QYBE solutions for constant R-
Matrices over Grassmann Algebra,
3-generators

Based upon the work of Steven Duplij, Olga Kotulska and Alexander Sadovnikov [1]

Mathematica 9.0 code by Dara O Shayda
dara@lossofgenerality.com

Grassmann Algebra Package by John Browne [2]
grassmannalgebra@gmail.com

June 30, 2013
nuse= Clear[a, b, ¢, d, p, q1;

Assume a, b, ¢, d, p and g belong to a multiplicative commutative distributive algebra, with both additive
and multiplicative inverses.

Based upon the 6-vertex YBE solutions [3], the following matrix forms are created:

In[159]:=

R=.;

R = ConstantArray[0, {4, 4}];
RI[111[[1]1] p:

RI[2]11[[2]]
RI[311[[3]]
RI[4]111[4]]
RI[2]11[[3]1]
RI[311[[2]]
R // MatrixForm
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Out[167]//MatrixForm=
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In[168]:=
R12 =_;
R12 = ConstantArray[O {8, 8}1;
R12[[1]1[[1]]
R12[[2]11[[2]]
R12[[3]11[[3]]
R12[[41]1[[4]1]
R12[[5]11[[5]1]
R12[[6]1]1[[6]]
RI2[[711[[7]1]
R12[[8]1]1[[8]1]
R12[[3]1[[5]1]
R12[[4]1]1[[6]]
R12[[511[[3]]
R12[[6]11[[4]1] =
R12 // Matrleorm

Out[182]//MatrixForm=
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In[183]:=

R13=.;

R13 = ConstantArray[O {8, 8}1;
R13[[111[[1]]
R13[[2]1[[2]]
R13[[311[[3]]
R13[[411[[4]]
R13[[511[[5]]
R13[[6]1[[6]1]
RI3[[711[[7]]
R13[[811[[8]]
R13[[2]11[[5]]
R13[[4]1[[7]1]
R13[[511[[2]]
RI3[[711[[4]1]1 =
R13 // MatrixForm

Out[197]//MatrixForm=
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In[198]:=

In[213]:=

Out[214]=

R23 =_;

R23 = ConstantArray[0, {8, 8}1;

R23[[111[[1]]
R23[[2]11[[2]]
R23[[3]1[[3]]
R23[[411[[4]1]
R23[[511[[5]1]
R23[[6]1]1[[6]]
R23[[7]11[[7]1]
R23[[811[[81]
R23[[2]1]1[[31]
R23[[611[[7]1]
R23[[3]11[[2]]
R23[[711[[6]1]

ps
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R23 7/ MatrixForm

Out[212]//MatrixForm=
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From the braid equation get the algebraic equations that must satisfy O:

Simplify[R12.R13.R23 - R23.R13.R12];

Style[equations // MatrixForm, FontSize - 9]

equations =

0 0

0 0

0 acd

0 0

0 a(bc+(a-p)p)
0 0

0 0

0 0

0
-acd
ad (-a+d)

0
0

From [1] check the computations:

cda =0,
bda=10,
da(d —a)=0, pd(d — p)+cbd =0,

qd(d —q)+chd =0,)
pa(a—p)+cha=0,}

ga(a—gq)+cba=0. |

0
d(-bc+p (-d+p))
-abd

o OO O o

(28)
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(30)

(31)
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Grassmann Algebra 3 generators

*A; DeclareVectorSymbols[&;, &>, &3]
scalars = DeclareScalarSymbols[ag, bg, Co, do, Po> o, @12, D12,

Ci2, di2, P12, O12, @13, b13, Ci3, di3, P13, Oi13, @23, D23, Co3, d23, P23, O23]
X=*G[(L+81) A (L+82) a (1+83)]

ouz15)= {C1, &2, L3}

ouz16= {8g, @12, @13, az3, Do, b1, b1z, by3, Co, C12, Cis,
C3, do, dip, diz, dz3, Po, P12, P13, P23, Go, Q12, O13, O23}

oui7= L+ 81+ 82+ 83+817820+81783+82~r83+81182103
In[218]:=

(» assign the 0Os to only get the even terms x)
aa=.,
aa= {ag, 0, 0, 0, a;», a13, a3 , O} .ListeeX

bb=.;
bb = {by, 0, 0, 0, by, bi3, bys , 0} .ListeeX

cC=.:
cc = {Ccg, 0, 0, 0, C12, C13, Co3 , O}.ListeeX

dd =.,
dd = {do, 0, 0, 0, di2, d13, d23 y 0}.List@@X

pp=-;
pp = {pPo, 0, 0, O, P12, P13, P23 » O} .ListeeX

agq=-;
aq = {do, 0, 0, 0, Qi2, U13-> Q23 » 0} .ListeeX

ouf219= &g + 812 §1 ~ 82 + 813 51~ f3 + 823 52 ~ &3
oufz21= B + D12 £1 A L2 + 013 81 4 L3+ D23 £2 2 83
ou223)= Co +C12 81 ~ 82 +C13 81~ 83 +C23 52 ~ &3
oufzzsi= Ao + 012 §1 A 82 +d13 81 4 83+ d23 £2 A 3
out227)= Po + P12 1~ 82 + P13 81~ 83 + P23 T2 ~ L3

ou229]= Qo + 012 &1 ~ 82 + 013 81 ~ 83 + Q23 82 ~ &3



In[230]:=

Out[230]=

In[231]:=

Out[231]=

In[232]:=

out[232]=

In[233]:=

Out[233]=

In[234]:=

Out[234]=

In[235]

Out[235]

In[236]

Out[236]=
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exprl = GrassmannExpandAndSimplify[cc A dd 1 aa]

ap Codg + (a12Codg+agCipdg+ag Codiz) 81482+
(a13 Codo +ap C13 dg +ag Codiz) 81~ L3+ (Ap3 Codg+ag Cozdp+agCodaz) 2183

Collect the coefficients:

coeffl = Flatten[{ag co dy, Coefficient[exprl, {&i1AZ%>}1],
Coefficient[exprl, {&;%3}], Coefficient[exprl, {&;a&3}]1}]

{ag co do, @12 Codg+apCypdg+agCodia,
@13 Co dg +ag C13 dp +ap Cg d13, @3 Co dp +ag Cp3 dg +ag Cp oz}

expr2 = GrassmannExpandAndSimplify[bb A dd a aa]

ag bg dg + (@12 bg dg + ag byp do +ag bo di2) &1 4 &2 +
(a13 bg do + g b1z dg + @g bp d13) L1~ L3 + (Azz b do + &g bz dg +ag bg daz) C2 4 T3

coeff2 = Flatten[{ag bg dy, Coefficient[expr2, {£i14%5}],
Coefficient[expr2, {&;Zs3}], Coefficient[expr2, {&>Af3}1}]

{ag bo do, @12 bg dg +ag b1 dg +ag bg dya,
aj3 bg dg + @g byz dg + ag bo di3, a3 bg dg +ap boz do +ag bg daz}

expr3 = GrassmannExpandAndSimplify[dd » aa  (dd - aa) ]
—8.(2) d0+a0d(2)+ (—2 dp ai2 d0+a12 dg—ag d12+2a0 do d12> C1AC8r+
(-2apassdo+aizdj-ajdig+2agdodis) &1 a s+

(-2 ag az3 do +az3 dj - a§ daa + 2 @ do das) &2~ £3

coeff3 = Flatten[{-aj do + ap dj, Coefficient[expr3, {&14&2}],
Coefficient[expr3, {&i1afs3}], Coefficient[expr3, {&>aE3}] }]

{-afdo+agdj, -2apaizdo+as,dj-afdi,+2agdodi,

2 2 2 2
-2 ap a13 do +ai3 dO —ao d13 +2 ag do d13, -2 dg ao3 do + azs dO 7&0 d23 +2a0 do d23}

expr4 = GrassmannExpandAndSimplify[ (ppadda (dd -pp)) + ccabbadd]

bo co do +dj po - do PG +
(b12 €o do +bo €12 do + bo Co d1z + 2 do d12 Po - d12 P§ + d§ P12 - 2 do Po P12) L1 A C2 +
(b1 Co do +bo €13 do + bo Co d1z + 2 do d1g Po - d1g P§ + dg P13 - 2 do Po P13) L1~ Ca +
(b2s Co do +bo €23 do + b Co dz3 + 2 do dag Po - d2g P§ + dj P23 - 2 do Po P23) 2 Cs

5
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In[237]:=
coeff4 = Flatten[{bo co do + d3 po - do p3, CoefFicient[expr4, {&ia’2}],
Coefficient[expr4, {&i1afs3}], Coefficient[expr4, {&>aE3}] }]

outzs7= {Bg Co do +d3 Po - do P§, b1z Co do + bo €12 do + Do Co d12 + 2 do diz Po - d12 P§ + d P12 - 2 do Po P12,
b1s Co do + bo €13 do + bo Co d13 + 2 do d13 Po - d13 P§ + df P13 - 2 do Po P13,
bas Co do + bo C23 do + bo Co d2g + 2 dg d23 Po - d2g P§ + df P23 - 2 do Po P23 }

In[238]:=

expr5 = GrassmannExpandAndSimplify[ (qqadda (dd -qgqg)) + ccabb add]
ouzsgl= bg Co dg + d% Qo - do q% +
(b12 Co do +bg €12 dg + g Co d12 + 2 do d12 o - d12 0§ + d§ Q12 - 2 do Go 12) C1 4 Co +
(b1 Co do +bg €13 dg +bo Co d1z + 2 do d13 o - d13 GF + d§ 13 - 2 do Go 1) C1 4 L3 +
(b2s €o do +bo €23 do + bo Co daz + 2 do dag Go - d2s GF + d§ A2z - 2 do o Ga3) L2 A C3

In[239]:=
coeff5 = Flatten|[{bo Co do + dj do - do g3, CoefFicient[expr5, {& A &}1,
Coefficient[expr5, {&1afs3}], Coefficient[expr5, {&>aE3}] }]

outzzer- {bo o do +dj do - do G5, b1z Co do + b €12 do + bg Co d12 + 2 do d12 Ao - d12 GF + dF 12 - 2 do do 12,
b1 Co do + bo €13 do + bo Co d13 + 2 do d13 0o - d13 GF + df 13 - 2 do To Uus,
bas Co do + bo C23 do + bo Co d23 + 2 do d23 o - d23 § + df 23 -~ 2 do o Gzs }

In[240]

expr6 = GrassmannExpandAndSimplify[ (ppraaa (aa-pp)) + CCabbaaa]
outz40)= 8g bo Co + a% Po-2ap p% +
(a2 bo o +@g b1z Co + @9 by C12 + 2 @9 @12 Po - A12 P§ + @5 P12 - 2 0 Po P12) L1 A L2 +
(a13 bo o + @ b1z Co + @9 bo C13 + 2 @9 A1 Po - 13 P§ + a5 P13 - 2 8o Po P13) L1 A L3 +

2, .2
(@23 bo Co +@g baa Co + @0 b C23 + 2 @g @23 Po - @23 Pj + Ap P23 — 2 Ao Po P23) C2 ~ C3

In[242]:=
coeff6 = Flatten[{ag by Co + a§ po - ap p§, Coefficient[expr6, {&i&2}]1,
Coefficient[expr6, {&;af3}], Coefficient[expr6, {& af3}] }]

2 2 2 .2
Out[242]= {ao bo Co + a5 Po - @0 P, @12 Do Co + @ D12 Co + 80 Do C12 + 2 @0 @12 Po — @12 Py + A5 P12 ~ 2 &g Po P12,
2, .2
a13 bo Co +ag b1z Co + @ bo €13 + 2 @g @13 Po - @13 P§ + 85 P13 — 2 Ao Po P13,
2, .2
a3 bo Co +ag bas Co + @9 bo C23 + 2 @9 A3 Po - @23 PG + A5 P23 -~ 2 Ao Po P23 }

In[243]:=

expr7 = GrassmannExpandAndSimplify[(gqgsaaa (aa-qQg)) + cCcabbaaa]l
ourzas- g bo Co +a§ o - Ao G +
(a12 bo o +ap b1z Co + a9 by C12 + 2 @g 12 Go - @12 GF +@§ G12 - 2 @0 Go G12) L1 A L2 +
(213 bo o + @9 b1z Co + @9 bo C13 + 2 Ag @13 Go — @13 G + 85 A1z~ 2 @p Go Ja3) L1~ L3 +

2 .2
(@23 bo o +@g b2z €o + @9 b €23 + 2 @p @23 Qo — @23 05 + A5 G23 — 2 0 Go G23) C2 ~ C3



In[244]:=

Out[244]=

In[245]:=

Out[245]=

out[246]=

In[247):=

Out[247]=

Out[248]=

In[249]:=

out[249]=
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coeff7 = Flatten[{ap by co + a3 qo - ap g3, Coefficient[expr7, {&14%}]1,
Coefficient[expr7, {&i1af3}], Coefficient[expr7, {&>aE3}] }]

2 2 2 .2

{a0 bo co+ag o -ao a3, @iz bo o +a b1z o +agbo 12 +2apaiz qo - a2 45 + ag g2 - 2 & o gia,
2, .2

a13 bo Co +@p b13 Co + ag bo C13 + 2 @p @13 Go - @13 0 + a5 d13 ~ 2 @p Yo Ja3,
2, .2

a3 bo Co + @0 b2 Co + @ bo C23 + 2 @0 @23 o — @23 G5 + 85 G23 ~ 2 @p o Y23 |

coeffSystem = DeleteDuplicates]
Simplify[Join[coeffl, coeff2, coeff3, coeff4, coeff5, coeff6, coeff7]]]
Length[coeffSystem]

{ao codo, @12 Codo+ap (C12dg+Codi2), a13Codg+ap (Cizdo+Codia),

a3 Co do +ap (Ca3do+Cod2z), apbgdo, ai2bpdo+ap (bizdo+bodiz),

aiz bg do +ag (byz dg +bg diz), azzbgdg+ag (b3 dg+bgdssz), apdg (-ap+dp),

a;p d3-addiz +2a9dy (~ap +di2), a;zdj-ajdig+2agdy (-ass +dis),

ap3 d3 -aj dpg +2 a9 do (~azz +dzs), do (Do Co+ (do-Po) Po),

b12 Co do + bg (C12 do + Co d12) +2 dg di2 Po - d1z P§ + d3 P12 - 2 do Po P12,

b13 Co do + bg (C13 do + Co d1g) + 2 do d1z Po — d13 P§ + d3 P13 - 2 do Po P13,

b23 Co do + by (Ca3 do + Co d2g) + 2 do daz Po — d23 P§ + d3 Pas - 2 do Po P23,

do (bo Co + (do - Uo) Go), D12 Codo +bg (C12dg +Codip) +2dgdiz o - d1p g5 +d3 g1z - 2 do do A1z,
b13 Co do + bg (C13 do + Co di3) +2 do d1z Go — d13 g + d3 A1z -~ 2 do do U3,

b23 Co do + bg (Ca3 do + Co d2g) + 2 do daz Qo — d23 G + d3 G2z — 2 do Go U3,

ap (boco+ (a0 -Po) Po), @12 (PoCo+ (280 -Po) Po) +a0 (b12Co+bpC12+ (a0 -2Po) P12),
a1z (bgCo+ (2@ -Po) Po) +ao (P13 Co +bp C13+ (A0 -2 Po) P13),

a3 (bg Co+ (2@g-Po) Po) +a0 (b23Co+bgCoz+ (80 -2Po) P23),

ao (boCo+ (a0 -do) o), a12 (boCo+ (2a0-0do) do) +ap (b12Co+bpC12+ (A -20do) d12),
a1z (boco+ (2a@p-do) o) +ao (P13 Co +bo C13+ (80 -2 0dp) d13),

az3 (Do Co + (29 -do) Qo) +a0 (P23 Co+bo C23+ (A0 -2 7o) G23) |

28

(» exactly 12 equations x)
casel = DeleteCases[DeleteDuplicates[coeffSystem /. {dg - 0, ag » 0}], _Integer]
Length[casel]

{bg €0 d12 - d12 P§, bo Co d13 - d13 P§, Do Co d2s - d23 P§, Do Co d1z - 1z G,
bo Co d15 - d13 F, bo Co das - d23 GF, a1z (bo Co—p(z)), a3 (bo co—p(z)),
azs (bo Co—p%), ai1> (bo Co—q%), a3 (bo Co—qg), azs (bo Co—qg)}

12

solCasel = Solve[casel == 0, scalars]

{{Po > -bo Veo . 90> -Vbo Veo }. {po - -Vbo Veo, o Vbo Veo ),
{Po > Vbo Veo . do - -Vbo Veo }, {po~Vbo Veo. do-Vbo Veo |,

{a;2 >0, a13 >0, a3 >0, dip >0, dig >0, dpz >0} }

7
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In[250]:=
Column[Table[RGrassmann =R /. {a—»aa, b-bb, c-cc, d-dd, p-pp, 9-q9g};
RGrassmannFinal = Flatten[RGrassmann /. {solCasel[[i]]}, 11
Style[RGrassmannFinal /. {ag -0, dg-»0, bg-» (t"2) /r,po-»1t, qo-t,
Co-»Fr, Cia-»V, bip>w, dio»y, po->1, di2->m, a;->n, £1482 -> 81 82,
81A83->L8183, £2A83 -> L &3} // MatrixForm, FontSize -» 6],
{i, 1, Length[solCasel]}]]
=
R e R e Y 0 0 0
0 T +V 0y +Cialyl3+Colp Ly YLy Llp+diglyf3+dyglyly o
2
0 MEL o B €y Gy g Gy e WEL Gy by £ g g £ G 0
2
0 0 0 ’\/’_\ ‘T +MEy Cp + 13 01 O3 + U3 &2 O3
N .
N[ #1186 +P13 £y C3 +Pa3 £2 o o o
o T+VE Cp+Ci3 Ly C3+Co3L8p 83 Y C1Lp+ 0138y L3+dp3 &p Ly o
2
0 NE) Gy vaysCy Ca rag Cp Gy 'T+wr1r2+bl3;1§3+b23r2z3 0
2
0 0 0 I e R P Y
N
T e T R SN 0 0 0
Out[250]= i
0 L T o A A T R T R T YA 0
2
0 Ny Cp+aygly 3+ 5 Ly [T‘Wflifz*bu;l;s‘bzai:z?a 0
2
0 o 0 ’\/'—\ ‘T +MEy Cp + 033 &y C3 + A3 £ O3
2
N e Y TR 0 o o
0 T +VE Cp+C138y C3+Cpalply Y CyLp+digly Ca+dylrly o
2
0 nNEy Gy ays 8y Gy v ag Ly ‘T,waqz+b13nlzﬁ3-b2352rﬁ3 0
2
o 0 0 VoS mnc it g e o
t+l €385+ P13 €1 L3 +P23 L2 03 0 0 0
F+VEy8y+Cy38) E3+Cr38,C3 0 0
2
o o ‘T*W‘fl‘:z*bm;l;s‘hza‘fz‘fz 0
o o 0 temegy Cp + U138y 85 + A3 C2 Cg
In[251]:=

(» exactly 17 equations x)

caselll =
DeleteCases[DeleteDuplicates[coeffSystem /. {dyg» 0, bg» 0, cg» 0}], _Integer]

Length[caselll]
ouzsi- {-a§ dip, -a§ dis, -a§ das, ~d12 P§, -d13 Pj, -d23P§, -di2 95, -d13 G, -d23 ap,
Ao (2o - Po) Po, @12 (20 -Po) Po+ap (Ao -2 Po) P12, @13 (2380 - Po) Po + a0 (Ao -2 Po) Pz,
a3 (2 a9 - Po) Po+ao (A -2 Po) P23, @ (a0 -Ydo) o, @12 (280 - o) Go +ao (2o -2 do) 12,
a13 (2@ - o) Go +ao (o -20p) 13, azs (28 - Qo) Yo + a0 (80 -2 o) Y23}

outzs2= 17
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nesa= SoOlCaselll = Solve[caselll == 0, scalars]

out[253]= {{aon, pon, qon}, {aoﬁo, dlzﬁo, d13%0, d23%0, po%O, QQ%O},
{ag -0, a;» >0, a;3->0, a3 -0, dyp -0, di3 -0, dy3 >0},
{aoﬁo, 312%0, 313%0, 323%0, dlzﬁo, dlgéo, d23%0, qOAO},
{d12 -0, d13 >0, d23 >0, po>0, p12~0, pi3—~>0, p23 >0, o> 0, g2 -0, 13 >0, g23 » 0},
{d12 - 0, d13 >0, d23 >0, po > @, P12 - A12, P13 > A13, P23 »> @23, Go - 0,
di12 >0, 13 >0, d23 >0}, {d12 >0, di3 >0, d23 >0, po->0, p12-0, p1z -0,
p23s » 0, go - Ao, Q12 » @12, O13 - A13, (23 > A23}, {d12 » 0, di3 - 0, d23 > 0,
Po - &o, P12 - 12, P13z > @13, P23 > a23, Jo > Ao, Ji2 »> &12, O3z ~> A13, (23 > A23}}

In[254]:=
Column[Table[RGrassmann =R /. {a—»aa, b-bb, c-»cc, d->dd, p-pp, q-qq};
RGrassmannFinal = Flatten[RGrassmann /. {solCaselll[[i]]}, 1];
Style[RGrassmannFinal /. {ag -0, dg >0, bg->0, pg>t, gp»t, co-»0,
Ci2-»V, biz>w, diz-y, pz2=>1, qz->m, a12-n, L1482 -> L1 &2,
1ALz ->L1 L3, EoAl3 ->Er &3} // MatrixForm, FontSize » 6],
{i, 1, Length[solCaselll]}]]
1 €18 +P13 81 83+ P23 C2 83 o o o
0 V18 +C13 8y 3 +C3CpCy ¥ Ey Cp +Uig By Gy ¢ pg 2 Gy 0
0 NCy Cp+ayy Oy O3 +ap3 Cp Cg Wy Cp +byg g Oy +bos 05 Ly 0
0 o o MEy Cp + 013 81 L3 + 23 £2 &3
1 €182 +P13 81 83+ P23 C2 C3 o o o
0 V£ Ly +C13 8y C3+Cp3 8583 0 0
0 Ny gy Oy O3 +ap3 Cp Cg Wy Cp +byg g Oy + by 0 Ly 0 1
o 0 0 MEy £ + 013 C1 C3 + U3 £2 &3
t+l €38+ P13 €1 L3 +Pa3 L2 i3 o o o
V) Tp+Ci3 Ly Cg+Cog By Gy 0 0
0 0 WEy €y +byg £y Cg +byg &y Cg 0
0 0 t+MEy Ly + 013 8y O3 + U3 82 &3
t+l €38+ P13 €y L3 +Pa3 a3 o o 0
0 V €y Ep+Cpg £y Gy +Co3 &y Ca 0 0
0 0 Wy Cp +by3 &y 3 +bp3 £ L3 o
out254)= 0 0 0 MEy Cp +dy3 £1 £3+ U3 £2 C3
0 0 0 0
0 vy &p+C1383 8g+C3 8,05 o o
0 nCyCp+aggly Ly +ap3 Cp Ly WEy Cp+b13 8y Ca+bp3lply O
0 0 0 0
nCy Gy Ay Ty By vags O O 0 0 0
0 VCy 8y +C13 81 b3 +Co3 8283 0
0 NCyCp+a138y C3+838p L3 WLy Lo +byg &g L3 +bp3 &5 85 0
0 0 0
0 0 0 0
R S N 0 0
0 NCyCp+aysly Gy Cp Ly WEy Ly sbyg £y Oy by £y Oy 0
0 0 0 nNEy &y +ay38) B3 +a382¢83

0 V1 8p+Cy38183+C382 03 o 0
0 NCyCp+aygly b3 vay38p 03 Wy Gy +byg 8y Ly +bpg &5 Gy o

NCyEyragg Cy C3 Ay £y Gy 0 0 0 l

0 o o neylpraglyl3agly Ly



