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CHAPTER THREE

3.1 Cross Product

Given two vectors a =(a,,a,,a;)and b=(b,,b,,b;) in R’, the cross product of

; and B written ;xf) 1s defined to be:

axb= (a,b;—b,a;,a;b, —a,b;,ab, —bja,)

Note axb called “a crossb ” is a VECTOR (unlike aeb which is a scalar).

Example
(1,2,3)%(4,5,6) = (2X6—5x3,3x4—1x6,1x5—4x2) = (- 3,6,-3)

Note that (—3,6,—3) is perpendicular to both(1,2,3) and (4,5,6) . At first sight ax b seems an
unwieldy formula but use of the following mnemonic will possibly help.

a] a a3 a1 a

b1 b2 b3 b1 b2
Each component of the cross product is obtained by considering the following square block,

multiplying diagonally adding the 4 products and subtracting the al products.

i.e. the first component is a, a3 ie. a,b;—b,a,

by bs
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Theorem 3.1

axbis perpendicular to a
Proof

Leta = (a,,a,,a,) and b=(b,,b,,b;)

(ExB)-E =(a,b, —b,a,,a;b, —bja,,a,b, —ba,)e(a,,a,,a,)
= ajasbs —arbras + arazb; — axbsa; + aza by — asbjay

=0

.. By Theorem 2. l(z;x l;) is perpendicular toa.

Similarly axbis perpendicular tob.

Theorem 3.2

ax B‘ = F"Blsin 0 where0 is the angle between aandb.

Proof

We will show (f[sin)* = ‘5 X B‘ 2 (note that there will be no difficulty here with

negative signs since each of 5, I;, gxg‘ and sin@ is positive.)
(‘QHB‘sinO)z —[al'[6] sin?6
-2 =12
=la[ |b| (1-cos’0)
~121=2 (5 ° ‘B)2
=|a| |b (Theorem 2.1)

e
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21—|2

-

a

—

=la| [b| —(aeb)’

= (al2 +a§ +a§)(b12 +b§ +b§)—(alb1 +a,b, +a3b3)2

=a;b; +a;b; +asb; +asb; +alb; +ab; —2(a,b,a,b, +aba.b, +a,b,a.b,)

= (a§b§ —2a,b,a;b, +a§b§) + (a§b12 —2abja;b; + afb§) + (afbi —2aba,b, + aibf)
=(a,b; _a3b2)2 +(a;b, _a1b3)2 +(a,b, _azb1)2

- -2

axb
|

ie. F X Blzlﬁlﬁlsine

In itself, Theorem 3.2 is not over-important but it does give the very valuable corollary that

ax B‘ is the area of the parallelogram formed witha and b as two adjacent edges.

——————— e e

axb

a / Area=

Example
Find area of AABCwhere A is (-2,1,4), B is (3,2,5) and C is (-1,5,2)

B (3,2,5)
A (-2,1,4) =D

C(-1,5,2)
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AB=(,L1), AC=(L4,-2)

ABxAC = (- 6,11,19)
But Area of AABC = 1 area of parallelogram ABDC.

2
1 - -

:—‘ABXAC
2

:%\/(—6)2 +(11)2 +(19)?

:%\/518

=11.38 (approx.)

Example
Find a vector perpendicular to both (I,T,l) and (1,2,3). Clearly (I,T,l) % (1,2,3) will

suffice. (by Theorem 3.1)

Example
Find a vector perpendicular to the plane passing through the points A (1,-1,2),

B(2,0,-1) and C (0,2,1)

A

AB=(11,-3) AC=(-13-1)

Now note, since ABxAC will be perpendicular to both ABand KC, then it will be a vector
perpendicular to the plane containing ABand AC.

ABXAC = (SfTA) and hence (m) is a vector perpendicular to the plane. (Tl,l ) equally

well serves as a vector perpendicular to the plane of course.



76

Exercise 3.1

. Find (2,3,4)x(~1,2,5)

—

2. Find a vector perpendicular to both (—1,3,2) and (3,2,1).
3. Find area of parallelogram which has (0,0,0) (1,3,5) (-2,4,-1) and (-1,7,4) as its
vertices.

4. Find area of AABCwhere A is (1,2,3) B is (5,-2,1) and C is (7,0,6)
5. Show that bxa = —(axb)
6. Find a vector perpendicular to both 3i— 3 and ] - 2k.

7. axi=(0,1,2)andaei=3.Find a.

8. Find angle between (2,1,0) and (3,-1,0).
) ) . A19 .
9. (0,0,0) (1,2,3) and (1,1,n) are three vertices of a triangle whose area is 5 Find n.

10. True or False? (Assume a and b are non-zero vectors in the hypotheses.)
a) axb=0 implies a is a scalar multiple of b.

=1.

b) axb=b implies a

c) axb=b implies b=0
d) ixi=kxk
e) axizgxiimplies aei=bei

f) gxizgxiimplies aek=bek

Exercise 3.1 Answers

1. (7-147)  2.(0-7,11)  3.4/710 4. 417
6. (2,6,3) 7.(3,-2,1) 8. 45° 9.n=0o0r3.6
10. a) True b) False c) True d) True e) False  f) True
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Theorem 3.3

- = -

Let a,b,c be three non-coplanar vectors considered as 3 adjacent edges of a

parallelepiped as shown in diagram.

Then the volume of the parallelepiped is ae (l; X E)

Proof

AN
7

¢
Let D be a point in the base of the parallelepiped such that ADis a vector perpendicular to
the plane in which bandclie. Then ae (Bxg) = ‘5‘ ‘(B X E)‘ cosO (Theorem 2.1) where 0 is

the angle between aand (‘B X E) .1.e. 6= ZOADin the diagram.



78

But note 5

cosf = |KD|= height of parallelepiped where‘(gxé)‘ is the area of the base.

(Theorem 3.2 corollary).

sae (B X E) = area of base times height of parallelepiped.

= volume of parallelepiped.

The absolute value symbol about ae (Bx;:) in the statement of the theorem caters for the

possibly that 6 is obtuse. [

This is an extremely important theorem for its corollary.

5, l;, c are coplanar iff ae (l; X 6) =0

This follows immediately from the fact that if ae (B X E) =0 then

QO(BXE)‘=Oand

hence the volume of the corresponding parallelepiped is zero, i.e. the parallelepiped is

- = -

”squashed flat” i.e. is merely a plane. i.e.a,b,c are coplanar. From now on we shall use

- = -

ae (l;xg) = (0 as a test for coplanarity of vectors a,b,c in R’. Note furthermore from the

proof of theorem 3.3 that becxaland

cobx 5‘ equally well are expressions for the volume

of the parallelepiped.

ae (l;xg) is called the triple scalar product of a, b,¢

Example
Find m so that A (1,1,1), B (2,2,2), C (3,4,5), D (1,3,m) are coplanar points.

AB=(LL]), AC=(234), AD=(02,m~1)

But A,B,C,D coplanar implies that EB, rC, AD are coplanar and so ABe ACXAD =0

ie. (LLI)e(2,3,4)x(0,2,m—1)=0

ie (LLD)e(Bm—112-2m4)=0
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iem-5=0
iem=5
Note that this is a much better and quicker way of handling coplanarity questions then

previously developed.

-

Note also thatsinceaeb=bea

andaxb=—(bxa)

then |a e bxc cebxaletc. (see note — after Theorem 3.3)

Z‘bXCOa

Example

To find area of triangle with vertices A (a;,az), B (b1,b2) and C (cy,c2)

(C13C2)

(bl vb2)

A (211,212)

We have established a formula for area of a triangle in R and to find area of triangle ABC
in question we merely “embed” AABC in R’ by letting A,B,C have co-ordinates (a;,a,,0)

(b1,b2,0) (c1,¢2,0) respectively.

Clearly this produces a triangle congruent to AABC.
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Then area of AABC = %‘A—Bx A—C

1
5‘(1)1 —-a;,b, —a,,0)x(c, —a,,c, —32,0)‘

1
= 5|alb2 +b,c, +c,a, —a,c, —bja, —c1b2|

A mnemonic for this area is a,><a ) adding \ products and
b, b

>< 2 subtracting th% products.

| =

Note that this formula can be applied to any polygon in R* by simply listing the vertices in

the proper sequence.

Example

To show:

ax(bxc)=(aec)b—(aeb)c
Note that ax (l; X E) is perpendicular to (B X 6) and hence lies in the plane of b andc. This
means that ax (l; X E) can be represented as a linear combination of b andc which, note,
(aec)b—(asb)c is.
The proof of this identity is rather lengthy but involves no more than the mechanical

applications in computing ax(bxc) and is hence left as an exercise.
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Example

To show that the volume of a tetrahedron, three of whose concurrent edges are

g,l;,;:, is%EO(BxE)

: : .1 :
Let the tetrahedron be as in the diagram. Its volume is 3 the area of the base times the

height (since a tetrahedron is a pyramid).

i.e. the volume of OABC = %x (area AOBC) x (height AD)
1 1 > >
= E(Elg X cl)(lalcos@)

-

But note Ois the angle between a and (B X 6) since AD is perpendicular to AOBC and

cos 0

hence is a multiple of bxc.

ae(bxc)

. volume of OABC = % using theorem 2.1.
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Example
Consider triangle ABC with medians AM, BN, CP as shown

B

Let AB =a,BC=band CA=c

Now medians AM, BN, CP are a + %b, b+ %c and ¢ + %a respectively. Note that

AM+BN+CP=(a+%b)+(b+%c)+(c+%a)=l%(a+b+c)=l%0=0

It follows that the medians AM, BN, CP without rotations or magnification, can be

individually translated to form a triangle. Call this triangle A RST.

To find area of A RST formed by medians
S




Now Area ARST =
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(a+%b)x—(c+%a)

1 1
+=b)X—(—a—b+—
(a 5 )X —(-a 2@)

1 1
(a+5b)>< (Ea +b)‘

axla+axb+lbxla+lbxb
2 2 2

1 1
O+axb—(—ax—-b)+0
2 2

%(a X b)‘

%(a X b)‘

=— Area AABC

o

: : .3 .. :
Therefore the medians form a triangle whose area is 2 of the area of the original triangle.

Exercise 3.2

—

. Find (1,-3,2)x(4,1,2)

Find a unit vector perpendicular to both (—1,5,3) and (2,4,1)

Explain why aebxcis well defined, i.e. unambiguous.

True or False? Assume vectors are non-zero.
i)ixj=k

ii)ixk = ]

iii) ae (l;xg) =0-> ;,5,6 are coplanar vectors
iv) axa =0

v) axb=axc> b=c

vi)a=mb+nc—> aebxc=0
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aeb

vii) EXB‘ —> the angle between aand b is 45° or 135°.

aebxc/=laecxb

vii)

ix) aebxc=aecxb
x) ax(bxc)=(axb)xc
xi) (axb)xa =0

Xii)

axb‘ =‘b><a

xiii) (a + b) x ¢ = (axc) + (bXc)
Xiv) axb=0- a=mb for some scalar m.

XV) naxXb=aXnb

xvi) [a e b| = ExB‘ iff a=b
XVii) QXB‘S ;B‘
5><B|

where Ois the angle betweena and b .

xviii) tanf =

aeb
xix) axb = (-b)x (-a)

XX) (;xg)og ZBO(QXB)
Xx1) axa=bxb> a=b

XXii) {5,6,(5 XB) X E} is a coplanar set of vectors.

xxiii) If a,b,c are not coplanar then aebxc|>0

XX1V) aebl >

Exﬁ‘

XXV) axb=b=>b =0

XXVi) axi=bxiandaxk =bxk=> a=b
xxvii) It is possible for [axb |=|a |?

xxviii) |d x b|=|b| and Geb=0=|d|=1
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Find the area of parallelogram which has (0,0,0) (-2,4,3) (2,-4,1) and (0,0,4) as its
vertices.

Find m so that (1,1,1) (1,2,0), (0,1,2) and (m,m,0) are coplanar points

1) Find area of AABC where A is (1,-1,2) B is (0,2,1) and C is (2,0,-1).

i) Try to find a general expression for area of AABC where A is (a,0,0) B is (0,b,0)
and C is (0,0,c).

State whether the following expressions are V — a vector, S — a scalar or M —
meaningless.

i) (axb)e(bxa)

— - -

( aoa)coa

if)

iii) (axb)e(cxd)

iv) (a- ‘E

)o (5 +H)

v)ae(a+bec)

Find angle between (1,2,0) and (1,-3,0)

The vertices of a tetrahedron are (0,0,0) (2,-1,0) (0,1,1) and (1,3,-1). Find its
volume.

a is a vector making equal angles with each of the three axes in R’. Find that angle.

Show that if any one of the vectors a, b ,C 1is a linear combination of the other two

vectors then aebxc=0
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Harder Questions —

13.

O

Given AOAB as in the diagram, with OA =aand OB=b , find the altitude ODin

terms of aand b .
14. Find circumcentre of AABCif A is (0,1,4), B is (2,3,4) and C is (0,3,2).
Hint: 1) circumcentre is coplanar with A,B,C.
i1) circumcentre is the intersection of the perpendicular bisectors of sides of
the triangle.
15. Show ax(bxc)+bx(cxa)+cx(axb)=0

2 21-|2

+

2

-

a

-

16. Show gxl; 50‘6 b

17. Let A be (1,0,0) B be (0,2,0) and C be (0,0,3)

Find a point P coplanar with A,B,C so that OPis perpendicular to the plane containing

A,B,C,P.

18. Find the distance from D to the plane containing A,B,C where A is (1,2,3) B is
(2,2,2),Cis(2,3,1) and D is (1,1,1)

19. Find the co-ordinates of the centre of gravity of the tetrahedron ABCD if A is
(1,1,1), Bis (2,3,4), Cis (-1,3,-1) and D is (3.4,7).

20. ABCD is a square. A is (1,2). C, the centre of gravity of the square is (3,5). Find the
co-ordinates of B,C and D.
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21.1Is (5 + B) X ¢ perpendicular to a?

22. Ifaxg :axgdoes it follow that gogxg =07

23. In the twelve possible arrangements of aebx E, bxce ;,5 e bxa etc. find those

which are equal and those which are negatives of each other.

Exercise 3.2 Answers

1. (-86,13)

1 I 2

NN

2

3. Because ( ae B) x ¢ makes no sense the only way to read aebxcis ae (l; X E) .

4. 1) True  1ii) False ii1) True iv) True
vii) True wviii) True ix) False x) False
xiii) True xiv) True xv) True xvi) False
xviii) True xix) False xix) False xx) True

xxii) True xxiii) True  xxiv) False  xxv) True

xxvii) True xxviii) True
5. 85
6. m= 1l
2

7. 1) 246 i) %\/azb2 +b’c* +a’c’.

8. i)S i)S ii)S ivM wv)M
9. 135°
10. 1.5

1
11. arccos —

N
. (axli)xfa;b)
(b-a)

v) False  vi) True
xi) False  xii) True
xvii) True

xxi) False

xxvi) True



88

Note that this vector is perpendicular to (5 xl;) and hence a linear combination of

aand b , as required, and perpendicular to (5 - B) the base BA.

2110
333

. 3618 12
49 49 49

18. 3

o 111
4’4 4

20.(0,7) (5,8) (6,3)
21. No
22. Yes
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Practice Test 1 on Chapter 3

1.

True or False?

a) axb=0 implies a=mb for some scalar m.
b) EO(BXE)Z 0 implies a=mb+nc.

c) The length of projection of 3 onto i+Kkis 0.
=1

d) axb=b implies a

e) axb=c implies aec=0
f) axb=c implies bec=0
g) jei=kek

h) ix(jxk) = (ixj)xk

i) ax(bxc)=(axb)xc

-

1) axa :Bxgimplies a

o
k) axb=bxa implies a = mb for some scalar m.

Find the area of triangle of AABCwhere A is (1,2,3) B is (2,3,4) and C is (4,3,2).
Find the shortest distance from (1,1,1) to the plane containing the points (1,2,3)
(2,2,2) and (2,3,1)

Describe the distance from point A to the line passing through B and C in terms of

AC,BC,AC, etc. using dot product, cross product.

a) If bandc are known, does axb=c always have a solution? Explain.
b) Solve ax(1,2,3) = (4,5,-2)

a) Decide whether it is true that maxb= m(a X 13)

b) Decide whether it is true that if axb=cxbthen a=mc for some scalar m.

Practice Test 1 on Chapter 3 Answers

1.

T BT oT dF T HT T hT OF jF KT

2. 6
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3. 3

‘ABXAC
R

5. a)No because b and ¢ might not be perpendicular to each other. b) No solution.

6. a) Yes b) False

Practice Test 2 on Chapter 3

1. Find the area of triangle ABC where A is (1,2,3) B is (2,3,5) and C is (4,2,6)
2. Let {a,b,c} be a coplanar set of vectors. Describe what vector (5 X l;) X (5 X E) might

be. For example is this vector a linear combination of bandc , a multiple of a , the

- = -

zero vector, a vector perpendicular to each of a,b,c ?

3. The line passing through (1,2,3) and (2,3,4) is parallel to the line passing through
(0,0,0) and (1,1,1). Find the shortest distance between these lines.

4. Find the shortest distance from the origin (0,0,0) to the plane containing the points
(3,0,0) (0,3,0) and (0,0,3)

5. Find co-ordinates of point D so that OD is perpendicular to the plane containing the
points (3,0,0) (0,3,3) and (0,0,3) where O is the origin (0,0,0)

6. Simplify(axb)x(axc) ifa=b+c.

7. s it possible for aeb

ax B‘ ? If so, give an example. If not, explain why

not.

Practice Test 2 on Chapter 3 Answers

1. % 2. the zero vector 3.2 4.3 5. (%,0,%)

6. the zero vector

7. Yes, if the angle between aandb is 45° or 135°.
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Practice Test 3 on Chapter 3

1. True or False?

2

- -

a) axa=

-

a

2

-

b) aea=|a

-

C) axaea=axbea
d) axaea=axbea implies a=b
e) If axb = Othen Q,B are collinear
f) If (5 xl;) is perpendicular to c then ¢ = ma + nb for some values of m and n.
g) VX (I,T,2) =0 implies v = m(l,T,2) for some value of m.
h) axb=c impliesg ec=0
1) axi= Bxiimplies aei=bei
i) ax(bxc)=(axb)xc
k) ax (‘B X E) = mb + nc for some values of m and n
2. APFT is a parallelogram. A is (1,1,3) P is (2,3,5) F is (4,-1,2)
a) Find the co-ordinates of point T.
b) Find the area of APFT

3. Find the value(s) of n so that (1,1,2) (1,2,1) (2,1,1) and (0,0,n) are coplanar.
4. Investigate whether you think it is true that
(5+5)x5 =axc+bxc
5. Find a vector a so that (5 + i)xj =i
6. Let P be a point so that OPx (m) = (TS,I)
a) Find a possible position for P

b) Describe in your own words the set of all points P that satisfy the equation below.
7. Find a vector vso that

(1,1, Dxv =(1,-2,])
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and (I,T,l) °v=6

2
+

2

21-|2

-

a

—

8. Prove that gxl; 50‘6 b

Practice Test 3 on Chapter 3 Answers

[

aF BT ¢T d&F T HT gT hT HF jHF KT
T is (3,-3,0) Area of APFT is 313
n=4

2w

. True

. (-1,b,-1) where b can be any number

AN W

. P can be any point of the form (t, 2t —1, 3t -5)
v=(1,2,3)

~



