In[1]:=
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June 30, 2013

Clear[a, b, c, d, p, q];

Assume a, b, ¢, d, p and g belong to a multiplicative commutative distributive algebra, with both additive
and multiplicative inverses.

Based upon the 6-vertex YBE solutions [3], the following matrix forms are created:
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In[2]:=
R=.;
R = ConstantArray[0, {4, 4}];

RO[111LI1]] = p;
R[[2]11[[2]]1 = c;
RI[311L[3]1]1 = b;
RI[4110[411 = q;
RI[2]1[[31]1 = d;
RI[311[[2]] = a;

R // MatrixForm

Out[10]//MatrixForm=

p 00O
0Ocdo
0Oabao
00O0GQ
In[11]:=
R12 =_;

R12 = ConstantArray[O, {8, 8}];
R12[[11]1[[1]1] p;

R12[[2]]1[[2]]
R12[[311[[3]]
R12[[411[[4]1]
R12[[51]1[[5]1]
R12[[6]11[[6]]
R12[[711[[7]]
R12[[8]1]1[[8]1]
R12[[3]1]1[[5]1]
R12[[4]11[[6]]
R12[[511[[3]]
R12[[61]1[[4]1]
R12 // MatrixForm

Out[25]//MatrixForm=

| I | I 1 A | Y | I | A | Y | O | A | N | B ||
vwoooaoaoclPloo

pO0O0OO0OO0OOO
OpO0O0OO0OO0OO
00cO0OdOOO
000coO0OdOO
00aoOboOO0OO
000ao0Obo0ooO
00000O0Q9QO
0000O0O0OGQg
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In[26]:=

R13=_;

R13 = ConstantArray[O, {8, 8}];
RI3[[1]11[[1]] p:
R13[[2]11[[2]]
RI3[[3]1[[3]1]
R13[[411[[4]]
RI13[[511[[5]1]
RI13[[6]11[[6]]
RI3[[711[[7]1]
R13[[811[[8]]
R13[[2]11[[5]1]
RI3[[4]11[[7]]
R13[[511[[2]]
RI3[[711[[4]11 =
R13 // MatrixForm

Out[40]//MatrixForm=

vwoaooocaoalloco

pO0O0OO0OO0OOO
0c00doOOO
00p0OODO0OO
000co0O0O0dO
0a0O0boOOO
00000QqOO
000ao00bo
00000O0OGQg

In[41]:=

R23 =.;

R23 = ConstantArray[0O, {8, 8}];
R23[[1]1[[1]] p:
R23[[2]11[[2]]
R23[[311[[3]]
R23[[411[[4]]
R23[[5]1[[5]1]
R23[[6]11[[6]]
R23[[711[[7]]
R23[[811[[8]]
R23[[2]11[3]1]
R23[[611[[7]]
R23[[311[[2]]
R23[[711[[6]]
R23 // MatrixForm

Out[55]//MatrixForm=

ywoooocolLloo

oYW O OO O oo
QT QO OO O0OO0OOo

[eNeoNeoNelNolNolNolhol
OO0 OO0 OO
[cNeoNeolNolNoloolNo]
OO0 OO0 oo o
OO O0OT OO OO

O OO0 000 O0OOo

From the braid equation get the algebraic equations that must satisfy 0:
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nse= equations = Simplify[R12_R13.R23 - R23.R13.R12];
Style[equations // MatrixForm, FontSize - 9]

0 0 0 0 0 0 0 0
0 0 -acd 0 d(-bc+p (-d+p)) 0 0 0
0 acd ad (-a+d) 0 -abd 0 0 0
0 0 0 0 0 acd d((bc+d-q)qg) O
OUBTE g a (be+ (a-p)p) abd 0 0 0 0 0
0 0 0 —acd 0 a(a-d)d abd 0
0 0 0 a(-bc+q(-a+q)) 0 -abd 0 0
0 0 0 0 0 0 0 0

From [1] check the computations:

cda =0, (28)

bda=0, (29)

da(d —a)=0, pd(d—p)+cbd =0, (30)
qd(d —q)+chd =0,)

pa(a—p)+cha=0,} (31
ga(a—gq)+cba=0. |

Load the Grassmann Algebra package [2] :

In[58]:=
<< "GrassmannAlgebra™

Declare all the vectors and scalars and make an even algebra, two generators ¢;, > :

In[59]:=
xA; DeclareVectorSymbols[&,, &>]
scalars = DeclareScalarSymbols[ag, bg, Cg, do, Po» Qo» @12, D12, C12, d12, P12, J12]
X=*xG[(L+81) ~ (1+82)]

oufsel= {L1, G2}
ouleol= {@p, @12, Do, D12, Co. C12, do, di2, Po, P12, o, d12}

outer)= L+ 81 +82+ 81482



In[62]:=

Out[63]=

Out[65]=

Out[67]=

Out[69]=

Out[71]=

Out[73]=

In[74]

Out[74]=

In[75]:=

Out[75]=

In[76]:=

out[76]=

In[77):=

our771= {@p bo do, aio b() do + ag b12 do + ag bo d12}

(» assign the 0Os to only get the even terms =x)

aa=.:

aa={ag, 0, 0, aj;p}.ListeeX

bb=_;

bb = {bg, 0, 0, bi>}-

CC=.;

cc = {Cp, 0, 0, cy5}-

dd=.;

dd = {dp, 0, O, di2}-

pp=-:

pp = {pO’ Os 01 plZ}-

ag =-;

ad = {do, 0, 0, d12}-

Qo +af1~02
bo +b12 814 &2
Co+C12l1r 02
do +d12 81~ L2
Po + P12 &1 ~ &2
Qo + 012 81~ &2

Replace the vars with the Grassmann generators and constants, EQ (28-31) in [1]:

exprl = GrassmannExpandAndSimplify[cc A dd a aa]

apCodg+ (a12Copdg+agCipdg+agCodiz) 1122

ListeeX

ListeeX

ListeeX

Listee X

ListeeX

Collect the coefficients:

coeffl = CoefficientList[exprl, {&ia&2}]

{agcodo, a2 Codg+apCipdo+agCodia}

expr2 = GrassmannExpandAndSimplify[bb 1 dd 1 aa]
ag bo do + (@12 bo do +ag b12 do +ag bo d12) &1 4 L2

coeff2 = CoefficientList[expr2,

grassmann_2gen.nb
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In[78]:=

Out[78]=

In[79]:=

Out[79]

In[80]:=

Out[80]=

In[81]:=

Out[81]=

In[82]

Out[82]

In[83]:=

Out[83]

In[84]:=

Out[84]=

In[85]:=

Out[85]=

In[86]

out[86]=

In[87]:=

Out[87]=

expr3 = GrassmannExpandAndSimplify[dd a aa s (dd - aa) ]

~ag dg +ag dj + (-2 ag ap do + @12 dj - aj diz + 2 89 do d12) &1~ &2

coeff3 = CoefficientList[expr3, {1 &>}]

{78(2) dg +ap dg, -2 agagp dg+ag d(z) 7&% di, +2 a9 dg d12}

expr4 = GrassmannExpandAndSimplify[ (ppadda (dd -pp)) + ccabbadd]

bo €o do + d§ Po - do P +
(b12 Co do +bo €12 do + bo o d1z + 2 do d12 Po - d12 P§ + d§ P12 - 2 do Po P12) C1 7 C2

coeff4 = CoefficientList[exprd, {£18}]

{bo co do +d§ po - do P§, b12 Co do +bg €12 do + by Co d1z + 2 do d12 Po - d12 P§ + dj P12 - 2 do Po P12 |

expr5 = GrassmannExpandAndSimplify[ (qqadd a (dd-qQq)) + ccabbadd]

bo €o do +d§ do - do 03 +
(b12 €o do +bo €12 do + bo o d1z + 2 do d12 Go - d12 F + d§ d12 - 2 do o da2) &1 4 C2

coeff5 = CoefficientList[expr5, {14 &}]
{bo co do +d§ go - do g5, b1z Codo +bo €1z do +bo Co diz +2 do di1z do - d12 GF + d§ g1z - 2 do o G2}

expr6 = GrassmannExpandAndSimplify[ (ppsraaa (aa-pp)) + cCabbaaal

2 2
ag bo Co +a5 Po - ao Pg +

2 .2
(@12 bo o +@g b1z Co + a9 bo €12 + 2 @g @12 Po - 12 P5 + @5 P12 — 2 Ao Po P12) £1 ~ L2

coefft6 = CoefficientList[expr6, {&1 1 &2}]

{ao bo Co +af Po - ag P§, @12 bo Co +@p b1z Co + @0 b C12 + 2 @p @12 Po - @12 P§ + @5 P12 -~ 2 Ao Po P12}
expr7 = GrassmannExpandAndSimplify[(gqgsraaa (aa-qqg)) + cCabbaaal
ap bo Co + a5 do - a0 G5 +

2 .2
(@12 bo o +@g b1z Co + @9 bo €12 + 2 @g @12 Qo — @12 5 + @5 12 — 2 o Go A12) C1 ~ L2

coeff7 = CoefficientList[expr7, {£i1&>}]

2 2 2 .2
{ao bo Co + a5 o -~ a0 dg, @12 bo Co + @0 P12 Co + @0 b C12 +2 @0 @12 o ~ @12 45 + @5 d12 — 2 &0 o Q12}

Simplify and remove the duplicates and make a list of the equations, compare against the [1], 14 sys-
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tem of equations:

Substitution of these equations into the system of
Eqs.(28)-(31) yields the system of equations below

c,da, =0, bda, =0, da,d,—a,)=0, (50)
pd,d, —p,)+chd, =0, gqd,(d,—qg,)+cbd, =0,
p,a,(a, — p) +cba, =0, q.a,(a, —q,) +¢bya, =0,
c,dya, +ca,d, +d,ac, =0,

b,d.a, +bad, +d,ab, =0,

d,._,a,._, (d:z _a:z) + dn (du _au}alz +a, (dn - au)d:z =0,
pyd,(d;—p,)+p,(d,—p)d, +

d,(d, - p,)p,, +,bd,; +cdib, +Bdyc, =0,
q,d,(d, —q.,)+q,d,—q,)d,+d,(d,—q,)9., +
c,byd, +cdb, +bdyc, =0,

F"uau(a:z - P:z) + F"u'[ﬂu - F"u)a:z + a-:l(au - P.-_.}P-_;_ +
c,bya, +c,a.b,; +ba,c, =0,

q,a,(a; —q,;)+q,(a, —q,)a,; +a,(a, —q,)q, +

c,._,b,._,rl” + c,._,a,._,bu + E:':._,a,._,c 1= 0.
(51)

nes= (* Exactly 14 equations x)
coeffSystem = DeleteDuplicates|[
Simplify[Join[coeffl, coeff2, coeff3, coeff4, coeff5, coeff6, coeff7]1]]

Length[coeffSystem]
outesl- {@o Co do, @12 Co o +ag (C12 do +Co di2), @ bo do, @12 bo do +ag (b12 do + b di2),
apdg (-ap+dg), a2 dj-ajdix +2agdo (-as2+dyp), do (boCo+ (do-Po) Po),
b12 Co do + bo (C1p do + Co d12) + 2 dg di2 Po - d12 P§ + d3 P12 - 2 do Po P12,
do (bo Co+ (do - o) Go), b1z Codo+bg (C12dg +Codiz) +2dodip do - d1p Gf + d a2 - 2 do do 1o,
ap (bo Co+ (a0 -Po) Po), @12 (boCo+ (280 -Po) Po) +ap (D12 Co+bpC12+ (A0 -2 Po) P12),
ao (bo Co+ (A - o) o), @12 (boCo+ (280 -0o) o) +ao (b12 Co+bo C12 + (B0 -2 o) q12) }

outgal= 14

Case |: Compare with [1]:

7
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Case [: d;=0. Eqs.(50)~(51) have the following

form:
r:fu =0, puau(au - pu}+ ‘3'-'_1"!:'-:!”15 = 0’} (52.1)
q,ual.,{ag - ql‘;) + L'u'bua-u =0,
a’d,, =0, (52.2)
cad. =0, bad. =0, (52.3)

[T T o2
pid, —cbd, =0, gid,—cbd, =0, (52.4)
Pyt (@, — P )+ pola, — pyla, +a,(a, - plp, +
c.ba, +cab, +bac, =0, (52.5)
quay(a; = q,;) +9,(a, —q,)a, +a,(a, —q,)q,, +
c,ba, +cab, +hac, =0. (52.6)

neop= (% exactly 9 equations x)
casel = DeleteCases[DeleteDuplicates[coeffSystem /. {dy - 0}], _Integer]

Length[casel]

Outf90)= {ao Co d12, ag bo diz, -a§ diz, 0o Codiz - d1z Pj, boCodiz - diz Gf,
ao (boCo+ (a0 -Po) Po), @12 (PoCo+ (2@0-Po) Po) +a0 (D12 Co+DboC12+ (80 -2 Po) P12),
ao (bo Co+ (A0 - o) o), @12 (boCo+ (280 -Go) o) +@o (b12 Co+boC12+ (B0 -2 o) q12) }

outp1= 9

Solve this system of equations:



In[92]:=

Out[92]=

In[93]:=

out[94]=

grassmann_2gen.nb

solCasel = Solve[casel == 0, scalars]

2
{{aoﬁo 812%0, dlZ%O}, {aoﬁo, Co%qfo, poé—qO},
bo
92
{aoﬁo, Co > bi, po%C]o}, {aoﬁo, boﬁo, pon, qO%O},
0
a3 a3
{aoﬁoy Co—> —, di2 -0, po%—QO}v {30%0, Cog—> —, di2 -0, po—>CI0},
bo b0
{aon, boﬁo, d12e0, poéo, qO%O}, {aon, boﬁo, d12e0, poéo, qO%O},
Jo (-ao0 +do) ~ap @iz bo — b3 c12 + @12 bo go + @ b12 o - b1z 3
{Co% ———, d12 >0, pp>ap-0do, P12~ ,
bo bo (-ap+24qo)
b3 c12 + a1, bo o - o b1z o + b12 A3 do (-ao +do)
12 - } {Co% —————, d12 > 0, po - do,
bo (-ag +24op) bo
b% Ciz +ai2 bo 0o - ag b1z go + b1 qS b(z) Ciz +a12 bp go -8 b1z go + b12 Q(z)
P12 = v Q12 = }
bo (-ap+24qo) bo (-ap+24qo)
ap (2ayp bg -ag biy) ag ag
Coﬁ—i- Ci2 > - , d12 -0, po» —, %97}.

403 2 2

b()%o d12%0 poéo, P12 - -

bis Co bis Co
y Q0> 0, g2 > - }

do ap

b -0, dip >0, po»ay, P2»> ————, Qo ~>0, g2 > -
ap ao

b1 Co ap azp + by Co
» Jo » ap, Q12 — —}
ao ao

boﬁo dlzﬁo poﬁo, P12 - -

bp -0, dip -0, pg-»ag, Pi2»> ——, 0o~ Ay, Qi2 >
o ao

{
{
: a0 212 + bra Co o)
{
{

apayy +bixco ap azp +bixco }}

Let's compute the original R matrices, but plug in the Grassmann numbers:

R12Grassmann =R12 /. {a—-»aa, b->bb, c->cc, d-dd, p-pp, 9-9q};
Style[R12Grassmann // MatrixForm, FontSize - 9]

Po + P12 1+ 82 0 0 0 0 0 0 0
0 Po + P12 C1 7 L2 0 0 0 0 0 0
0 0 Co+C1281782 0 do + di2 §1 4 2 0 0 0
0 0 0 Co+C1281182 0 do +d12 81182 0 0
0 0 ag + a2 L1182 0 bo + b1 C1 4 &o 0 0 0
0 0 0 Ao +a12 L1182 0 bo + b12 11 &2 0 0
0 0 0 0 0 0 Qo + Q12 81~ L2 0
0 0 0 0 0 0 0 o + Q12 £1~ &2

In [1] they only reported one of the solutions:

9
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In[95]:=
R12Grassmann3 = Flatten[R12Grassmann /. {solCasel [[3]]}, 11;
R12Grassmann3 /. {ag » 0, dg» 0, bg» (t*2) /r, po-»t, qo»t, Co»TI, Ci2>V,
bio->w, dio>y, pi2->1, quz->m, a;x->n, &1 48 -> &1 &} // MatrixForm

Out[96]//MatrixForm=

t+l 16 0 0 0 0 0 0 0
0 t+l 10 0 0 0 0 0 0
0 0 PV ECo 0 y C1 2 0 0 0
0 0 0 PV ECo 0 y £1 82 0 0
0 0 n ey e 0 Ciwe & 0 0 0
0 0 0 ey s 0 Cawe g 0 0
0 0 0 0 0 0 t +mey & 0
0 0 0 0 0 0 0 t +mey &

Remark: We shorthand {1 A {5 t0 41 &> -

Also let's use the paper’s [1] substitution for parameters, check and see if we got the same
matrix:

c= r+""§1§2'« b=t2fr?‘+w§|.§.__, d=}’§|§:!] (54)
p=t+IEE., g=t+mEL,, a=nEi,.

Let us write the resulting 6-vertex R-matrix

"=
(t+IEE, 0 0 0
0 revgE ¥ 0
0 nEE  Flr+wél, 0
.0 0 0 t+méé, |

One of our solutions matches the paper [1] EQ (55) for Case I:

In[97]:=
RGrassmann=R /. {a—»aa, b->bb, c-»cc, d-dd, p-pp, 9g-qq};
RGrassmann3 = Flatten[RGrassmann /. {solCasel [[3]1]}, 11;
RGrassmann3 /. {ag» 0, dg»0, bg» (t*2) /r,po-»t, go»t, Co»Ir, Cia-V,
bio->w, dio->y, pio->1, quz-»>m, a;x-»>n, &1 48 -> &1 &2} // MatrixForm

Out[99]//MatrixForm=

t+1 218 0 0 0
0 r+ves o y 8182 0
0 ng & ﬁ+W§1§2 0

r

0 0 0 t +mg; &




Let's tabulate all the solutions for Case I:

grassmann_2gen.nb

npoop= Column[Table[RGrassmann =R /. {a-»aa, b-»bb, c»>cc, d-dd, p-pp, 9q-9q};

out[100]=

RGrassmannFinal = Flatten[RGrassmann /. {solCasel[[1]]}, 1];

RGrassmannFinal /. {ag»0,dg>»0, bg>» (t"2) /r,po>t, go»t, Co>TI, Cio>»V,
bio->w, dio->y, pi2->1, quz->m, a;p->n, &1 48 -> &1 &} // MatrixForm,
{i, 1, Length[solCasel]}]]

t+1 218 0 0
0 r+vieg 8o 0
0 0 Cwe &
0 0 0
-t +1 218 0 0
0 r-vecil: yoil
0 Nt tr—2+W§1§2
0 0 0
t+1 218 0 0
0 r-vcil y&ite
0 n&i e tri+W§1§2
0 0 0
| 218 0 0 0
0 r+viils yéi o 0
0 N1l WCi & 0
0 0 0 me&; &
-t +1 218 0 0
0 r+ve 8o 0
0 nZi&le tri+W§1§2
0 0 0
t+1 218 0 0
0 r+ves s 0
0 n&i e tri+W§1§2
0 0 0
I 18 0 0 0
0 r+ver o 0 0
0 N1 WCi&s 0
0 0 0 mcq &o
| 218 0 0 0
0 r+verlo 0 0
0 N1l WCi&s 0
0 0 0 me; &
Pz g g
-t + r2t3 0
r+vzegte
ncg; &
0 0

0
0

0

t +mg; &>
0
0

0

t+mg; &>
0
0

0
t +mg; &>

0
0
0

t+mg; &>
0
0

0
t +mg; &

0

t2
s +WZC1 8o

0

0
0

0

ntd t4y

— i —t2wW| 1 o

r r2

2t3

11
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Case 2: Compare with [1]:

”riﬁ:—zvnzw C1 82
t o+ TE 0 0 0
0 r+ver o 0 0
0 nei thJngl &2 0
"r‘—z+”—zv+t2w &1 82
0 0 0 t o+ ’2t3
218 O 0 0
0 0 0 0
0 n&id tr—2+W§1 €2 0
0 0 0 me; &o
Conpl exInfinity 0 0 0
0 r+ver & 0 0
0 N1 & W&o 0
0 0 0 Conpl exInfinity
Conpl exInfinity 0 0 0
0 r+ver o 0 0
0 N1 & W& & 0
0 0 0 Conpl exInfinity
Compl exI nfinity 0 0 0
0 r+vies & 0 0
0 N1tz W&l 0
0 0 0 Compl exInfinity
Conpl exInfinity 0 0 0
0 r+vier 8o 0 0
0 NCi1Zz W& & 0
0 0 0 Conpl exInfinity

Case II: ay=0. Eqs.(50)~(51) lead to the follow-

ing:

a, =0,

p.d,(d, - p,)+cbd, = n,_}
q.d,(d, —g,)+c,bd, =0, |

Cudualz =0, buduar_- =0,

dya, =0,

!

4

(56.1)
(56.2)

(56.3)
(56.4)

pudu (dlz - pr_-} +p, {du — P }d:z + d,._, {du - pu}



grassmann_2gen.nb 13

x p,+ebd,+ecdb,+bdec,=0, (56.5)
qyd,(d; —q.)+q,(d, —q,)d,, +d,(d, —q,)q,, +

c,bd, +ecdb, +bdc,=0, (56.6)

F"li“l: —c,bya, =0, ‘ffjalz - c,byay, =0. (56.7)

mpoi= (% exactly 9 equations x)
casell = DeleteCases[DeleteDuplicates[coeffSystem /. {ag » 0}], _Integer]
Length[casell]
ounor= {12 Co do, @iz b do, @12 dj, do (b Co+ (do - Po) Po),
b12 Co do + bg (C12 do + Co d12) +2 do d12 Po - d12 P§ + d3 P12 - 2 do Po P12,
do (bo Co+ (do - o) Go), b1z Codo+bo (C12dg +Codiz) +2dodip do - dip Gf + df A2 - 2 do o 12,
a12 (bo Co-P§), a2 (boco-aj)}

out1oz= 9

Since aj» d(z) = 0 then dy = 0 this case coincides with the case I.

Case lll:
Case III: ¢;=b,=0, dy=a,. Then Eqs.(50)~51) are
as follows:
¢, =0, b,=0, d, =a,, (57.1)
pur:f,._, (du - F"l;-} =0, IrJ"u':fu (d-u - Ifu.]l =0, (57.2)
d,ac, =0, dapb, =0, (57.3)
d,a,(d,—a,)=0, (57.4)
p,._,r:f,._, {dll - F"'.z} + Py l:‘:'Ell;- - pl})d 2 {57‘5)
+ du (d-u - P.-_.}Pu =0,
q,._,d,._, {dll - q:z) +4, (du - qu}dlz {57.6)

+d,(d, —q,)g,=0.

Apparently [1] is missing two equations:
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In[103]:=
(» exactly 9 equations x)
caselll =
DeleteCases[DeleteDuplicates[coeffSystem /. {dg » ag, Co - 0, by -»0}], _Integer]

Length[caselll]
ouos {@§ €12, a§ bip, @§ a1 -a§diz +2aj (-az +d1z), a0 (A0 - Po) Po,
2 ag d1z Po - d12 P§ + a5 P12 - 2 @0 Po P12, Ao (Ao - o) Go, 2 @p d1z o - d12 GF + a5 Q12 - 2 &g Uo 12,
a12 (2o -Po) Po+ao (8o -2 Po) P12, @12 (280 - o) Go + @0 (o -2 o) Jaz

out[104= 9

Let’s solve the system of equations:

In[105]:=
solCaselll = Solve[caselll == 0, scalars]

out[105]= {{aoﬁo, a12—>0, d12%0}, {aon, poﬁo, qO%O},
{ag >0, a;p >0, di2 -0, gp >0}, {ag >0, b1 >0, c12 >0, dip >ai2, Po—>0, go >0},
{b12 » 0, €12 » 0, di2 » a2, Ppo~0, p12 >0, go » 0, 912 » 0},
{b12 -0, €12 -0, di2 » @12, Po » Ao, P12 - a12, Jo » 0, q12 » 0},
{b12 >0, €12 >0, di2 » @12, Po~0, P12 ~0, do - Ao, Q12 > A12},
{b12 » 0, €12 » 0, di2 > a2, Po ~ @p, P12 - A12, Jo - Ag, J12 »> A12}}

Compute the R matrices, see they match [1]:

Eq.(57.3) shows that ay=by=cy=dy=0, then the
coefficients po, go, a1z, b1z, €12, diz2, P12, g1z TEMAIN
undefined. The solution will also be B-parametrical
pi=t, qi=r, ai=l, biy=m, ci=n, di=k, pr=w, qi=s
and can be represented in the following form

t+uws, 0 0 0
el 0 mé K& 0
0 1&g mEg, 0

0 0 0 r+sd,

Case lll is not matching!
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Column[Table[RGrassmann =R /. {a—»aa, b-bb, c-cc, d-dd, p-pp, 9-q9g};

RGrassmannFinal = Flatten[RGrassmann /. {solCaselll[[1]]}, 1];

RGrassmannFinal /. {bg >0, a0, dg-»0,po~»t, go»r, cg-»0, a;z-»1,
Oi2 > S, P12 W, bipgo>m, cip-»>n, diz>Kk, 8148 -> 818} // MatrixForm,

{i, 1, Length[solCaselll]}]]

t +wiy & 0 0 0
0 nc & 0 0
0 0 me; &> 0
0 0 0 r+s ;&
wcei & 0 0 0
0 n&i& k&g 0
0 ' £182 m&i &, O
0 0 0 S C1 82
t +wCi & 0 0 0
0 neg & 0 0
0 0 me, &» 0
0 0 0 S 818
W&y 8o 0 0 0
0 0 | &, & 0
0 | &1 & 0 0
0 0 0 S C1 82
0 0 0 0
0 0 | 12, 0O
(O I 0 0
0 0 0 0
I 18 0 0 0
0 0 | 212, 0
0 I&a& 0 O
0 0 0 0
0 0 0 0
0 0 | 15 0
01z, O 0
0 0 0 | C1 82
218 O 0 0
0 0 I 212 0
0 I &1 &2 0 0
0 0 0 | &1 &

Modulus Arithmetic
Z

System Parameters need to be increased for Solver:
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npo7= SetSystemOptions["ReduceOptions™ - ""MaxModularPoints" -» 1000000007 ;
nse- SOlCasel = DeleteDuplicates[Solve[casel == 0, scalars, Modulus -» 2]];

n4a7= Length[solCasel]
ou147)= 544

npssi= randlndex = Randomlinteger[{1, Length[solCasel]}, 100 1];
DeleteDuplicates]|
Table[RGrassmann=R /. {a—»aa, b->bb, c->cc, d-dd, p-pp, 9-qq};
RGrassmannFinal = Flatten[RGrassmann /. {solCasel[[randIndex[[i]]]1]1}, 1];
Style[RGrassmannFinal /. {ag >0, dy >0, bg->0,po>t, go>1t, cog-0,
Ci2->V, bip>w, dip->y, pia>1, qo-om, a;p»n, §148 -> 81 82,
81283 ->8183, 2483 -> &> &3} // MatrixForm, FontSize » 7],
{i,
1,
100311
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18 O 0 0 0o 0 0 o0 £ 0 0 0 £ 0 00 0 0 0 0 0 0 00
0 &6 &b Y 0866 0 0 0 1 0 0 0 1 00 0 1+8:& 0 0 0 145 & 00
0 ¢ 1+56 0 | Jo o o o | 0 0 ¢¢c 0 0o o 00| |o 0 126 0| |o 0 10|
0 0 0 [SYe 0 0 0&4& 0 0 0 1 0 0 00 0 0 0 1 0 0 01
S 0 0 0 &¢ O 0o o 1+2, 8 0 0 0 1+, 0 0 0 Sy 0 0 0
0 1+&& O 0 0 0 &6 0 0 0 0 0 0 1625 0 0 148518 &1 O
0 0 [ 0 ’ o e o ol 0 14818 14618 0 ! 0 0o 1 o0 0 [ 0 o |’
0 0 0 1+45;8, 0 0 0o o 0 0 0 14815 0 0o o0 1 0 0 0 &5
00 O 0 0000 &% 0 0 0 0 0 00 1+8, & 0 0 0 18 0 0 0
0058 0 0000 0 1 0 0 0 0 00 0 1 0 0 0o 1 o 0
00 1 o |” |[ooo0o] 0 &5 0 0 |' |01+58 00 0 0 1+8 8, 0 ! 0 05 o |
00 0 &6 0001 0 0 0255 0 0 00 0 0 0 14618, 0 0 0 &g
1+81 6 0 0 0 1461 & 0 0 0 00 0 o0 0o o 0 0 0 0 00
0 145,85, 0 0 0 1+8:6 0 0 o1 0 O 0 516 0 0 0 &8 00
0 T 0 1 ag o P joongo|" o 0 1limg 0 " o o1 ool
0 0 0 1+8, 8, 0 0 0 1:0,6 00 0 1 0o o 0 148,86 0 0 01
SRS 0 0 148,86 0 0 0 0 0 0o o 00 0 o0 14815, 0 0o o 10 0 O
0 0 &z O 0 000 0 1+818 &8 O 00¢4¢ 0 0 1+6¢&6 0 0 01 o0 o0
0 &g 0 o |’ o o1o0| |oO 0 & 0| |00¢gcg 0f 0 0 £16 0 00 & 0]
0 0 0 58 0 001 0 0 0o o 00 0 O 0 0 0 o0 00 0 1
146, 6 0 0 0 216 00 0 &c 0 0 0 &6 O 0o o0 &c 0 00
0 146, 8 Y 0 0O 00O 0 14¢& 0 0 818 515 0 0 58 00
0 0 1:55 o | 0o ooolf oo o o | 0 && &g o 0 o ool
0 0 0 &8 0 001 0 0 0 &6 0 0 0 0 0 0 01
1 0 00 10 0 0 1 0 0 0 1+6,6, 0 0 0 00 0 o0 1000
0 146 ¢ 00 00 o0 0 0 1466 0 0 0 1 0 0 00 0 O 0000
0 1 oo0l|" |00 &g 0 o 0 1+6,8 0 0 166 0 ' lo1cg5 0 oo0o0o0]|
0 0 01 00 0 1+58 0 0 0 0 0 0 0 1:+88 00 0 1 0000
146, 8 0 0 0 1 0 0 0 1 0 0 0 148,68, 0 0 0
0 0 0 0 0 1+8& 0 0 0 1+6& 0 0 0 0 0 0
0 14818 && O Pjo 0 105 0 o 0 oo ! 0 1+55 0 0 !
0 0 0 1+8,6 0 0 0 146,68 0 0 0 1468, 0 0 0 1486
0o o0 0 0 1+85, 5 O 0 0 1+, 00 0 &8 0 00 00 O 0 &8 0 0 0
0 5,5 0 0 0 18 0 0 0 00 O 0 5% 00 00 0 0 0 518 £15, 0
0 0 1l:¢8 0] 0 0 1+, o0 | 0 oo o | 0 o 10| |00&s o | o & 1 0l
0o o0 0 1 0 0 0 [ 0 00 58 0 0 00 00 0 &5 0 0 0 o0
1 0 0o o0 10 0 0 [SESTENY 0 0 00 0 O 142,25, O 0 0
0 1+& 2% 0 0 01 0 0 0 &% O 0 01258 0 0 &1 & 0 0
0 0 0 0 |' |00 1458 0 ’ 0 0 &5 0 "loo o ol 0 1 1+88 o0 |
0 0 0 518 0o 0 14418 0 0 0 140,85, 00 0 © 0 0 0 (W
S 0 0 0 0 0 0 0 0000 146,86 0 00 &6 O 0o o 1000
0 1466 O 0 0 1+818 &8 O 0100 0 &% 00 0 18 18 0 0100
0 1:48 &g 0 |" |0 &t & 0 | o100l 0o 1+ 00/ 0 0 &g 0 oo10/
0 0 0 55 0 0 0 15 0000 0 0 00 0 0 0o 0 0001
1+5,% 0 0 0 1+6, % 0 0 0 1 0 0 0 10 0 O 100 0 1000
0 00 0 0 100 0525 0 0 00 0 O 000 0 0000
o 01 o ! 0 ooof| [0 0 &g o0 |7 (0155 0| [001 0 ' loo1o0]
0 00 145, & 0 001 0 0 0 &5 00 0 1 000 1+5 8 0000
148,86 0 0 0 0 0 0o o 146,86 0 O 0 o o 0 0 SR 0 00
0 10 0 0 1+£,& 0 0 0 0o o 0 0 0 5g O 0 1+5,5 00
o o0 o |" |o g& g ol 0 0&g 0 " |05 55 0| 0 o 10/
0 00 1468, 0 0 0o o 0 0 0 && 0o o 0 &6 0 0 00
14818 0 00 00 0 0 18, 0 0 0 14218 0 00 14815 0 0 0
0 1+6,8 00 01 0 0 0 1 0 0 0 0 00 0 148, & 0 0
0 155 00| |00 &G o | 0 0 1:5% 0] 0 1ig5 10 0 0 1:55 0]
0 0 00 00 0 &g 0o o 0 0 0 0 0o 0 0 0 0
0O 0 00 1+5, 5, 0 0 0 0o 0 0o 0 1000 1+, 00 0 1 0 0o 0
02,8 00 0 0 0 0 0 5% 0 0 0100 0 00 0 0 & 0 0
o o ool 0 01+5¢ 0 |” |o 1 ¢ 0 o100]| 0 o1 o |" o 1 &g ol
0 0 01 0 0 0 SR 0 o0 0 o0 0001 0 00 &8 0o o0 0 o0
&5 O [ 0 o 0 o0 £i1& O 0 0 €18 0 0 0 10 0 O 1+5, 8 Y 0 Y
0 & 0 0 0¢¢¢g 0 0 0 1 66 0 0o 1 0 0 00 0 O 0 14818, 0 0
0 0 s ol|” |01 g ol 0 &8 55 0 0 01+&8& 0 [' |01 g5 o0l 0 €16 1486 0
0 0 0 1 0 o0 0 1 0 0 0 o0 0o 0 0 618 00 o0 o0 0 0 0 1
0 0 0 0 &8 0 0 0 1 0 0 0 1 0 0 0 &G& 0 0 0
0 &% Y 0 0 &% 518 O 0 5,8 0 0 0 1+5;& 0 0 0 &% 0 0
0 0 1:+58 o0 | 0 & O o |” |[o o o 0 ' o 0 106 0 |’ 0 &1 0
0o o0 0 ISR 0 0 0 &6 0 0 0 1+5;8 0 0 0 818 0 0 0 58
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ni7= SetSystemOptions[''ReduceOptions™ » "MaxModularPoints' - 100000 000] ;
n3g= SOlCasel = DeleteDuplicates[Solve[casel == 0, scalars, Modulus -» 3]1];

n39= Length[solCasel]
ou1391= 16 389

Output some random 100 solutions:

nsop= randIndex = Randomlnteger[{1, Length[solCasel]}, 100 1];
DeleteDuplicates|
Table[RGrassmann=R /. {a-»aa, b->bb, c-»cc, d-dd, p-pp, g-qq};
RGrassmannFinal = Flatten[RGrassmann /. {solCasel[[randIndex[[§]]1]]1}, 11;
Style[RGrassmannFinal /. {ag»0,dy-»0,byg-»0,po>»t, go-»t, cg-0,
Cio->V, bip>w, dia->y, po->1, d-om, a;z»>n, 8148 -> &1 &2,
1ALz ->L8183, £2A83 -> L &3} // MatrixForm, FontSize » 7],

{n,
1,
146,85 0 0 0 26,6 0 0 0 18 0 0 0 1 0 00
out141= 0 0 0 0 0 1488 0 0 0 1+288 O 0 0 256 00
0 1455 1468 0 | 0 o o0 o ’ 0 0 255 0 |' |ol:255 20
0 0 0 14815, 0 0 0 1+26 8 0 0 0 25 0 0 01
14808 0 0 0 14288 0 0 0 14228 0 0 0 2420, 85 0 0 0
0 2 0 0 0 265 0 Y 0 200 0 14818 258 O
0 25852 0 ! 0 0 0o ] ! 0 ooo| 0 0 1:255 0f
0 0 02440, 0 0 0 24808, 0 001 0 0 0 2
26,6, 0 0 O 14255 0 0 0 24818 O 0 0 2 0 0 0 14818 0 00
0 2 0 o0 0 2 0 0 0 [SYA 0 0 0 1+26 & 0 0 0 2+20,5, 0 0
0 055 o0l 0 0266 0| 0 0 2:2c5 0|" |01+28¢6 2+6,6 0]’ 0 e 20]
o o0 0 1 0 o o0 o0 0 0 0 1 0 0 0 2 0 0 02
0 0 0 0 218> 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0
0 0 0o o0 0 518 18 0 0 1+4285;8, &1 & 0 025,25, 0 0 0 248518, &1 8 0
0 1+28, 8 & & 0 0 0 1:0,8 0 | |0 258 14606 0 lo o o o ' lo 0 2585 0o |
0 0 0 0 0 0 0 SR 0 0 0 2488 0 0 02506 0 0 0 &¢&
0 0 0 0 1+ O 0 0 618 0 0 0 24818, 0 0 0
02+8,8 258 0 0 25,5, 0 0 0 2+285, & 0 0 0 14288 25,8 0
0 0 &6 o | 0 0 1+8, 8 0 ’ 0 0 266 0 ! 0 2008, 14808, 0 !
0 0 0 &6 0 0 0 218, 5, 0 0 0 1:+5, 8 0 0 0 14616,
2 0 0 0 10 0 0 [ 0 0 0 1426, 5, 0 00 2:2c8 0 0 0
02:28¢ 0 0 0 2 0 0 0 1+25¢ 0 0 0 1+22,8 0 0 0 1 0 0
0 28585 2 0 ' |00 158 O ! 0 0 10 ! 0 0 10| 0 18 1428015, 0
0 0 0 1488 00 0 240, 5, 0 0 0 24816, 0 0 00 0 0 0 2
256 O 0o o 26,6, 0 0 0 2 0 00 2 0 ] 0
0 IS 0o o 0 2488 &5 O 0 25¢% 00 0 1+28, & 0 0
0 286 26,6 0] 0 0 0 o |" |o2:gg 20| O 0 240G 0 !
0 0 0o o0 0 0 0 25,6 0 0 02 0 0 0 2:22, 6,
1422, 5, 0 0 0 2006 O 0 0 2006 O 0 0 142,86, 0 0 0
0 24515 515 0 0 288 25,8 0 0 2 26,8 O 0 14228, 6 0 Y
0 G118 2408 0 ! 0 0 2:255 0 | 0 255 205 o0 0 208 1400 0
0 0 0 1:2¢, 6, 0 0 0 26,6, 0 0 0 &b 0 0 0 2426, 6,
2 0 0 0 2+8,8, 0 0 0 £1& O 0 0 25,5, 0 0 0
014258, &k 0 0 0 0 0 0 18 &8 0 0 1+25 ¢ O 0
0 268 14265 0 ! 0 0 1+2¢ ¢, 0 ! 0 &g 258 o | 0 0 266 0 |
0 0 0 2:26, 86 0 0 0 1468, 0 0 0 25,8 0 0 0 2546
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1488 0 0o o0 24280, 5 0 0 0 248157 Y 0 0 L1 82 0 0 0
0 25,5, 0 0 0 14868 G5 0 0 1428, 8 0 0 0 25,8 0 0
0 o 2 o | 0 2585 1 0 ! 0 0 1+255 0o | 0 0 2:55 0 |
0 0 05 0 0 0 1:22,8 0 0 0 14818 0 0 0 24818
1+5, 6, 0 0 0 14225, 6, 0 0 0 000 0 25,8, 0 0 0
0 14818 0 0 0 1+28,¢ 0 0 010 0 0 258 5% O
0 2016 14206 0 ! 0 0 255 0" |0 00 0 ! 0 5& 1i+m5 0]
0 0 0 242815 0 0 o o 000 1+250 0 0 0o o
1422, 6 0 0 0 26,6, 00 0 00 0 0 2 0 0 0 10 0 o0
0 14258 25,8 O 0 200 01 0 0 02+25, 5 0 0 0&& 0 0
0 6t 14255 0| 0 o020| |00az 0 ' o 0 1+2¢5, 0" |0 0 g 0
0 0 0 1 0 001 00 0 &g 0 0 0 1 0o o 0o o
1422, 5, 0 0 0 2:22, 5, 0 0 0 0o o 0o o 14266 0 0 0
0 2420, 8, 25,5, 0 0 1426, 5, 0 0 0 2818 28,8, 0 0 1+8;8 28,8 O
0 0 24288 0 ! 0 Gt 140G 0 ' lo2ae 2 of 0 Gt 155 0
0 0 0 1426, 6 0 0 0 2426, 6, 0o o o o 0 0 0 1
1 0 0 0 25,5 0 0 0 2+8,8, 0 0 0 1 0 0 0
0o 1 £ 8o 0 0 1428, 8, 0 0 0 0 0 0 0 2 25, &, 0
0 818 1+, 8 0 ! 0 0 2:2¢,6 o | 0 0 2+2¢5, 8 0" |0 288 2+26 8 0 !
0o o 0 2428, 5, 0 0 0 SRS} 0 0 0 0 0o o 0 240, 8,
818 0 0 0 2 0 0 0 1 0 0 0 26,6, 0 0 0 22,5 0 0 0
0o o 0 0 0o 1 S 0 024618 G0 0 0 250 0 0 0 0 0 0
0 0 1:258 0|" |0 &g 14288, 0 T0 258 2400 0 ! 0 25,5 2+¢5 8 0 | 0 02452 0
0 o 0 0 0 o0 0 248, 8, 0 0 0 2+228, 5, 0 0 0 SN 0 o 0 0
148, 5 0 Y Y 5% 0 00 0 0 0 0 2428, 8 0 0 0
0 2+2018 G018 0 0 252 00 0 ] 0 0 (9] 1 182 0
0 €6 2+& & 0 ! 0 o 10| |01+&& 1458 O ! 0 26,8 14266 0 !
0 0 0 148,85, 0 0 00 0 0 0 148,18 0 0 0 1+, 8y
1 0 0 0 1+2¢, 6 0 0 0 14818 0 0 0 1+8, &, 0 00
0 146 8& &k 0 0 2:25C0, LG 0 0 24818 016 0 0 2 00
0 0 1468 0 ! 0 2808, 2420, 5, 0 ! 0 20,8, 2 0 ! 0 &6 20|
0 0 0 2458 0 0 0 146, 6 0 0 0 14288, 0 0 02
1422, 5, 0 0 0 0o o0 0 0 1:208 0 0 0 10 0 0 10 0 0
0 1426, 5 0 0 0258 &8 0 0 £18 0 0 0256 0 0 0 &8 0 0
0 0 10 oo 258 1 o | 0 0 0 o "o 0 1.255 0 0 0 2258 0 |
0 0 0 1+425; 8, o o 0 258 0 0 0 2+4 0 0 0 0 1 0 0 0 28,8
[ 0 0 0 &6 0 0 0 22,8, 0 0 0 1 0 0 0
0 1+46 0 0 0o 1 0 0 0 0 & 0 02+28 8 &G& 0
0 0 1422, 8 0 ’ 0 0 2+22¢ 0]’ 0 014228 0 [V |0 258 2+25¢& 0 !
0 0 0 14218 0o o0 0 0 0o o 0 [SYe 0 0 0 1426, 8,
&6 0 0o o 1 0 0 0 14818, 0 o o 1 0 0 0 2 0 0 0
0 2&5¢& 0 0 0242818 25,8 0 0 2+6,6 O 0 0242525, 0 0 0 24288, & & O
0 o e, 0|’ |0 0 24266 0 ’ 0 0o 258 0" |0 255 2 0 Tlo g 2:2q¢ 0
0 0 0o o 0 0 0 2420, 5, 0 0 0 0 0 0 0 2+285, 5 0 0 0 2
0 0 0 0 1+, 8, 0 0 0 2+5;8, 0 0 0 22,8 00 0
0 2+018; &8 O 0 2420, 5, 0 0 0 1 0 0 0 0o 0
0 0 0 o |’ 0 2818, 248, 5 0 ! 0 0 2+25¢% 0 |’ 0 01 0 ’
0 0 0 &% 0 0 0 14228, 0 0 0 18 0 00 1+58
1+6,6, 0 0 0 &8 0 0 0 2000 25,8 O 0 0 28,8 0 0 0
0 10 0 0 55 0 0 0200 0 0 4o 0 0 14258, 25,5 0
0 04 0 ! 0 0 1:55 0 0020]| 0 5o 1 o |’ 0 G 266 0 |
0 0 0 14255 0 0 0 0 0001 0 0 0 256 0 0 0 250
24818, 0 0 0 26006 O 0 0 1 0 0 0 10 0 0
0 2 0 0 0 & 268 0 02268 O 0 01 2505 0 }
0 2+2818 25,8 O ! 0 25,6, 2+6 5, O |0 2518 2408 0 Tl0 gt 14205 0
0 0 0 2:0,8 0 0 0 0 0 0 0 24268, 0o o 0 248,86,

Z4

npo7= SetSystemOptions["ReduceOptions™ - ""MaxModularPoints" -» 1000000007 ;

nizs - SOlCasel = DeleteDuplicates[Solve[casel == 0, scalars, Modulus -» 4]7];
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nizop= Length[solCasel]
oufi291= 358 400

Output some random 100 solutions:

nsei= randlndex = RandomlInteger[{1, Length[solCasel]}, 100 7];

DeleteDuplicates]|
Table[RGrassmann
RGrassmannFinal

R/.{a»aa, bobb, cscc, d-dd, p-pp, q-qq};
Flatten[RGrassmann /. {solCasel[[randIndex[[i]]1]11}, 11;

Style[RGrassmannFinal /. {ag -0, dg -0, bg-0, po>t, gp»t, co-»0,
Ci2>V, bipg-»>w, diz-»y, pi2-> I, giz-o>m, a;2->n, &1 48 -> &1 &2,
1ALz ->C1 83, Eorl3 ->Er &3} // MatrixForm, FontSize » 7],

{

0

0

0
2+38, 0

1,
1003111
0 0 0 0 0 0 0 0 243018, 0 0 0 2+818 0 0 0
Ou137]= { 0 34,8, 20,8, 0 , 02:35, 0, 0 0 , 0 (SR [ 0 , 0 & 25,8 O

0 2+8518, 2818, 0 0 2+0:8 2+380,8, 0 0 2428,8p 245, 8, 0 0 2 2+0, 8, 0

0 0 0 3.5, 0 0 0 28,8 0 0 0 21286, 0 0 0 256

26,6, 0 0 0 24308 0 0 0 2 0 0 0 2:201 6, 0 0o o
0 25,6, 0 0 0 1 35¢ O 024288 61 & 0 0 2:266 0 0
0 2358 3:5,85 o0 | 0 6 268 0 |1 |0 306 oo 0 | 0 2:28560 0o |
0 0 0 2216 0 0 0 15 0 0 0 25,8 0 0 0358

14228, 8, 0 0 0 143818 0 0 0 2428, 8, ] 0 ] 248, 0; 0 0
0 1426, 8, 36,8 0 0 3:0,6, 0 0 0 0 0 0 0 243818 25,8
0 0 1 0 ! 0 0o 1 0 ! 0 3616 14288 0 |7 0 2:30,8 2
0 0 0 1+35, 5, 0 0 0 342818, 0 0 0 18 0 0 0

266, 0 0 0 2432, 6, 0 0 0 2:20, 6, 0 0 0 3.6 0 0 0
0 24818 26,6, 0 0 24618, 266 O 0 2:808 26,8 0 0 0 0 0
0 0 1+ 0 | 0 243518 240,85 O | 0 20,8 24818 0 0 01:806 4
0 0 0 36,6, 0 0 0 S 0 0 0 &1 8 0 0 0 1422, 6,

24618, O 0 0 2.26,6 O 0 0 2:20, 0, 0 0 0 0 0 0 0
0 L& 2845 O 0 20,8 2405 o 0 2 356 0 0 3 266, 0
[ o |’ 0 2 3:35¢ 0 | 0 2430,C, 2420, 5, 0 02255 26,5 0 |
0 0 0 4o 0 0 0 28,8, 0 0 0 2 0 0 0 348

2 0 0 0 1 0 0 0 2+25,5 O 0 0 26,6, 0 0 0

0258 34 0 0256 0 0 0 L8 0k 0 0o 3 0 0

026 ¢ 34366, 0 (" |0 0 3:2506 0 ! 0 €18 1+28,8, O ’ 0 03:55 0 ’

0 0 0 L1 8 0 0 0 2428, 8 0 0 0 25,6, 0 0 0 1428, 5,

26,5, O 0 0 2:228, 8, 0 0o o0 3+20, 8, 0 0 0 2430, 8, 0 0 0
0 518 25,8 O 0 34018, 25,8, 0 0 1468 340 0 0 2+256, 8 L& O
0 2 255 o0 | 0 2 0o o 0 ot 14355 0 | 0 242818, 228,85, 0
0 0 0 3.4,6, 0 0 0o 2 0 0 146,85, 0 0 0 0

248,85 0 0 0 3+386, 5 0 0 0 36,5 0 0o o 3 0 0 o0
0 1+28, 5, 0 0 0 143818 25,8, 0 0 242818, 35,5, 0 0 3+818 616 0
0 0 3:350 0| 0 20,6 3 0 ! 0 240,85, o ol |0 o 3 ol
0 0 0 1 0 0 0 1425, 8 0 0 0o o 0 0 0o 1

3 0 0 0 22,8, 0 0 0 2+38, 85, 0 0 0 348182 0 0 0

0 1 350 0 0 18 26,8 O 0 1 20,5, 0 0 1432, 6 0 0

055 1465 0 ’ 0 35¢ 255 0] 0 2455 24355, 0 0 0 3vg o |

0o o 0 142218 0 0 0o 2 0 0 0 28,6, 0 0 0 3:8, 6,

3 0 0 0 0o o 0o o0 3:2c0,6 O 0 0 1432, 6, 0 0 0

0 1426 & 0 0 0 36,8, 36,6, 0 0 & & 0 0 0 1466 0 0

0 0 2:30,6 0" 026,25, 3 o 0 0 2+25,5 O ’ 0 24,8 3 0 ’

0 0 0 2 0o o 0o 2 0 0 0 386,85 0 0 0 3+5, ¢,

35,6 0 0 0 2:2¢0, ¢, 0 0 0 0 0 0 0 146,86, 0 0 0
0 1+018 3818 0 0 0 0 0 02:35¢6 0 0 0 14228, 5 0 0
0 248 46 0 ' 0 24288 1256 0" |0 & 265 0| 0 0 3.6 0
0 0 0 2:25,8 0 0 0 0 0 0 0 2:0,8 0 0 0 0

36,6, 0 0 0 2:36, 5, 0 0 0 3 0 0 0 0 0 0 0
0 24258 350 0 0 2818, 5% O 0 14518 25,8, 0 01438, 25,8 0
0 G 2:258 o | 0 248,85, 0 0 ' |0 258 1 0 o 240 2 o |
0 0 0 26,6 0 0 0 && 0 0 0 34340 0 0 0 35¢%
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0o o 0 0 24366 0 0 0 243815 0 0 0 148185, 0 0 0
030,85 258 0 0 26,5, 0 0 0 3818 3518 0 0 3+20, 85, 0 0
0 5,8 2+30,5 0 0 0o o 0 ! 0 2:6¢ O 0 ! 0 0 1468, 0 !
0o o 0 2 0 0 0 2:25 ¢ 0 0 0 2+5,8 0 0 0 34818,
248, 8o 0 0 0 L1 8 0 0 0 3+28,8, 0 0 0 1+8, 8, 0 0 0
0 340185 2818, O 0 2+25¢ 0 0 0 2 0 0 0 3+30,8, 25,5 0
0 2006, 0o ol 0 2 3 0 ! 0 0355 o | 0 2585 3+ o |
0 0 0o o 0 0 0 2+38, & 0 0 0 358 0 0 0 345,15
2+35,5 0 00 3 0 0 0 28,5 0 0 0 28,8, 0 0 0
0 ¢ 00 0 34385, 0 0 ‘ 0 3+25,8 26,8 O 0 3818 286 0
0 35,0, 30| |0 2818 34205 0 ! 0 20,8, 355 o0 | 0 0 245,05 0 !
0 0 0 2 0 0 0 3438, 6, 0 0 0 246, 0 0 0 2:20, 6,
26,6, 0 0 0 146, 6 0 0 0 1+6,8 0 0 0 28,6, 0 00
0 0 t1 8 0 0 1436, 6, 0 0 0 1 0 0 0 2 00
0 2:6,6 2+26,85 0 | 0 GG 14255 0 ! ‘ 0 02:258 0 | 0 2355 20|
0 0 0 &8 0 0 0 3438, 5 0 0 0 [SY 0 0 00
2426, 0 0 0 2.26,6 O 0 0 2.266 0 0 0 2428, 0 0 0 0
0 242818 2518 0 0 0 [SY< 0 0 30,8 30,8 0 0 342015, 0 0
0 243518 26,5, 0 | 0 34 3-205, 0 | 0 Gt 2+3816 0 | 0 0 143215, 0
0 0 0 2458 0 0 0 35,6, 0 0 0 (Y 0 0 0 3
28,8 0 0 0 0 0 0 0 25,5 0 0 0 1422, 5 0 0 0
0 35,6, & & 0 0 0 3&¢6 0 0 0 26,6 0 0 3426, 6, 0 0
0 2+30,8 2+35¢ 0 |" |o25c¢ 2 of 0 2488 24288 0 |’ 0 3c,8, 3+3¢,8 0]
0 0 0 25,6, o o 0o o 0 0 0 <Y 0 0 0 1
0 0 0 0 [ 0 0 0 142218, 0 0 0 14218, 0 0 0
0 2+2818; 35,8, O 0 1485, 8, 0 0 0 142818, G185 0 0 34818 25,8 0
0 25 0 o 0 2518 24355 0 | 0 Gt 1+t o[ 0 0 1+3c5, o |
0 0 0 &6 0 0 0 [ 0 0 0 3+8, 85, 0 0 0 34818,
24816 0 0 0 2430, 8, 0 o o 34, 0 0 0 2 0 0 o0
0 3 28,85 0 0 0 35,8, 0 0 3818 0 0 0 0 28,5, 0
0 2:20,8, 2428, 5, 0 | 0 2:30,5, O ol’ 0 3,8 3+38, 8 0O ' o 2+3c,8 g 0
0 0 0 S 0 0 0o 2 0 0 0 28,8 0 0 0o 0
35,8, 0 0 0 0 0 0 0 2438, 0, 0 0 0 24818 0 0 0
0 24258, 25,5, 0 02+818 268 0 0 3+01 5 0 0 0 25,8, 35,5 O
0 0 1 0 Ylo 0 s oo | 0 2485 24356 0 | 0 2468 2+265 0
0 0 0 24258 0 0 [ 0 0 0 28,8, 0 0 0 0
348,80 0 0 0 28,5, 0 0 0 20 0 0 2481 5p 0 0 0
0 142288, 0 0 0 26,8, 0 0 00358 Y 0 14288 0 0
0 0 3 0 ! 0 2:35,6 2:26,6, 0| [02358 0 ! 0 2 255, 0 |
0 0 0 3+38, 5, 0 0 0 0 00 0 248, 8 0 0 0 &1 8
2 0 0 0 1432/, 0 0 0 2 0 0 0 3518 0 0 0
02+22818 2818 0 0 3256 0 0 2+28:8 25,8 0 0 0 & 0
0 0 2018 0 ! 0 2 3 0 Tlo 266 1208 O ! 0 22:200 0 ’
0 0 0 248187 0 0 0 3+301 8, Y 0 0 248187 0 0 0 2+320, 8,
0 0 0 0 2506 0 0 O 24816, 0 0 0 143208 O 0 0
0 3+3218, 0 0 0 1 0 0 0 2436, 8, 28,5 O 0 3 35,5, 0
0 0 1:35 0, 0 ! 0o 2550 o | 0 2 2:25,5, 0| 0 £ 8 3426, 8 0
0 0 0 2432018, Y 0 03515 0 0 0 2 0 0 0 3
3+22,8 0 0 0 €16 O 0 0 SN 0 0 0 36,5, 0 0 o
0 20 0 0 0 0 0 0 1+305,0 0 0 0 3418 288 O }
0 01 0 ! 0 0 3+2¢¢ 0] 0 0 14268 0 ’ 0 35¢& O 0
0 00 3+5,8; 0 o0 0 2 0 0 0 36,6, 0 0 0 28,8,

/s

npo71= SetSystemOptions[''ReduceOptions™ -» "MaxModularPoints' - 100000 000] ;
naz= SOlCasel = DeleteDuplicates[Solve[casel == 0, scalars, Modulus -» 5]1];

npaz= Length[solCasel]
oufia3= 1041625
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Output some random 100 solutions:

n4a1= randlndex = RandomlInteger[{1, Length[solCasel]}, 100 ];
DeleteDuplicates]|
Table[RGrassmann=R /. {a-»aa, b-bb, cscc, d-dd, p-pp, 9-qq};
RGrassmannFinal = Flatten[RGrassmann /. {solCasel[[randIndex[[1]]]1]1}, 1];
Style[RGrassmannFinal /. {ag -0, dg -0, bg-0, po>t, gp»t, co-»0,
Cio-V, bip>w, dip>y, pio>1, quu-om, a;pz»>n, §148 -> 81 &,
1ALz ->L1 83, Eoal3 ->Er L3} // MatrixForm, FontSize » 7],

{ ’
1,
1003111
0 0 0 0 38,85, 0 0 0 1 0 0 0 48,8, 0 0 0
out[14s)= { 0206 o O 0 ngn o 2ng 0 | |03 2605 o | 0 255 4ngn 0 |
0 28,8 2+35, &5 0 0 2818 142818 0 0 518 2+45, 8, 0 0 818 442818, 0
0 0 0 0 0 0 0 3018, (U 0 1+, 8 0 0 0 25,5,
16 O 0o o 36,5 0 0 0 248, 5 0 0 0 4+45, 5y 0 0 0
0 538 55 0 0 144818 &1 & 0 0 3+45, 0, 0 0 0 3+018; 30182 0
o &g 3 ol 0 0 4c,6, o | 0 0 3:25, 0, 0 ! 0 0 2 0 !
0 0 0o o 0 0 0 356 0 0 0 1:28 ¢ 0 0 0 4:350,
4:22,6, 0 0 0 3440, 0, 0 0o o 4.2¢¢ 0 0o o 34388 0 0 0
0 21428, 40,5 0 0 24228 38,6, 0 0 1 2650 0 2+58 O 0
0 Ot 3+300 0 ! 0 388, 2 ol 0 3g, 1 ol 0 0 4cc o |
0 0 0 1+32, 8, 0 0 o 3 0 0 0o 1 0 0 [
4:32, ¢, 0 0 0 3 0 0 0 2:+35, 0, 0 0 0
0 44815, SRS} 0 0 1+5,8, 45,5 O 0 1428, 8, 0 0
0 0 44320 0 ! ‘o 26.¢, 4+3¢, 8, 0|’ 0 0 2:40, 0, 0 !
0 0 0 1+4¢ ¢, 0 0 0 2 0 0 0 2:20, 6,
24818 0 Y 0 28,6 0 0 0 4+81 8 0 0 0 148,85 0 0 0
0 3:40,0, 0 0 ‘ 0 34358 O 0 0 342008 L6 0 0 34455, 0 0
0 2818 3+28, 8 0 ! 0 258 38,8 0 ! 0 18 2 0 ! 0 SN 2:486 0|
0 0 0 3+40, 6, 0 0 0 240, 0 0 0 4+4z,8, 0 0 0 4
1438, 5, 0 0 0 &1 8 0 0 0 0 0 0 0 3+42,25, 0 0 0
0 343515 &1 8 0 0 1+325;5 45,85 0 0358 245 0 0 0 0 0
0 L 24400 0 ! 0 308 & 0 |1 0846 12685 0 0 03+38:6 0 !
0 0 0 1+28, 8, 0 0 0 28,8 0 0 0 25,5, 0 0 0 2+30, 5,
1:28¢ O 0 0 0 0 0 0 2422, 5 0 0 0 3.22,6, 0 0 0
0 2 0 0 03+46,8 25,5, 0 0 3+45, 5, 0 0 0 3+30/8 &5 5 0
0 4816 3+81 8, 0 ' lo 0 4c,8, 0 ! 0 30,6, 34405, 0 ! 0 0 3468 0
0 0 0 4.5 5 0 0 0 250, 0 0 0 2:28, 6, 0 0 0 348, 0,
3+5, 0, 0 0 0 3+25, 0, 0 0 0 356 0 0 0 14426, 0 0 0
0 2+30,5, 0 0 0 44818, 35,8 O 0 3818 Y Y 0 1+48,8 1 C 0
0 24455, 4 0 ! 0 0 14455 0| 0 2+6,6 3+5& 0 | 0 0 1436, 6 0 !
0 0 0 4+3¢5 ¢, 0 0 0 3 0 0 0 355 0 0 0 4:2¢, ¢,
24818 0 0 0 14255, 0 0 0 0o o0 0 0 4 0 0 0
0 (SR 0 0 0 4+420, 8 0 0 0 0 258 0 0 4442818 35,8 0
0 0 22,6 0 ’ 0 0 4c ¢, 0 P10 518 2488 O o go 4 0 !
0 0 0 2:0,8 0 0 0 1+35, 0, 0o o0 0 4c 0, 0 0 0 1+45 06
3:25¢c O 0 0 4+4c,0, 0 0 0 14,6, 0 0 0
0 2¢, 5, 0 0 0 2:22,¢, 45,6 0 0 3:250 0 0
0 0 2:40,0, 0 ! 0 818 3445, 0, 0 ! 0 0 444c 0, 0 !
0 0 0 4:2,¢, 0 0 0 4:4c¢c, 0 0 0 1432, 6,
448182 0 0 0 4428, 8; 0 0 0 3 0 0 0 45,8, 0 0 0
0 2428, 5 0 0 0 30182 0 0 0 2+45, 5 0 0 0 L1 2818, 0
0 0 2+4c18 O ! 0 0 3+45,5, 0 o 0 2422, 8, 0 ! 0 8 1+618 0O !
0 0 0 25,5 0 0 0 3+42, 05 0 0 0 44225, C, 0 0 0 20,8
4:32, ¢, 0 0 0 1+36,5, 0 0 0 3606, 0 0o o 3+25,0, 0 0 ]
0 24818 20,85, 0 0 2 2818 0 0 2428018 18 O 0 Y 0 0
0 20,5, 3+4n5, 0 | 0 268 3+455 0 | 0 288 g ol 0 03:55 0 |
0 0 0 148, 5 0 0 0 148, 5 0 0 0o 0 0 0 0 340,82
2 0 0 0 4 0 0 0 34010, 0 0 0 2430, 8, 0 0 o
0 4432508, SRS 0 0 1+225,8, 48518 0 0 4+2818 2810 0 0 18 0 0
0 0 1+45 0, 0 Volo 4cgc, 14288 0 ! 0 35,0, 1 0 ! 0 2+4¢2,8, 3+45,8, 0 |’
0 0 0 24325, 6, 0 0 0 4350, 0 0 0 3:0,8 0 0 0 (SN
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2¢,5, 0 0 0 4:2808 0 0 0 4426 0 0 0 3¢5, O 0 0
0 256 0 0 0 2128, 5, 0 0 0 1:8, 8, 0 0 [ 0 0
0 0 3+5c, 0] 0 0 14426 0 ! 0 0 2488, 0 ! 0 4 3+4c.0, 0 ’
0 0 0 3 0 0 0 146, 8, 0 0 0 241420, 0 0 0 41250,
3+4¢2, 8, 0 0 0 1 0 0 0 &1 & 0 0 0 2 0 0 0
0 24818 38,5 0 0 44265, 0 0 0 4425, 8 0 0 0 3+426, 5, 0 0
0 0 2:5, 6 0 ' lo 0 3 0 ! 0 0 2:3c,6, 0| |0 0 1+3¢¢ o |
0 0 0 3:220, 8, 0 0 0 2+ & 0 0 0 0 0 0 0 [SY
3+30, 8 0 0 0 2432010 0 0 0 4+818 0 0 0 14818 0 0 0
0 4ic, 6, 0 0 0 4:0,8, 0 0 0 205 0 0 0 2:25, 0, 0 0
0 0 2+3c,5 0 0 0 4:505 0 ! 0 0 44400, 0 ! 0 0 2:42,0, 0
0 0 0 2 0 0 0 1+3¢8, 8, 0 0 0 14388 0 0 0 1
& & 0 0 0 4 0 0 0 3 0 0 0 3+40, 8, 0 0 0
0 4z 5, 0 0 0 4252, & O 0 1+25¢ && 0 0 14486 256 0
0 24408, 24258, 0 |7 |0 36 4+£,8, 0 0 45,8, 4+2¢6 0] 0 0 444¢c 0, 0 !
0 0 0 SR 0 0 0 4 0 0 0 3 0 0 0 3442, ¢,
4180, 0 0 0 14265, 0 0 0 4:2,6 0 0 0
0 3:25,05 0 0 0 4:25¢, O 0 0 4:0,0, 30,85 0
0 0 1.2 o0 [ 0 0 L 0 ! 0 25C 44255 0 ’
o 0 0 345, 0, 0 0 0 1:32,8, 0 0 0 141425,
3+45,5 0 0 0 0 0 0 0 14328, 6 0 0 0 2 0 0 0
0 2 0 0 0 1+485, 8, 25,5, O 0 24818 01 & 0 0 1+8 & 0 0
0 0 4:2000, 0 |" |0 258 208 o | 0 0 3:40,6 0 ” 0 08 44305 0 !
0 0 0 28,8, 0 0 0 55 0 0 0 44228, 6 Y 0 0 3+45, 5
38,8, [ 0 0 1428, 5 ] 0 0 2 0 0 (] 182 0 0 0
0 2435, 0 0 0 0 4 38,6, 0 o 4 286 0 0 &8 &G& 0
0 0 2+, 0]’ 0 4c,c, 4:36, 6, 0 |0 26,6 14385 0 ! 0 456 O o |’
0 0 0 3 0 0 0 4422, 5, o 0 0 24818 0 0 0 22,6
3 0 0 0 4+4¢C, 8, 0 0 0 4+42,2, 0 0 0 4+5,8, 0 0 0
0 3:+0,C 468, 0 0 342818 40,5 0 0 0o o 0 0 43560
0 5t 3466 0 ! 0 0 24226, 0 ’ 0 03288 0 ! o o a4 ol
0 0 0 2+25,0, 0 0 0 1142, ¢, 0 0 0 44328 0 0o o 4
4180, 0 0 0 4.2¢,¢, 0 0o o 1+ 0 0 0 1436, 2, 0 0 0
0 4:40,8, 0 0 0 4+30,5, 0 0 0 18 0 0 0 0 0 0
0 0 2:228 ¢, 0 ’ 0 0 o o | 0 o o o | 0 02452 0
o 0 0 3+40, 6, 0 0 0 4¢c, 8, 0 0 0250 0 0 0 1
36,6 0 ) SRR 0 0 45,0, 0 0 0 2+35¢0, O 0 0
0 4:+5,2, 0 0 0 3818 2866 0 0 Gt 30& 0 0 30,8 0 0
0 o o o | 0 26,8 14366 0 | 0 458 3+66 o | 0 0 14485 0 ’
0 0 0366 0 0 0 356, 0 0 0 2c5 0 0 0 3426, 5,
4:4c2,¢, 0 0 0 3438, 0, 0 0 0 3438, 5, 0 0 0
0 3+341 8 34,5 0 0 4+281 85 0 0 0 2:25, 5 40,5 0
0 0 232, ¢, 0 ! 0 0 3:4c,2, 0] 0 2008 2+& 8 O !
0 0 0 1426, 5, 0 0 0 2 0 0 0 240,80,
2 0 0 0 265, 0 0 0 3445, 5, 0 0 0 142,85, Y 0 Y
025¢ 0 0 0 3818 G182 0 0 1+42, 8, 0 0 0 34818, 0 0
0o o0 2 0 ! 0 26,6 1+36,5 0 | 0 0 2 0 ’ 0 0o 4 0 !
0 0 0 4+5, 8, 0 0 0 38,8, 0 0 0 442818 0 0 0 1+48, ¢,
241328, 6, 0 0 0 355 O 0 o 444018, 0 0 0 0 0 0 0
0 344560 0 0 455, O 0 0 34358 355 0 0140, 5 455 0 }
0 0 4 0 ! 0 25,6 355 o0 | 0 26,5, 2 0 '|o 0 345 0
0 0 0 2485 0 0 0 2405 0 0 0 4:30,0, 0 0 0 240,



