]:=

<< "GrassmannAlgebra

xA; DeclareVectorSymbols[&1, &5, €3, £4]

(» Dimension has to be set or the default is 3 x)

DeclareBasis[4] ;

scalars = DeclareScalarSymbols[ag, by, Co, do, Po, Qo» 812, D12, C12, di2, P12, 12, A13,
a4, D13, D14, C13, C14, di13, d14, P13, P14, 13> J1a, 323, D23, C23, d23, P23, O23, A24, 34,
A1234, D24, D34, D1234, Coa, C3a, Ci23a, doa, daa, d1234, P24, P34, P1234, O24, O34, O1234]

X=*G[(L+81) A (L+82) A (L+83) a(l+8a)]

ousal= {C1, L2, L3, Ca}

ouel= {@g, @z, A1z, A4, Az, A4, Aza, A1234, Do, D1z, D13, D14, D23, D24, bza, bi1234,
Co: C12, C13, C14, C23, C24, C34, Ci234, Oo, d12, d13, d1a4, dpz, dos4, dza, di234,
Po, P12, P13:; P14, P23, P24: P34, P1234, do, Ji2. 013, Ji14, 023, 024, 034, 1234}

outez= 1+ 81+ 820 +83+84a+817A80+81283+81~84a+82r83+82nCa+
C3nC84+C811r80n83+817080n8s+817n83r84+82r83084+811282r83n0C

In[63]:=

(» assign the Os to only get the even terms x)
aa=.;
aa = {ap, 0, 0, 0, 0, a12, a13, 14, @23 , A24, A34, 0, 0, 0, 0, Azpzs}-ListeeX

bb=.;
bb = {by, 0, 0, 0, 0, byp, b1z, b1a, boz , bos, bza, 0, 0, 0, 0, byp34}-ListeeX

cc=.;
cc = {Cp, 0, 0, 0, 0, C12, Ci3, Cia, C23 , C24, Cas, 0, 0, 0, O, Cyo34}-ListeeX

dd =.,
dd = {dO’ 05 01 01 0, d12’ dlSs dl41 d23 ’ d24, d34, 0, 0, 0, O, d1234}.LiSt@@X

pp=-;
pp = {Po, 0, 0, 0, O, P12, P13, P14 P23 » P24, P34, 0, 0, 0, O, pioza}-ListeeX

agq=-;
qd = {do, 0, 0, 0, O, Qi2, Qi3, Q145 U23 , O24, O34, 0, 0, 0, O, Qi234}-ListeeX

oufsal= Ao + 812 C1 A C2 +A13 C1 A 83+ @14 81 A Ca+@p3 8o~ C3+824 82 nCa+834 83~ Ca+81234 81782783184
outesl= Do + b12 &1 4 82 + P13 81 4 L3 + D14 C1 4 Ca + D23 824 83 +024 82 7 84 +D3a 834 84 + 01234 14 524 834 8y
ouegl= Co +C12 81 A 82 +C13 81 A 83 +C14 81 A Ca+C23 82 A 83 +C24 82 A 84 +C34 83784 +C1234 81782183188
ourro= do +d12 814 82 +d13 81~ 83 + 014 814 Ca + 023 824 83 +d2g C2 7 84 + 034 834 84 +d1234 814 524 837 8y
oui7zl= Po + P12 81 A 82 + P13 §1 A 83 + P14 §1 A Ca + P23 §2 ~ 83 + P24 §2 ~ 84 + P3a T3~ Ca + P1234 1~ 82~ T3~ L4
oui74l= Qo + 012 1 A 82 + 013 1 A 83 + 014 81 A Ca + 023 §2 A 83 + 024 82 A 84 + O34 83 7 84 + Q1234 §1 7 82 7 J3 7 L4



In[75]:=

out[75]=

In[76]:=

out[76]=

In[77]:=

Out[77]=

In[78]:=

Out[78]=
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exprl = GrassmannExpandAndSimplify[cc A dd 1 aa]

Ap Co dg + (12 Codg +8g C1pdg +ag Cod1p) 814 L2+ (813 Codg +ag C13 dg +ag Cpdiz) C1 4 L3+
(a14Codo+ap C14dg + a0 Cod14) C1 2 Lsa+ (A23Codg+ag Ca3do+apCodaz) §2 L3+
(824 Co Mg +ag Ca4 o + 80 CoU24) L2 Ca+ (834 Codo+agC3s40dg+aCodas) L3 Ls+
(81234 Co do + @34 C12 dg — @24 C13 o + @23 C14 o + A14 C23 dg — @13 Co4 o + @12 C34 dg + g C1234 do +
@34 Co d12 + @g C34 d1o — @24 Co d13 — Ap C24 13 + @23 Co 14 + A C23 d1ga + @14 Co d23 +
8o C14 d23 - A13 Co d24 — @g C13 U24 + @12 Co d34 + g C12 34 + 80 Co d1234) 14 L2 4 LC3 784

Collect the coefficients:

coeffl = Flatten[{ag co dy, Coefficient[exprl, {&i1AZ%>}],
Coefficient[exprl, {&;%3}], Coefficient[exprl, {&iaZ4}],
Coefficient[exprl, {&>a£3}], Coefficient[exprl, {& a&i}l,
Coefficient[exprl, {€3aL84}], CoeffFicient[exprl, {81 aL>A83AL84}]1}]

{ag co do, @12 Codp+apCy2dg+agCodiz, a13Codp+agCi3dg+apCodis,
@14 Co do +ag C14 do + 89 Co d14, @23 Co do +ap C23 dg + ag Cg a3,
@24 Co do +@g C24 do + g Co U24, @34 Co g + g C34 o + g Co U3y,
Q1234 Co do + @34 C12 do — @24 C13 g + @23 C14 o + @14 C23 g — A13 C24 do + @12 C34 dg +
8o C1234 dg + @34 Co 12 + g C34 12 — A4 Co d13 — Qg C24 13 + @23 Co d1g4 + g C23 14 +
@14 Co d23 +@p C14 23 — @13 Co 24 - A C13 A4 + @12 Co O34 + 8p C12 d34 + 8p Co 1234}

expr2 = GrassmannExpandAndSimplify[bb 1 dd 1 aa]

aop bo do + (@12 bg do + @g b1z do +a@p bo d12) &1~ L2 + (@13 bo do + @p b13 dg + @9 b d13) C1 4 L3+
(a14 bo do +@p b14 dg + g bo d14) 1~ Ca + (823 bo dg + g bz do +@g bo d23) C2 4 L3 +
(824 b do + @ bpg dg + @9 bg dos) o~ 4 + (@34 bo dg + @g b3s do +ag bo d34) 834 s +
(1234 b do + @34 D12 dg - @24 b13 do + @23 D14 do + @14 b23 do — @13 24 do + @12 D34 dg + @g b1234 do +
ass bo d12 + ag b3g d1o — @24 bo d13 - Ap b2g4 13 + @23 bo d14 + g D23 d1a + @14 bp d23z +
ao b1g da3 - a13 bo d2g - @g b13 d2g4 + @12 bg A3 + @g D12 d34 + @0 bo d1234) 14 L2 4 83484

coeff2 = Flatten[{ag bg dg, CoefFicient[expr2, {£;A%5}1,
Coefficient[expr2, {&; %3}], Coefficient[expr2, {&iaZs}l,
Coefficient[expr2, {&>a£3}], Coefficient[expr2, {& a&fi}l,
Coefficient[expr2, {€3aZ4}], Coefficient[expr2, {12824 834+84}]1}]

{ag bg do, a2 bo do +ap by do +ag bo di2, @iz bg do +ag bz do + ag bg dis,
ai4 bg do +ag b14 do + @p bg d1a, @23 b do + @g b2z do + ag bg das,
az4 b do +ag b24 do + @9 bo d24, @34 bg do + @g b3 do + @g bo day,
Q1234 bg do + @34 b1 do — @24 D13 dg + @23 D14 do + @14 D23 dg - @13 bog do + @12 34 do +
ao b1234 dg + @34 b d12 + @g D34 d12 - @24 Do d13 - @g 024 d13 + @23 Do d1g + @g b23 14 +
a14 bo da3 + ag P14 daz - @13 bo d24 - @g b1z dag + @12 bp dzg + @p b1z d34 + 80 bg 1234}

5
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In[79]:=
expr3 = GrassmannExpandAndSimplify[dd s aa . (dd -aa)]
out[79]= —a% do +ag dg + (—2 dg a2 do +ajo dg —a% d12 +2 agp do d12> 1 r8o+
(-2apai3do +a13dj - a5 diz+2agdodis) &1 La+
2agaisdo+adj-afdiys+2agdodis) C1 Gy +

2 ag a3 do +aps dj - a§ dpg + 2@ do dag) Lo n C3 +

2agagy do +ags d§ - aj dgs + 2 a0 do das) T3 Ca +

2 a1 a3 do + 2 @13 84 do - 2 @12 34 Ao ~ 2 Ag A1234 o + 1234 U -
2apazsdyp +2az4dodip+2agay diz-2ay dodiz-2agazdig+2azdodiy -
2apasdyz+2a4dgdaz+2agdigdys+2agaysdos—2aysdodos -2agdyzdog -
2 agaip dag + 2 12 do dag + 2 @p d12 34 - 8§ d1pas + 2 @0 do d1234) €17 82 7 E3 4 Ca

(,
(,
(-2 ag aps do + @24 dj - a§ dag + 2 @ do doa) Con Ca+
<_
<_

In[80]:=
coeff3 = Flatten[{-a§ do + ap df, Coefficient[expr3, {&i4&2}1,

Coefficient[expr3, {&;Ls3}], CoeffFicient[expr3, {€1aZL4}],
Coefficient[expr3, {&>a€3}], Coefficient[expr3, {&>aLs}l,
Coefficient[expr3, {&3afs}], Coefficient[expr3, {§1A§2A§3A§4}]}]

oueo= {-a§ do +ap df, -2 ag ai, do + a1z df - ag diz + 2 a9 do diz,
-2 apazdy+apzdd-a3dis+2agdgdis, —2agas do+as d3-a3 dis +2agdg dig,
~2agags do +azs d3 - a3 dys + 2 ag do daz, -2 ag azs do +azs d3 - @3 dog + 2 ag do daa,
~2agagdo +ags d3 - ad das + 2 g dg d3g, -2 @14 A3 do +2 @13 A4 Ao ~ 2 @12 A34 o -
2 ag @1234 o + 1234 A5 ~ 2 @9 Ags d1p + 2 Agg dg d1p + 2 Ag Aps d13 ~ 2 Apg g dy3 -
2apazdig+2az3dodig-2apaiqdoz+2a4dpdas +2apdyg dpg+2apazsdyg -
2 213 do das - 2 g d13 dog - 2 89 @12 A3 + 2 A1 Ao dag + 2 g 12 dag - 8§ 1234 + 2 A9 do d123a }

o expr4 = GrassmannExpandAndSimplify[ (ppadd a (dd - pp)) + ccabb add]
ousl)= bg Co dg + dg po - do pg +
(b12 Co do +bg €12 dg + bg Co d12 + 2 do d12 Po - d12 P§ + d§ P12 - 2 do Po P12) C1 4 Co +
(b1 Co do +bg €13 dg + bo Co diz + 2 do d13 Po - d1g P§ + d§ P13 - 2 do Po P13) €1 Ca +
(b1a Co do +bo €14 do + bo Co d1g + 2 do d14 Po - d14 P§ + d§ P14 - 2 do Po P1a) L1 Ca +
(b2s Co do +bo €23 do + bo Co daz + 2 do dag Po - dag P§ + dj P23 - 2 do Po P23) 2 Ca +
(b2a Co do +bo C24 do + bo Co dzg + 2 do a4 Po - Az P§ + g P2s - 2 do Po P2s) T2 Ca +
(b3a Co do +bo €34 do + bo Co dag + 2 do das Po - das P§ + df Pas - 2 do Po Pas) T3~ Ca +
<b1234 Co do + b3a €12 do - b2g €13 do + b3 C14 do + D14 C23 do ~ D13 C24 do + b1z €34 do + Do C1234 do +

D34 Co d12 + Do C34 d12 — D24 Co d13 — bo C24 13 + D23 Co 14 + Do C23 d1g + D14 Co d2z + g C14 d23 -

D13 Co d2s - bo C13 d2g + D12 Co dag + b C12 d3g + bg Co d1234 + 2 d1g d23 Po - 2 d13 d2g Po +

2 d1p das Po + 2 do d1p3a Po ~ d1234 P§ + 2 do d3q P12 ~ 2 d3a Po P12 ~ 2 do dag P13 + 2 doa Po P13 +

2 do d23 P14 - 2 da3 Po P14 + 2 do d14 P23 - 2 d14 Po P23 - 2 do P14 P23 - 2 do d13 P24 + 2 d13 Po P24 +
2 do P13 P24 + 2 do d12 Pas - 2 12 Po Paa - 2 do P12 Paa + df P123a - 2 do Po P123a) C1 4 C2 7 C3 a4
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In[82]:=
coeff4 = Flatten[{bo Co do + dj po - do P, Coefficient[exprd, {& &}1,
Coefficient[exprd, {&;a€3}], Coefficient[exprd, {&ia&i}],
Coefficient[exprd, {&>aL3}], CoefFicient[exprd, {&>AZL4}],
Coefficient[exprd, {€3alf4}], Coefficient[expr4d, {1 Aa8ral3Arl4}] }]

outezi= {bg Co do +d§ po - do P§, b12 Co do + b €12 do + bo Co d12 + 2 do d12 Po - d12 P§ + df P12 - 2 do Po P12,

b1s Co do + bo €13 do + g Co d13 + 2 do d13 Po - d13 P§ + d3 P13 - 2 do Po P13,

D14 Co do + bg C14 dg + bo Co d1a + 2 do d14 Po — d1a P + d3 P14 - 2 do Po P14,

bos Co do + bo €23 do + g Co dog + 2 do dag Po — d2g P§ + dF P2z - 2 do Po P23,

D24 Co do + bg C24 dg + Do Co d2a + 2 do daa Po — d2a P + d3 Paa - 2 do Po P2a,

D34 Co do + bg C34 dg + o Co d3a + 2 do d3s Po — d3a P + d3 P3s - 2 do Po P3a,

b1234 Co do + b3s C12 dg - 24 C13 dg + D23 C14 dg + D14 C23 do — D13 C24 dg + D12 C34 dg + g C1234 o +
b34 Co d12 + b C34 d12 - b2g Co d13 - g C24 d13 + b23 Co 14 + bg C23 d14 + D14 Co doz + bg €14 d23 -
D13 Co das - g C13 d2g + D12 Co dag +bp C12 34 + b Co 1234 +2 d14 d23 Po - 2 dy3 d2g Po +
2.dyp das Po + 2 do d1p3a Po — 1234 P + 2 do g P12 — 2 dgg Po P12 — 2 do dag P13 + 2 doa Po P13 +
2 dg d23 P14 - 2 d23 Po P14 + 2 dg d14 P23 - 2 d14 Po P23 - 2 do P14 P23 - 2 do d13 P2s +
2 d13 Po P24 + 2 do P13 P24 + 2 do d12 Pas - 2 d12 Po Paa - 2 do P12 Paa + dj P123a - 2 do Po P1234 |

In[83]

expr5 = GrassmannExpandAndSimplify[ (qqadd a (dd-qq)) + ccabbadd]

ouszl= bg Co dg + dO go - do qo +
(b12 co do + bg €12 do + bg Co d12 + 2 do di1z Qo - d12 GF + d§ G12 - 2 do o G12) &1
(b1 Co do +bo €13 do + bo Co d1z + 2 do d13 Go - d13 F + d§ d13 - 2 do Go G13) £1 A Ca +
(b1a Co do +bo €14 do + bo Co d1g + 2 do d14 Go - d14 F + df d14 - 2 do o G1a) L1 A Ca +
(b2s Co do +bo €23 do + bo Co dzz + 2 do d2g Qo - 2 GF + d§ d23 - 2 do Go G23) T2 T3 +
(b2a Co do + bg €24 do + g Co dag + 2 do das o - Az G + d§ 24 - 2 do o 24 C2 4 Ca +
(b3 Co do +bo €34 do + bo Co dag + 2 do das Qo - dzs GF + df Aas - 2 do Go Gas) T3~ Ca +
(b1234 Co do + basg C12 do — b2 C13 do + bag C14 do + b1 C23 do — b1z €24 do + b1 Cag do + bo C1234 do +
D34 Co d12 + bg C34 d12 — D24 Co d13 ~ Do C24 d13 + b23 Co d1g + g C23 d1g + D14 Co d23 + bo C14 daz -
D13 Co d24 ~ bo C13 d2g + D12 Co d3g + 0o C12 d3a + Do Co 1234 +2 d14 d23 o ~ 2 dy3 d24 o +
2 d12 das Qo + 2 do d1234 o - 1234 0§ + 2 do das A1z - 2 d3g o G12 - 2 do 24 Q13 + 2 dps Go 13 +
2.do d23 014 -2 dz3 Qo 014 + 2 do d14 023 - 2 d14 Go O23 - 2 do Q14 O23 - 2 do 13 O24 + 2 d13 Go O24 +
2 do 913 G24 + 2 do d12 Gas - 2 d12 o Gas - 2 do 12 Gaa + A 1234 - 2 do o Ga23a) 1~ L2 7 C3 2 La
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In[84]:=
coeff5 = Flatten|[{by Co do + d3 do - do g3, CoefFicient[expr5, {& A &}1,

Coefficient[expr5, {&;&3}], CoeffFicient[expr5, {14 Ls}],
Coefficient[expr5, {&>aL3}], CoefFicient[expr5, {&>AL4}],
Coefficient[expr5, {3 Es}], Coefficient[expr5, {§1A§2A§3A§4}]}]

Out[84]= {bo Co do +d§ o - do g3, b1z Codo +bg €12 do + by Co d1z + 2 dg d12 do - d12 g5 + df d12 - 2 do o 12,

b13 Co do + bo €13 do + g Co d13 + 2 do d13 Go - d13 93 + df G153 - 2 do o U3,

D14 Co do + bg C14 dg + bo Co d1a + 2 do d14 Go — d14 G + d3 d14 - 2 do o Gaa,

bos Co do + bo €23 do + g Co dog + 2 do d2g o — d23 3 + dF G2z - 2 do o U3,

D24 Co do + bg C24 dg + Do Co d2a + 2 do daa Go — d24 G + d3 G2a - 2 do o Goa,

D34 Co do + bg C34 dg + o Co d3a + 2 do d3s Go — d3a G + d3 A3 - 2 do o Yaa,

b1234 Co do + b3s C12 dg - 24 C13 dg + D23 C14 dg + D14 C23 do — D13 C24 dg + D12 C34 dg + g C1234 o +
b34 Co d12 + b C34 d12 - b2g Co d13 - g C24 d13 + b23 Co 14 + bg C23 d14 + D14 Co doz + bg €14 d23 -
D13 Co das - o C13 d2g + D12 Co dag + g C12 d3a + b Co 1234 +2 d14 d23 Qo -2 dy3 d2g Qo +
2d1p das Go + 2 do d1p34 Qo — 1234 G5 + 2 do d3g 12 — 2 d3s Go G12 — 2 do g Gr3 + 2 dos Go Qs +
2do d23 q14 -2 d23 4o 14 + 2 dg d14 923 - 2 d14 9o 23 - 2 dp Q14 J23 - 2 dg d13 Qo4 +

2 d13 0o G24 + 2 do 13 G24 + 2 do d12 G3s - 2 d12 Qo G3a - 2 do Q12 Uaa + dj A1234 - 2 do Qo Y1234 |

In[85]
expr6 = GrassmannkExpandAndSimplify[ (ppraa (aa-pp)) + ccabbaaal
outssl- @g bg Co + a3 po - ag P3 +
(a12 bo o + @ b1z Co + @9 by C12 + 2 @9 @12 Po - @12 P§ + @5 P12 - 2 0 Po P12) L1 A C2 +
(213 bo Co + @9 b1z Co + g b C13 + 2 @9 @13 Po - @13 PG + @5 P13 - 2 &0 Po P13) L1 4 L3 +
(a1a bo o + g b1s Co + a9 by C14 + 2 @9 @14 Po - A14 P§ + @5 P14 - 2 80 Po P14 ) 1~ Ca +
(223 bo Co + @9 bag Co + @9 bo C23 + 2 A A23 Po - A23 P§ + @) P23 ~ 2 o Po P23) L2~ L3 +
(224 Do Co + @0 bas Co + a0 Do Coa + 2 A9 @24 Po - A24 P§ + 85 P24 - 2 0 Po P2sa) C2 7 Ca +
(234 Do Co + @9 baa Co + g Do Caa + 2 A9 @34 Po - Az4 PG + 85 P3s — 2 80 Po Paa) &3~ Ca +
(@1234 bo Co + @34 D12 Co — @24 D13 Co + @23 D14 Co + @14 D23 Co — @13 b2g Co + @12 D3g Co + @0 b1234 Co +

Asq bo C12 + @0 b3s C1o — @24 bo C13 — 80 bpg C13 + 823 0g C14 + @9 D23 C1g4 + 814 bg C23 + 89 b14 Co3 -

a13 bo Co4 — 80 D13 Cos + @12 Do C34 + @9 D12 C34 + g g C1234 + 2 @14 @23 Po - 2 @13 A4 Po +

2 a1 A34 Po + 2 Ao A1234 Po — A1234 P§ + 2 Ao B34 P12 — 2 A34 Po P12 — 2 Ao Ap4 P13 + 2 A24 Po P13 +

2 ap az3 P14 - 2 @23 Po P14 + 2 @p A14 P23 -~ 2 @14 Po P23 — 2 Ao P14 P23 - 2 g @13 P24 + 2 @13 Po P24 +
2 ag P13 P24 + 2 Ao @12 P34 - 2 @12 Po P3s - 2 Ao P12 Paa + 85 P1234 — 2 Ao Po P123a) C1~ L2 7 Ca 2 La
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In[86]:=
coeff6 = Flatten[{ap by co + a3 po - ap p3, Coefficient[expr6, {&iaf2}],

Coefficient[expr6, {€;L3}], CoeffFicient[expr6, {1 aZLs}],
Coefficient[expr6, {&>aL3}], CoefFicient[expr6, {&>AZLs}],
Coefficient[expr6, {3 fs}], Coefficient[expr6, {§1A§2A§3A§4}]}]

outsel= {@g Do Co +a§ Po - @0 P§, A12 bo Co + @9 D12 Co + @0 b C12 + 2 g @12 Po - @12 P§ + @5 P12 - 2 Ao Po P12,
a3 bo Co +ag b1z Co + a0 b C13 + 2 @9 @13 Po - A13 P + A5 P13 - 2 Ao Po P13,
a14 Do Co +ag b1 Co + a0 Do C14 + 2 A9 @14 Po - A4 P + A P14 - 2 Ao Po P14,
a3 bo Co +ag bos Co + @0 b C23 + 2 A @23 Po - A23 P + A5 P23 - 2 Ao Po Pas,
24 bo Co + a9 bps Co + a9 Do C24 + 2 @g @24 Po — A24 P5 + @3 P2a — 2 &g Po Paa,

a3q bo Co + a9 bas Co + g Do C34 + 2 g @34 Po — Aza P5 + @3 P3a — 2 &g Po Paa,

Q1234 Do Co + @34 D12 Co — @24 D13 Co + @23 D14 Co + @14 D23 Co - Q13 D24 Co + @12 D34 Co + @p D1234 Co +
asq bo C12 +@p D34 C12 — @24 bo C13 — 80 D24 C13 + @23 Do C14 + A9 D23 C14 + @14 Do C23 + 89 D14 C23 -
a13 bo Co4 — 80 b13 Cos + @12 Do C34 + @0 D12 C34 + g Do C1234 + 2 @14 @23 Po - 2 @13 A4 Po +

2
2 a1z Aszg Po + 2 Ag A1234 Po - Q1234 PG + 2 Qg A34 P12 — 2 A34 Po P12 - 2 g @24 P13 + 2 @24 Po P13 +
2ag a3 P1a-2a23Po P1a+23ap A14 P23 - 2 @14 Po P23 - 2 @ P14 P23 - 2 @ @13 P2s +

2 a13 Po P24 + 2 Ao P13 P24 + 2 Ao @12 Pas - 2 12 Po P3a — 2 Ao P12 Paa + Ah P1234 — 2 Ao Po P1234 |

o expr7 = GrassmannExpandAndSimplify[(qqaas (aa-qq)) + cCbb aa]
oufs7= @g bg Co + a% Qo - Qo q% +
212 bo Co + @0 b1z Co + a0 bo C12 + 2 @9 @12 Go - 12 Gf + @5 A12 - 2 @0 o Gaz) L1
a13 bg Co + @9 b13 Co + @0 bo C13 + 2 @9 @13 Go -~ @13 43 + @4 Q13 - 2 &g o Q13> C1
a14 Do Co +ag b1a Co + Ag boCl4+23-03-14qo—al4(1g+a‘%(]14_Za'oqoql4> SR
> &2
) &2

( nCo+
(

(

(a2 bo Co + a0 baz Co + a9 bo C23 + 2 @g Az3 Qo - A2 GF + a5 G23 - 2 Ao o 23

(

(

(

/\§3+

A §3 +

A4 Do Co + 89 D24 Co + @ Do C24 + 2 89 824 o — A24 G5 + @3 Q24 ~ 2 89 o U2a nCa+

a34 bo Co + g bas Co + @9 Do Caa + 2 @9 Az4 Qo - Az4 GF + @5 Uaa - 2 80 o Gaa) 3 A Ca +

@1234 Do Co + @34 D12 Co — @24 D13 Co + 23 D14 Co + @14 D23 Co - @13 D24 Co + @12 P34 Co + @g D1234 Co +
Asq bo C12 + @0 b3s C1o — @24 bo C13 — 80 bpg C13 + 823 0g C14 + @9 D23 C1g4 + 814 bg C23 + 89 b14 Co3 -
a13 bo Co4 — 80 P13 Cos + @12 Do C34 + @9 D12 C34 + 80 g C1234 + 2 @14 @23 o - 2 @13 @24 Qo +
2 a1 A34 o + 2 A A1234 o ~ A1234 3 + 2 g A34 Q12 — 2 34 o Q12 — 2 Ao Ap4 G13 + 2 A24 Uo Y13 +
2ap a3 (usa -2 a23 o 14 + 2 @0 A14 23 - 2 @14 Jo 923 — 2 Ao Q14 23 - 2 g @13 (24 + 2 @13 (o Y24 +
229 Q13 Q24 + 2 A0 @12 Y34 — 2 @12 o O34 — 2 Ao 12 Gaa + 85 Q1234 — 2 Ao Jo Ga23a) 1~ L2 7 C3 2 La
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In[88]:=
coeff7 = Flatten|{ag by Co + aj do - a0 g5, CoefFicient[expr7, {& &}1,
Coefficient[expr7, {&.a£3}], Coefficient[expr7, {&ia&i}],
Coefficient[expr7, {&»aL3}], CoefFicient[expr7, {&>AZL4s}],
Coefficient[expr7, {€3alfs}], Coefficient[expr7, {€1Aa8ral3n §4}]}]

Out[8s]= {ao bo Co +a5 Go - a0 45, @12 bo Co + a0 b1z Co +ag bo C12 + 2 &g 12 Go - 12 F + a5 d12 - 2 o o 12,

a3 bo Co +ag b1z Co + a0 b C13 + 2 @9 13 Uo — A13 U5 + A3 Q13 - 2 Ao Go 13,

a14 bo Co + a9 b14 Co + g Do C14 + 2 @g @14 o — @14 3 + @3 G1a - 2 &g o 14,

a3 bo Co +ag bos Co + @0 b C23 + 2 A9 @23 Uo — A3 UF + A3 U2z - 2 Ao Go 23,

24 Do Co + a9 bps Co + a9 Do C24 + 2 @g @24 Uo — A24 5 + @3 G2 — 2 &g o Y24,

a3 bo Co + a9 bas Co + g Do C34 + 2 g @34 o — @34 G5 + @3 G3a — 2 &g o Y34,

Q1234 Do Co + @34 D12 Co — @24 D13 Co + @23 D14 Co + @14 D23 Co - Q13 D24 Co + @12 D34 Co + @p D1234 Co +
asq bo C12 +@p D34 C12 — @24 bo C13 — 80 D24 C13 + @23 Do C14 + A9 D23 C14 + @14 Do C23 + 89 D14 C23 -
@13 Do C24 - Ap D13 C24 + @12 bp C34 + @g D12 C34 + @0 Do C1234 + 2 @14 @23 Qo - 2 @13 A24 Qo +
2 a3 A34 Qo + 2 A A1234 o ~ A1234 43 + 2 g A34 Q12 — 2 34 Uo Q12 — 2 Ao Ap4 G13 + 2 A4 Uo Y13 +
2 ap a3 ua -2 a23 o 14 + 2 @g A14 U23 — 2 Q14 Jo J23 — 2 Ao (14 023 - 2 @p 213 J24 +
2 213 0o Q24 + 2 Ao 013 U24 + 2 A9 @12 (34 — 2 @12 Qo Y34 — 2 Ao Q12 Uaa + A5 U1234 — 2 Ao Qo Y1234 |

npsa= (* Exactly 56 equations x)
coeffSystem = DeleteDuplicates]
Simplify[Join[coeffl, coeff2, coeff3, coeff4, coeff5, coeff6, coeff7]1]]
Length[coeffSystem]

out[89]= {ao Codg, a2 Codp+ap (Cipdo+Codip), @13Codo+ap (C13do+Cpdiz),

@14 Codp +ag (C14dp +Codia), A2z Codp+ag (C23dp +Cqdaz),

Q24 Codo +ap (Caa do+CoU2g), @34 CoCg+ap (C340g+Copdsa),

@1234 Co do — @24 C13 o + @23 C14 do + @14 C23 do — @33 C24 do + @12 C34 o + 8p C1234 o +
@ C34 d1p + @34 (C12dg + Cody) — 24 Cody3 —Ag Cog d13 + 823 Co d1g + 80 C23 14 +
@14 Co d23 +ap C14 23 — @13 Co 24 — Ap C13 dog + @12 Co 34 + @g C12 d34 + Ag Cp 1234, Ap bo do,

a2 bo do +ap (bgz do+bodiz), azzbodo +ag (byzdo +bpdiz), aisbodo+ap (b1gdo+bodia),

a3 bo do +ag (ba3 do + bo d23), @24 bo do + a0 (D24 do +bg d2g), @34 bo dg +ag (b3g do +bg dsa),

A1234 bg do - @24 b13 do + @23 D14 dg + @14 D23 dg — @13 024 dg + @12 D34 dp + @g b1234 do +
ag bsg dip + @4 (D12 do + bo d12) — @24 bo d1z — a0 b2g di3 + @23 b 14 + @0 b2z d1g +
@14 bo do3 + @g b14 d23 — @13 bg d2g - @ b1 g + @12 Do dag + @g D12 d3s + g o 1234,

apdg (-ap+dg), aj2dg-afdip+2agdo (-asz +diz), a;zdf-afdiz+2agde (-azz+dis),

aj4dj -ajdys +2agdo (-ais +d1a), az3dy-ajdaz+2agdo (-azs +d3),

a4 df - a5 doa +2 a9 dg (~ap4 +pg), A34d3 -ajdss+2agdy (-azs +daa),

~2ajp Az do - 2 ag A1234 do + Q1234 A5 ~ 2 @g 34 d1p + 2 @34 o 1o + 2 Ag Apg A1z — 2 g do 13 -
2apaxdig+2axdodis+2agdisdas-2ai4 (a23do+ (g -dg) da3) -2 @ dyz3 dag +
2 a3 (@4 do + (g - do) dzg) ~2@gasp dag + 2 @1 do d3g + 2 @g A1 d3g — @3 d123a + 2 @g do 1234,

do (P Co + (do - Po) Po), D12 Codo +bg (C12dg +Codip) +2dg diz Po - diz P3 +d3 P12 - 2 do Po P12,

b13 Co do + bg (C13 do + Co d13) + 2 do d1z Po - d1z P§ + d3 P13 - 2 do Po P13,

D14 Co do + bg (C14 do + Co d1a) +2 do d1a Po — dia P§ + d3 P14 - 2 do Po P14,

b23 Co do + bg (Ca3 do + Co d2g) + 2 do daz Po — d23 P§ + d3 Pas - 2 do Po P23,

D24 Co do + Do (Caa do + Co d2a) + 2 do daa Po — d2a P§ + d3 P2a — 2 do Po P24,

D34 Co do + bg (C34 do + Co dza) + 2 do d3a Po — daa P§ + d5 P3a - 2 do Po P3a,

D1234 Co do - b24 €13 dg + D23 C14 do + D14 C23 dg - D13 C24 do + D12 €34 dg + bo C1234 do + Do €34 12 +
b3s4 (C12do +Codiz) - bos Codiz—bg Cog dyz +boz Codig +bg Coz dig + 014 Codaz +bg Crg doz -
D13 Co d2s - bo C13 dog + D12 Co 34 + Do C12 d3g + g Co d1234 + 2 d1g d23 Po - 2 d13 d2g Po +
2 d15 d3g Po + 2 do d1234 Po — 1234 P§ + 2 do d3g P12 — 2 d3a Po P12 ~ 2 do dpa P13 + 2 d2g Po P13 +

)
)
)
)
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2 do d23 P14 - 2 d23 Po P14 + 2 do d14 P23 - 2 d14 Po P23 - 2 do P14 P23 - 2 do d13 P2s +
2 d13 Po P24 + 2 do P13 P2a + 2 do d1p P3s ~ 2 d1p Po Pas - 2 do P12 Paa + A P123a - 2 do Po P123a,

do (bo Co + (do - Uo) Go), b1z Codo +bg (C12do +Codip) +2dgdiz o~ d1p g5 + df Gr2 - 2 do do A1z,

b13 Co do + bg (C13 do + Co d13) +2 do d1z Go - di3 G + df A1z - 2 do Go a3,

D14 Co do +bg (C14 do + Co d1a) +2do d1a Qo - d1g G + dF A1 - 2 do o Gra,

b23 Co do + bo (Ca3 do + Co d23) + 2 do daz Go - d23 G + d§ G2z - 2 do Go U3,

D24 Co do + bo (Caq do + Co d2a) +2 do das Go — d2g G + dF G2a - 2 do o Ga,

b3a Co do + bo (C34 do + Co dza) + 2 do d3a Qo - dza G + d§ A3 - 2 do o Gaa,

D1234 Co do — b4 C13 dg + D23 €14 dg + 014 C23 dg - D13 C24 do + b12 C34 dg + Do C1234 do + bg €34 1 +
D34 (C12do+Codi2) —b2g Codiz - Do C24 diz +b23 Codig + g C23 d1g + D14 Co doz + bg C14 d3 -
D13 Co das - bo C13d2g + D12 Co dag + Do C12 d3g + bg Co d1234 + 2 d14 d23 9o - 2 d13 d2g go +
2 d1p das Go + 2 do d1p34 Go ~ d1234 G5 + 2 do g Q12 ~ 2 d3a Go G12 — 2 do g Q13 + 2 doa Qo Gr3 +
2 do d23 014 - 2 d23 0o Q14 + 2 do d14 023 - 2 d14 9o 923 - 2 do Q14 Q23 - 2 do d13 Q24 +

2d13 0o Q24 + 2 do 13 Gpa + 2 do d12 Gas ~ 2 d12 Go Gas - 2 do Q12 Gaa + A3 A1234 - 2 do Go G234,
ap (bo Co+ (a9 -Po) Po), a12 (boCo+ (280 -Po) Po) +ap (D12 Co+bpC12+ (A9 -2Po) P12),

a1z (bg Co+ (2@p - Po) Po) +a0 (P13 Co+bg C13+ (0 -2 Po) P13),
a4 (bgCo+ (2@p-Po) Po) +a0 (P14 Co +bo C1a + (80 -2 Po) P14),
az3 (bgCo+ (2@ -Po) Po) +ao (P23 Co+Dbp Caz + (A0 -2 Po) P23),
A4 (g Co+ (2a9-Po) Po) +8o (D24 Co+bgCos+ (80-2Po) P24a),
asq (bg Co+ (2@p-Po) Po) +a0 (P34 Co+boCas+ (80-2Po) P34),

-84 D13 Co + @23 D14 Co + @14 b23 Co - @13 D24 Co + @12 D3s Co + Ag D1234 Co + @ D34 C12 — @24 bo C13 -
Ao bos C13 + @23 b C14 + 89 D23 C14 + 814 Do Co3 + 89 D14 C23 - @13 Do Co4 — 89 D13 C24 + @12 bg Cag +
Ao b12 C34 + @0 bg C1234 + 2 @14 823 Po - 2 @13 @24 Po + A1234 (Do Co+ (280 - Po) Po) +
ass (D12 Co+bpC12+2 @12 Po+2ag P12 -2PoP12) -2 ap 24 P13 + 2 A24 Po P13 +
2 ap az3 P14 —2 @23 Po P14 + 2 @p A14 P23 — 2 Q14 Po P23 — 2 o P14 P23 - 2 3 A13 P2g +
2 @33 Po P24 + 2 A P13 P24 + 2 A A12 P3a - 2 812 Po Pas - 2 8o P12 P34 + @5 P1234 - 2 o Po P1234,

ao (bo Co + (A0 -do) do), @12 (boCo+ (280 -0o) Go) +ao (P12 Co+bg C12+ (A0 -2 o) J12),

a1z (bgCo+ (2a@p-Qo) o) +ao (b13Co+bg C13+ (80 -20dp) d13),
ais (bgCo+ (2a@p-0o) o) +ao (P14 Co+bo C1a + (80 -20dp) J1a),
azz (bpco+ (2ap-do) o) +ao (P23 Co+bgCaz+ (80 -20dp) gz3),
azs (bgCo+ (2@0-Co) Qo) +ao (P24 Co+bp Caa + (0 -2 o) U24),
aszs (bgpCo+ (2ap-0o) o) +ao (P34 Co+bgCas+ (80 -20do) gza),

-84 D13 Co + @23 014 Co + @14 D23 Co - @13 D24 Co + @12 D34 Co + Ag D1234 Co + @g D34 C12 — @24 Do C13 -
8o b24 C13 + @23 Do C14 + @ D23 C14 + 814 Do C23 + @0 D14 C23 ~ @13 Do C24 — @0 D13 C24 + @12 Do C34 +
Ao b1s C34 + 80 Do C1234 + 2 @14 823 U — 2 @13 @24 Qo + @1234 (Do Co + (2@0 - Qo) o) +
aszs (b1pco+bpCia+2a@i20o+2ap 012 -20od12) -2 ap a24 q13 + 2 @24 Qo Q13 +
2ap a3 fua -2 a3 o 14 + 2 @p 14 U23 — 2 214 Jo 923 - 2 Ao 14 023 - 2 @p 213 Q24 +

2213 0o Q24 + 2 Ao 013 24 + 2 80 12 (34 - 2 12 Go Y34 — 2 Ao Q12 Uaa + A5 U1234 — 2 Ao Qo Y1234 |

outeo)= 56
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noi= (% exactly 49 equations x)
casel = DeleteCases[DeleteDuplicates|
coeffSystem /. {co >0, bg -0, dg»ap, qo - as, Po~- ap}l, _Integer]
Length[
casel]

2 2 2 2 2 2
out[91]= {ao Ci12, apC13, A Cia, g C23, 8 C24, Ap Cay,
2
Ap @34 C12 — g A4 C13 +Ap A3 C14 + 8g A14 Cp3 — Ag @13 Cp4 + g A1 C34 +Ag C1234 + Ag C34 12 -
2 2 2 2
Qg Cp4 013 +8g Cp3 d14 + 80 C14 U3 -89 C13 dpg + Qg C12 O34, @F D12, a5 b1z, agbis, agbas,
2 2
ap bos, agbas, ag azs bio - ap az bz +ag a3 014 +ap @14 b3 - ag 13 b2s + a0 @12 b3g +
2
ap b1234 + @9 bag d1o - ag b4 dyz + g bp3 dig + g D14 doz — @ by3 d2g + g D12 dag,
2 2 2 2 2 2
agaip -agdip+2ag5 (-agp +dip), agagz -agdiz+2ag (-ayz+diz),
2 2 2 2 2 2
apais-agdis+2ay (-as +dis), agaz -agdss+2ag (-az +dzs),
2 2 2 2 2 2
apaz -ag Uy +2a5 (-ags +das), agazs -agdss+2a5 (-ass +das),
2 2
-2apaggazs+2agazgay - 238 ap dzq - Ag A1234 + 2 Ao d14 da3 -2 ag dy3 dag + 2 @g 1 dag + 85 d1234,
2 2 2 2 2 2 2 2 2 2 2 2
ag dip - ag p12, agdis - agpiz, agdia - agpia, agdzs -agp2s, agdzs -agpaa, agdss -ag Paa,
ap b3s C1p —ag bpg C13 +@p D23 C1a + 89 D14 Coz —Ap D13 Coa + 8 D12 C34 + 2 Ag d14 o3 -
2 2
2 ag dig dys +2 g dyp dzg + 85 d1234 - 2 89 P14 P23 + 2 8g P13 P24 — 2 8p P12 P34 — 85 P1234,
2 2 2 2 2 2 2 2 2 2 2 2
ag dip - aj 012, agdiz - ag Oz, agdig - ag e, agdzs - ag 023, agdzg - ag 024, ag dss - a5 daa,
Ao b3s C12 - ag bag C13 + a0 P23 C1g + 80 D14 Co3 —Ap D13 Cog + 89 D12 C34 + 2 89 di4 do3 -
2 2
2 agdizdys +2agdyp dag + a5 dizzs - 280 14 U23 + 2 8g 913 Q24 — 2 Ao Q12 O34 — 85 (1234,
2 2 2 2 2 2 2 2 2 2 2 2
ap a12 — 8p P12, ap &13 — ag P13, g A14 — g P14, Ap A2z — Ap P23, Qg A24 — Ag P24, 8y Az4 — Ap P34,
2
2agagsax3-2apayza +23agagp azg + a5 A1234 + Ao P3s C12 -8 bag C13 +Ag b3 C1g +
2
Ag D14 C23 -89 D13 Cos + @9 D12 C34 -2 80 P14 P23 + 2 Ag P13 P24 — 2 Ao P12 P34 - 8j P1234s
2 2 2 2 2 2 2 2 2 2 2 2
ap a12 —8p Ji12, ap a13 — ag (13, g d14 — 8g Ju14, Ap A23 — Ap 023, Qg 824 — Ag J24, 8p A34 — Ap 34,
2
2agaiqaps -2agaizaz + 23 a1 34 + A A1234 + Ao P34 C12 — A P24 C13 +Ap P23 C14 +

2
8o b14 C23 - @9 13 C24 + 80 D12 C34 - 2 80 Q14 G23 + 2 @0 Q13 G24 - 2 8o Q12 Y34 — A5 G1234

outez)= 49

Casel:cp >0, bp->0, dg>ag, 9o —->ap, Po-ao
3= SolCasel = Solve[casel == 0, scalars]

ourez= {{@g = O}, {ag » 0, aio — d12, aiz — d13, g — d14, b12 - 0, b13 - 0, b14 -0,
b23 - 0, b24 -0, b34 - 0, Cio — 0, Ci3 — 0, C14 — 0, Co3 — 0, Cog — 0, Cz3q — 0,
d23 > @23, O24 - @24, d34 - A3a, P12 > d12, P13 > d13, P14 - dia, P23 — A2z, P24 — Azs,
P34 = @34, Q12 > d1p, Q13 > di3, 014 > d14, Q23 > @23, Uos > @24, Q34 > A3a},
{aip » d]_z, aiz — d13, aig — d14, b12 - 0, b13 -0, b14 - 0, b23 - 0, b24 -0, b34 -0,
b1234 - 0, Ci2 — 0, Ci3 — 0, C14 — 0, Co3 — 0, Cog — 0, C3q — 0, C1234 — 0, d23 - aongz, d24 - Aoy,
d3s > @34, O1234 - @1234, P12 > d12, P13 > d13, P14 > d1g, P23 » @23, P24 - A2a, P3s4 — Azs,
P1234 - 81234, Q12 - d12, Q13 - d13, Q14 > d14, Q23 > @23, O24 - @24, Q34 — A3, Q1234 - 1234} }
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In[94]:=
(* B1ALrAL3AL4->L1828384 has to be First in the list of subs x)
Column[Table[RGrassmann =R /. {a»aa, b-bb, c-cc, d-dd, p-pp, 9-99};
RGrassmannFinal = Flatten[RGrassmann /. {solCasel[[i1]]}, 1];
Style[RGrassmannFinal /.
{81482A83A84->81828384,81482->8182,81483->8183, 82483->8283,
82784 ->8284, 81484 ->81 84, 83484 ->8384} // MatrixForm, FontSize » 6],
{i, 1, Length[solCasel]}]]
Po + P12 &1 &2 + P13 &1 O3 + P23 &2 &3 + P14 C1 C4 + P2s §2 C4 + P3g €3 C4 + P1234 &1 C2 3 8a o
o Co +C€1 81 &5 +C13 8y T3+ C3 & &3 +C14 £y C4 +Co4 Cp Cg + C34 O3 T4 + C1234 & Cq do+d1p £y Cp +d13 8y G+ 3 &y
0 @1 8y Cp + 1381 C3 +8p3 8p O3+ 14 81 Cg +8p4 8 Cg +834 83 Cg + 81234 €1 C by +byp €3 Ty +by3 &y C3+ by &g
0
Po +dyp &g & + 013 8 3 +@p3 §p L3+ A1y €y Oy +8pg 8 Cg +834 £3 84 + P1234 €1 82 C3 84 0
- Co +C1234 £1 82 83 Ca do +d1p &y &y + 0158y g + x5 55 Eg 4
Out[94]= o d1p &1 £ +d13 €1 L3 +8p3 £p L3 +d1q £y L4 + 824 Cp Cg + 834 £3 €4 + 81234 €1 £2 £3 Cs bo
0 0
Po +d1p 3 &p +d13 £y C3 + 83 £p L3 +d1g £1 Cg + 84 £p 04 + 834 C3 Cs + A1234 £1 $2 364 o
o Co do +d1p £y Cp +d13 8y C3 + 83 C;
o ag +d1p £y £p +d13 8y C3+ 83 £p Ly +d1g €1 g + 84 Cp 0y + 834 C3 Cg + 1234 £1 82 L3 4
0
In[95]:=

casell = DeleteCases|

DeleteDuplicates[coeffSystem //. {ag» 0, dg » ap, Jo -» @y, Po - ao}], _Integer]
Length[
casell]

oues)= {@34 Co 12 — @24 Co 13 + @23 Co d14 + @14 Cp 23 — @13 Co 24 + A12 Co dag,
asg bg d12 - @24 b d13 + @23 bo d14 + a14 Do doz — @13 b d24 + @12 bo dsg,
bo Co d12, bo Co d13, bg Codia, bo Cod23, bgCodasa, bo Co dag,
B34 Co d12 + bo C34 d12 — D24 Co d13 - b C24 d13 + D23 Co d14 + b C23 d1g + D14 Co oz + bg C14 d23 -
D13 Co d24 - bo C13 d2g + D12 Co dag + Do C12 d3g + bg Co d1234, @12 Bg Cp, @13 bg Co, @14 bo Co,
a3 bg Co, a24 bo Co, @34 bo Co, A1234 Do Co — @24 D13 Co + @23 D14 Co + 14 D23 Co - @13 D24 Co +
a12 b3g Co +azs (12 Co+bg C12) — @24 bg C13 + @23 D C14 + @14 Do C23 — @13 Do Cos + @12 Do C34}

outfesl= 16

Let's assume bg and cg are non-zero:

In[97]:=
Factor[casell]

ouferj= {Co (@4 d12 — A4 d13 + A2z 14 +A14 U23 - Q13 24 + Q12 d3g),
bo (ass d1p — @24 d13 + @23 d14 + @14 oz — @13 dog + @12 d3s), bo Co d12, bg Co dy3, b Co dig,
bo Co d23, bo Codas, bg Codzs, D34 Codin +bgCas din— 024 Codiz—boCosdiz+bozcodiy+
bp C23 d1a + D14 Co doz + bg C14 d23 - b13 Co dog — Dg C13 d24 + D12 Co d3s + Do C12 d3g + bp Co d1234,
a1z bg Co, @13 bp Co, @14 bo Co, @23 bo Co, @24 bo Co, azs bg Co,
A1234 bo Co + @34 D12 Co — @24 D13 Co + @23 D14 Co + @14 D23 Co - @13 D24 Co +
a12 34 Co + @34 b C12 — @24 Do C13 + @23 Do C14 + @14 g C23 - @13 Dg C24 + @12 bp C34}
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In[98]:=

Out[98]=

In[99]:=

Out[99]=

In[100]:=

Out[100]=

In[101]:=

Out[101]

In[102]:=

out[102]=

caselll = DeleteDupI icateS[ { (Aas dis - ays diz + sz dig + Q14 doz — Q13 dog + Q12 d34) 5
(234 d12 - @24 d13 + @23 14 + @14 23 - @13 24 + @12 d34) 5, Do Cp 12, bp Co d13, Do Co d14,
bg co d23, bg Cp 24, b Co d3s, b3s Co diz + bg C34 d12 - D24 Co di3 - bg C24 13 + b3 Co dig +
bp Co3 d14 + b14 Co doz + bg C14 23 - D13 Co dog - bg €13 g + D12 Co d3g + bo C12 dag + bg Co 1234,
ajp bg Cg, a1z bp Co, @14 bg Co, @23 b Co, azs bg Co, aza bg Co,
A1234 Do Co + @34 D12 Co — @24 D13 Cp + @23 D14 Co + @14 D23 Co - @13 D24 Co + @12 D34 Co +
a34 bo C12 - @24 bp C13 + @23 bp C14 + @14 Do C23 - @13 Do C24 + @12 Do C34} ]
{a34 d12 - @24 dy3 + @23 dyg + @14 d23 - @13 d2g + Q12 A3y,
bo Co di12, bo Co d13, bo Codia, bo Cod23, bgCodas, b Codag,
B34 Co dy2 + bo C34 d1o — D24 Co d13 - b C24 diz + D23 Co d14 + bg C23 dyg + D14 Co doz + bg C14 d3 -
D13 Co d2s - bo C13 dog + b12 Co 34 + Do C12 d3g + bg € d1234, @12 bg Co, @13 bg Co, @14 bo Co,
a3 bg Co, @24 bp Co, @34 bo Co, A1234 Do Co + @34 D12 Co - A24 D13 Co + @23 D14 Co + @14 D23 Co -
a13 D24 Co + @12 b3g Co + @34 Po C12 - @24 Do C13 + 23 Do C14 + @14 bg C23 - @13 b C24 + @12 Do C34}

We get a simple solution where bg - 0, ¢ — 0 which is against our assumptions, and

ai234 —» 0, di234 — 0 which is not a desirable solution since we need to be of 4th degree , see
following:

solCaselll =

SOIVe[(Caselll /- {d12—>0, di3-»0,di4»0,dy3»0,dyy »0,dzs >0, a;o-0, a;3-20,
aiq » 0, a3 -0, ayy » 0, agy » 0}) == 0, scalars]

{{bo >0}, {cog—0}, {a12aa >0, dip3a »0}}

Let’'s go back and assume by — 0 and ¢y hon-zero:

casell2 = DeleteCases[DeleteDuplicates|
coeffSystem //. {ag» 0, dg » ag, Qo - @, Po~ &y, bo-»0}], _Integer]
{834 Co d1p — @4 Co O13 + 823 Co d14 + @14 Co Up3 — 813 Co dog + @12 Co Uag,
D34 Co d1z - bog Co diz + b3 Codig + D14 Codaz — 13 Co dag + b1a Co dag,
azg D12 Co - a4 b13 Co + @23 D14 Co + @14 b23 Co - aA13 b4 Co + @12 D34 Co}

Factor[casell2]

{Co (@ss dyp — @4 13 + @23 14 + Q14 o3 — Q13 dpg + @12 d34),
Co (b3a dip - bps diz + bpz dig + D14 dog - b3 doa + byp d3a),
(834 b1y - @p4 b1z + 823 D14 + @14 Doz — @13 Doa + @12 D3s) Co}

Remove cg:

casell2 = DeleteDuplicates[{ (az4 d1o - Qo4 d13 + 823 14 + Q14 dp3 — @13 oy + Q12 dag) ,
(b3s 12 - bog di3 + b3 dig + D14 doz - b1z dog + b1p das)
(a4 b1o - @24 D13 + @23 D14 + @14 D23 - @13 D24 + @12 D34) }]
{@34 dyp - @p4 dy3 + @23 dyg + @14 dp3 — @13 Aoy + @12 dag,
b3 d1o - b24 d1z + b23 d1g + D14 doz - D13 dog + b12 dag,
asq b1z - @24 D13 + 23 D14 + @14 D23 - @13 D24 + @12 D34}

Too few equations but we can find nice enough relationship between them for parametric solutions:
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In[103]:=
solCasell2 = Solve[casell2 = 0, {ass, b3s, ars}]

aip diz (-bog diz + 03 dyg + b1g doz - by3 dog + byp dag)

Out[103] {{a34 - - _
dip (b3 dip - bgp di3)
- (@23 P14 + @14 bp3 - @13 bog) diz + b1z (@23 d1g + @14 doz — @13 dog + @12 d3g)
b1z dip - by dis
-b24 diz + 3 dig + D14 dp3 - D13 dog + b1p dag

b3s - - ,

dio

1
Qpg > - ——————— (—83 D14 d1p — @14 b3 dyp + @13 Ds d1p — @12 D24 di3 + @23 Dy dig +
b1z dip - by dis

Ao Doz dig + 814 b1y dog + @12 b1 dog - @13 b1p dpg - @12 D13 dos + 2 @35 byp d3a) }}

Let's go back and assume ¢y — 0 and by hon-zero:

In[104]:=
casel I3 = DeleteCases[DeleteDuplicates|
coeffSystem //. {ag» 0, dg » ag, Qo = @9, Po - g, Co-» 0}], _Integer]

oufio4= {@34 Do d12 — @24 bo d13 + @23 b 14 + @14 bo d23 - A13 Do d2s + @12 bg dag,
bo €34 d1p - bg €24 dyz + bg Co3 d14 + bg €14 dog — b C13 d2g + bg €12 daa,
aga bo C12 - @24 bg C13 + @z3 Do C14 + @14 bg Co3 — @13 Do Co4 + @12 by C3s}

In[105]:=
Factor[casel 3]
oufiosi= {Dg (@34 12 — @24 d13 + @23 d1g + @14 do3 — @13 dog + @12 d34),
bo (C34 d1p - Co4 d13 +Co3 dyg + C1q O3 - C13 dog + C1p das),
bo (834 C12 — A4 C13 + 823 C14 + 814 C23 — @13 C24 + 812 C34) }

Remove by :

In[106]:=
casell3 = DeleteDupI icateS[{ (azg dis - a4 diz + as3 dig + Q14 doz — Q13 dog + Q12 d34) 5
(C34 d12 - C24 d13 + C23 14 + C14 23 - C13 24 + C12 d34)
(834 C12 - @p4 C13 + 823 C14 + Q14 C23 - 813 C24 + A12 C34) }]
oufiosl= {@z4 d12 - @24 d13 + @23 d1g + Q14 A3 - @13 d2g + Q12 A3y,
C34 U1 — Cpq 013 +Co3 014 + C14 Up3 - C13 Upg + C1p U3y,
A34 C12 — A4 C13 + 823 C14 + @14 C23 — 813 C24 + 12 C34}

Too few equations but we can find nice enough relationship between them for parametric solutions:



16 | grassmann_4gen.nb

In[107]:=
solCasel I3 = Solve[casell3 == 0, {aszs, C3s, Aoa}]

A1p d13 (-Cp4 d13 +Cp3 dyg + Cyq U3 - C13 dog + C1p dag)
Out[107]= {{a34 - - -
dis (C13dip - C1pd13)

(- (Ap3 C1a + @14 Cp3 — 813 Cp4) i3 + C13 (823 d1g + 814 dog — @13 doa + @12 d3a) ) /
~Cp4 d13 +Cp3 g +C14 Upz - C130pg + C1p A3y

(C13d1p -C1pd13), Cas > - ,
dip

1
Qg > - ——— (—@23C14 1o — @14 Co3 1o + @13 Cp4 1o — 812 Cpgq d13 + @23 C1p dyg +
C13d12 - C1p di3

Q12 Cp3 O14 + 814 C1p oz + @12 C14 Aoz — @13 C1p Upg — 812 C13 g + 2 @35 Cyp d3g) }}



