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Abstract

A novel 14-D algebra based upon Kuratowski Monoid’s Closure and Complement operators is uncov-
ered. 14 x 14 Matrix Representation, Conditions for inverse elements, 0-Commutator and Coproduct
computed using Mathematica 9.0 . Alimost Random Almost Incompressible large-length coefficients are
found to have inverse. Matrix representation has the form of a Stochastic Matrix, and its infinite power
has a limit with three 1-valued eigenvalues with determinant 0. As a consequence of this algebra, a

topological (Twist on Zg) construction of the Octonions developed. An approximate Logarithmic algo-

rithm devised for mapping Kuratowski’s topological operators to 182 dimensional Lie Algebra of 14 x14
Stochastic Matrices, thus a concept of pre-geometry is brought forth. De Novo semantical meanings
attributed to these 14-D vectors described, in categoreal form, borrowing from the seminal work of
Alfred North Whitehead’s Process and Reality.

Prelude

We ‘feel’ the space. Just like we feel the cold or feel the texture of a fabric. Alfred North Whitehead
formulated these feelings as vectorial entities which also deal with the appropriation of resources for an
organism to exist (continue to exist) and Subjective Forms as ‘how’ the vector is feeling, or the process
underlying that particular feeling.

In this paper attempt is made to create an algebraic model for the concepts of feeling and in particular
the feel for space e.g. | feel | am ‘inside’ the room or | feel | am ‘inside the same’ room and so on.

Every concept is coded both symbolically and numerically in Mathematica 9.0 so the interested readers
could manipulate the algebraic expressions to better understand the concepts.

There is no way to compute almost any of the algebraic expressions below by hand, specially the Lie
Algebra of dimension 182 for the Logarithm. This algebra as well as many others are gone un-studied
due to the inability of the human researcher to perform such computations, therefore this work pioneers
an innovative new approach for such investigations.
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Theorems are discovered by using random coefficients and trying to compute many examples and look
for patterns, these patterns of symbolic and numeric computations then turned into theorems [5]:

“The creative process of mathematics, both historically and individually, may be described as a counter-
point between theorems and examples. Although it would be hazardous to claim that the creation of
significant examples is less demanding that the development of theory, we have discovered that focus-
ing on examples is a particularly expeditious means of involving undergraduate mathematics students in
actual research. Not only are examples more concrete than theorems, and thus more accessible, but
they cut across individual theories and make it both appropriate and necessary for the student to
explore the entire literature in journals as well as texts.”

Prologue

After coding and writing this work, an odd idea came to be (See Remark 9.1.1): Topological Oscillators!
These are wave forms which oscillate the Kuratowski operators and therefore the entire space, without
the need for a position coordinates nor direction of propagation. These waves could possibly be good
structures for constructing the likes of Casimir forces i.e. waves that are not made from any matter or
energy but yet they are waves of some kind.

How To Read This Document

You need to sequentially go down the sections and execute the code and check the results for yourself.

English is slim, the computations provide the affinity for the concepts, therefore the results are obtained
from the output of the computations:

http://reference.wolfram.com/mathematica/tutorial/UsingANotebookInterface.html
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|. Software and Symbolic Computations

Files
http://ffiles.lossofgenerality.com/14sets.nb

Package Notation is needed therefore include this on top of the code:

<< Notation™

The following Cayley table [1] is simply turned into a series of function calls:

14sets.nb | 3
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kuraTable[] := Module[{},

{{oco, 01, 02, 03, O4y O5, Og, O7, Og; O9, O10, O11s O12, O13},
{01, 00, O4, O5, O2, O3, Og, O9, Og,; O71, O12, O13, O10s O11},
{02, 03, 02, O3, O, O7, Oss O7, O10/s O11s O10s O11+ O6,s O1},
{03, 02, 06, 07, O2, O3, O10, O11s O6s 01, O6s 01/ O10s O11},
{04, 05, O4, Os, Og, O9, Og, O9, O12, O13, O12, O13s Og, Oo},
{05, 04, Og, O9, O4, Os, O12, O13, Og, O9, Og, O9, O12, O13},
{06r 01/ O6/s 01/ C10s O11s O10s O11/s O6r O14 O6s 014 O10s O11},
{07/ 06+ O10+ O11+ O6/s 07/ O6+ O7, O10s O11s O10+ O11+ O6/s O7},
{os, 09, Og, O9, O12, O13, O12, O13, Og, O9, Og, O9, O12, O13},
{09, 08, O12, O13, Og, O9, Og, O9, O12, O13, O12, O13, Ogs O9},
{010/ O11/ O10/ O11/ O6s O7/ O6s O7, O10/s O11,s O10s O11s O6s O1} s
{011/ O10/ 6+ O7/ O10s O11+ O10r O11s O6s O7+ O6sr 07/ O10s O11}
{012, 013, O12, O13, Og, O9, Og, O9, O12, O13, O12, O13, Ogs O9},
{013, 012, O, O9, O12, O13, O12, O13, Og, O9, Og, Og9, O12, O13}}

(* Returns oy=0;0; for ith row and jth column x)
kuraProd[iO_, jO_] := Module[{M, i =i0, j = jO},
M = kuraTable][];
M[[i+1]1][[5+1]]
]

(* just returns the index number k for the oy=0;0; *)
kuraProd2[i0O_, jO_] := Module[{M, i =i0, j = jO, expr},
M = kuraTable][];
expr = M[[i+1]][[j+1]];
expr = InputForm[expr];
Extract[expr, {1, 2}]

(* PERMUTATED TABLE: Returns oyx=0;0; for ith row and jth column, see 1.1 x)
kuraProdAUTO[iO_, jO_] := Module[{M, i =i0, j = jO},
M = kuraTable[];
M= M/. {0 -> 05, O3 -> Oy, Og -> O3, Os => Oz, Og —> Og,
07 -> Og, Og => 07, 09 => O, O19 -> O13, O11 —> O12, O12 —=> O11, O13 -> O10};

MI[i+1]][[3F+1]]
]

(* PERMUTATED TABLE: just returns the index number k for the ox=0;0; , see 1.1 %)
kuraProdAUTO02[i0_, jO_] := Module[{M, i =i0, j = jO, expr},

M = kuraTable[];

M= M/. {0, -> 05, O3 => 04, Oy -> O3, O5 => O, Og —> Og,

07 -> Og, Og => 07, O9 => Og, O10 —=> O13, O11 —> O12, O12 —> O11, O13 => O10};

expr =M[[i+1]][[j+1]];

expr = InputForm[expr];

Extract[expr, {1, 2}]

1

In order to avoid function calls and attempting to use as much mathematical expressions as possible
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the following Notations are defined:

Ooff[Symbolize: :rowboxh] (* this warnning gets issued and thus suppressed =*)

(* 1 is the multiplicative 1 of the 14-Sets algebra, and computed to be o, *)
l4Sets

Symbolize[ 14 Sets ]

Notation [ 1 = o0op ]
14 sets

(* This assumes the a b product is commutative,
so we assume at most Complex numbers for coefficients x)
(* This can be changed with some effort. We

used ** to make sure the product is non-commutative =)

Notation[ (a_oi_) *k (b_cj_) = a_b_kuraProd[i_, j_] ]

Notation[ o; *xo; = kuraProd[i_, j_] ]

(* use this or the other, but not at the same time,
since there is only one ** noncommutative operator in Mathematica =)

(*Notation[ (a_ oi_) *% (b_ oj_) = a_ b_ kuraProdAUTO[i_,j_] ]*)

Notation[ (a_cri_) (b_cj_) = a_b_kuraProd[i_, j_] ]

(» short-hand for testing the table and simple experssions uses #* #*)

Notation[ o; oj = kuraProd[i_, j_] ]

(» This is necessary or Mathematica does
not know how to further evaluate the expression =*)

2

Notation [ o

i = kuraProd[i_, i_] ]

Notation a_o; LN (a_"2) *kuraProd[i , i ]
[ (a_os) _ i ]

(» Matrix representation of 14-Sets Algebra =*)
MatrixRepl4Sets[cfs0_] :=

Module[{mat, a,b,c,d,e, f,9,h,1i, j, k,1,m, n, cfs = cfs0},
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ab 0 0 0 0 0 0 0 0
b a 0 0 0 0 0 0 0 0
cd a+c 0 b+d 0 0 0 0 0
d c 0 a+c 0 b+d (o} 0 0 0
e f b+e 0 a+f 0 0 0 0 0
f e (0] b+e (0] a+f (0] (0] (0] (0]
g h d+g+1 0 c+h+k 0 a+c+h+k (o} b+d+g+1 (o}
mat = |y g 0 d+g+1l 0 c+h+k 0 a+c+h+k 0 b+d+g+
i j f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0
j i 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+is
k1 h+k 0 g+l 0 d+g+1 (o} c+h+k (o}
1l k (o} h+k (o} g+l 0 d+g+1l (o} c+h+k
mn Jj+m 0 i+n 0 f+i+n (o] e+j+m (o]
nm 0 j+m 0 i+n 0 f+i+n 0 e+j+m

mat /. {a—»>cfs[[1]], b->cfs[[2]], c>cfs[[3]],d-»>cfs[[4]],
e >cfs[[5]], £f>cfs[[6]],g—>cfs[[7]], h>cfs[[8]], 1»>cfs[[9]],
j »>cfs[[10]], k> cfs[[11]], 1 »cfs[[12]], m>cfs[[13]], n>cfs[[14]]}

]

SFailed

Bra (| and Ket |) notations and variable generators:



Notation[ e~ = MatrixExp[x_] ]

Notation[ <x_| = id[x_] ]

(*# Column use is for asthetics only,
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this however is not working with matrix multiplicaiton so commented out =*)

(*Notation[ | x_ > = Column[x_] ]*)

Notation[ <x_|M_|y_> = Simplify[x .M .y_] ]
Notation _|y_> = simplify[x_.y_] ]
Notation| <x_|M_ = Simplify[x_ .M_] ]

Notation| |x_> = id[x_] ]

Notation[ M_|y_> = Simplify[M .y_] ]
Notation[

= ConstantArray[a_, n_] ]

Notation[ ?,— a_ = makeVAR[a_, n_, j_] ]

makeVAR[x_, n_, j_] := Table[Subscript[x, i], {i, j, n- (1-3)}]

id[x_] :=

Stochastic Lie Algebra generators, see [2]:

Notation[ L-'3- — makeL[i_, j_, n_] ]
n

makeL[iO_, jO_, nO_] := Module[{i =i0, j = jO, n =n0, L},
Table [KroneckerDelta[i, k] * KroneckerDelta[j, 1] -
KroneckerDelta[j, k] * KroneckerDelta[j, 1], {k, 1, n}, {1, 1, n}]

Before doing anything we need to create the Cayley table for Kuratowski Monoid [1]:

Let X be a topological space. Denote A closure of a the set Ac X and A° the Complement. A widely
known fact due to K. Kuratowski [1] states that at most 14 distinct operations can be formed by such

compositions of the two operators!
Kuratowski Operations:
0o (A) = A (The Identity), o1(A) = A° (The Complement),

02(A) = A™ (The Closure), o3(A)= A |
o4(A)=A°, o5(A) = A°¢ (The Interior),
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Te(A)=A"", o7(A)=A"
gg(A)=A"°, Tg(A)=AT°
Tp(A) = AT, T11(A) = AT,
T1(A)=ATCC, T13(A)= AT,

Cancellation rules:

AC = ACCo¢c A6~ — Ac-c-c-c-

Call the Cayley table of the above 14 generators M:

M = kuraTable[];
™M // MatrixForm

Ogp O1 O2 O3 0Os Os O O7 Og Og9 O10 O11 O12 O13
01 Op O Os Oz O3 Og Og9 O O7 O12 013 O10 O11
Oz O3 0Oz O3 0O O7 O O7 O10 O11 O10 O11 O O7
O3 02 O O7 Oz O3 010 O11 O O7 O O7 O10 O11
Og Os Oy Os Og Og9g Og Og O12 013 O12 013 Og Oy
Os Og4 Og O9g Og Os O12 O13 Og O9 Og Og9 O12 O13
Og O7 O O7 O10 O11 O10 O11 O O7 O O7 O10 O11
07 O O10 O11 O O7 O O7 O10 O11 O10 O11 O O7
Og O9g Og Og O12 013 O12 O13 Og O9 Og Og9 O12 O13
Og9g Og O12 013 Og O9g Og O9 O12 013 O12 013 Og Oy
O10 O11 O10 O11 O O7 O O7 O10 O11 O10 O11 O O7
O11 O10 O ©O7 O10 O11 O10 O11 O O7 O O7 O10 O11
O12 O13 O12 O13 Og Og9 Og Og9 Oi12 013 O12 O13 Og Oy
013 O12 Og Og9 O12 013 O12 O13 Og Og9 Og Og Oi12 O13

Now let’s test variable generation and Bra and Ket:

(» Make an array of 14 1's x)

1
14

{1,1,1,1,1,1,1,1,1,1,1,1,1,1}

(» Make an array of 14 indexed o's starting with 0 x)

0
14 O

{Cos O14 02, O3, 04y Osy Ogy O74 Ogy 094 O10r O114 O124 O13}

Ket should output vertically but Mathematica does not:



(» keep a space between | and the numbers,
better yet first do |x> then substitue for x x)
(+x FIME ME 1.1:|>
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has been commented out in the code due to some conflict in Mathematica =)

1
|14
X >

X1
X2
X3
Xy
X5
X6
X7

Instead Mathematica outputs both Bra and Ket horizontally:

1
| lax>

{X1, X2, X3, X4y X5, Xy X7, Xgy X9, X10r X115 K12y X137 X14)

<1
14

{1,1,1,1,1,1,1,1,1,1,1,1,1, 1}

Inner product:
V]
<1 12 X >
14
Xo+ X1 +Xp+X3+Xy+Xg+Xg+ X7+ Xg+ Xg+ Xqp9+ X371 + X2+ X33

Let’s play around with Kuratowski Monoid:

O¢ O5s

O11

Og O9

O9
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O10

Check to see if the table is associative via brute force check:

res = True

assoc = Table[If[kuraProd2[kuraProd2[i, j], k] - kuraProd2[i, kuraProd2[j, k]] # O,
res = False], {ir 0, 13}, {JI o, 13}, {k, 0, 13}];

res

True

True

Let’s work with some small dimensional Stochastic matrices generated (by exponentiation) from their
Lie Algebra, note that the columns add to O:

L3 // MatrixForm
3

00 1
00 O
00 -1

Compute the exponential of this matrices which is a Stochastic matrix, note that the columns add to 1:

L1,3
e * // MatrixForm

10 -l+e
e

01 0

o0 *
e

Make a 3D vector

0
3 X

{%Xo, X1, X2}

Compute its linear form with all 1s for coefficients:

Xp + X1 + Xo



L
Transform by the Stochastic matrix ¢ ¢ and note the linear form is preserved:

<1
3

L3
| e ’ |

Xp + X1 + Xp

<1|M=1

L3
<1 |e3
3

{1, 1, 1}

i3

@ 3

0
$x>

(—l+<e) X3
{X0+7

e

Note that the {x,, x;, x,} was transformed to {xo +

r X1

X2

e

J

1,3
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L1,3
, X1, %} by e ¢ , however both

vectors lie on the plane perpendicularto {1, 1, 1} or X + X; + X, = Const . In other words the linear

form x, + x; + X, is preserved even if a transformation applied.

Try the other Stochastic matrices of dimension 3, again note each the linear form is preserved :

<1
3

Li2
| e ) |

Xo + X1 + X

1.2/1
<1|e3 |
3

Xp + X1 + Xp

<1

123
3 | |

@ 3

Xo + X1 + Xy

<1

31
3 | |

e 3

Xp + X1 + Xp

wo

x>

x>

x>

X >
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<1
3

L3,2
|e3 | x>

Xo + X1 + Xy

Replace x by a x?, the quadratic form is also preserved :

<1

3,2
|L |02
3

e s 3X° >

X20 + X21 + X22
Try other matrices sand same preservation:

<1
3

1,2
|eL3 | 0,2

XZO + X21 + X22

and so on.

|.I Automorphism

Consider the permutation [1]:

Op 01 Oz O3 O4 Os Og O7 Og O9 O1p0 O11 O12 O13
Op O1 Os Og O3 Oz O9 Og O7 O O13 O12 O11 Oio

It determines the automorphism A : M—M.
Theorem 1.1: The Identity and A are the only automorphisms of M. Furthermore A is isomorphic to Z ».

Proof: Establish A as a permutation and compute its cycles:

cyc = FindPermutation[head[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14],
head[1, 2, 6, 5, 4, 3, 10, 9, 8, 7, 14, 13, 12, 11]]

Cycles[{{3, 6}, {4, 5}, {7, 10}, {8, 9}, {11, 14}, {12, 13}}]

Calculate the power 2 of the permutation:

PermutationPower|[ cyc, 2]

Cycles[{}]
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Therefore the A% = Identity . For the rest of the technicalities of the proof see [1].

2. Basis {00, O14 O2, O3, O4y Os, Oy O7, Og, O9y O10, O11s O12, O13}

Imagine o; as vector basis for a vector space over a (commutative) Field e.g. R or C:

13
V= Y ajo;j (EQ 21)
i=0

Let’s define such two vectors v1 and v2 in Mathematica, and define a vector product based upon an
abstract =« non-commutative product with distributive property:
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vi=aocp+boy+coy+dozy+eos+fos+gog+ho;+io0g+3jog+koig+1loy; +moys +no0;3;
v2=a20p+b20;+c20,+d203+e20,+£f2 05+
gZ06+h2cr7+i2c78+j209+k2crlo+12011+m2012+n2013;

(* In Mathematica ** is a non-commutative anstract binary operator (product) =x)
(» Distribute[ ] is a function that executes algebraic distributive law =*)
Distribute[vl %% v2]

(aop) »* (a2 0g) + (a0g) *+x (b2 01) + (a0g) ** (C20;3) + (@a0g) ** (d2 03) + (@ 0g) ** (€2 0y) +
aop) **x (£205) + (a0g) ** (92 06) + (2 0p) ** (h2 07) + (a0g) ** (12 0g) + (@ 0g) ** (J2 09) +

( (

(aog) »* (k2 019) + (@ 0g) ** (12 011) + (@ 0g) ** (M2 01) + (@ 0g) ** (N2 013) +

(boy) »* (a2 0p) + (boy) »x (b207) + (boy) *%x (c20y) + (boy) ** (d2 03) + (boy) ** (€2 04) +
(boy) »* (£205) + (boy) **x (g2 0g) + (bo1) ** (h2 07) + (boy) % (12 0g) + (boy) *x (j2 09) +
(boy) ** (k2 019) + (boy) *x (12 017) + (boy) ** (M2 0y,) + (boy) ** (n2 013) +

(coz) »* (a2 0¢) + (€ 0z) ** (b2 01) + (€ 0z) xx (€2 02) + (COz) x* (d203) + (COz) ** (€2 04) +
(coz) ** (£205) + (COz) ** (g2 06) + (C Oz) ** (h2 07) + (c Oz) ** (12 0g) + (COz) ** (J2 Og) +
(coy) ** (k2 019) + (€ 0y) *x (L2 011) + (€ Oy) **x (M2 013) + (€ Op) ** (N2 013) +

(do3) ** (a2 0g) + (do3) »x (b201) + (do3) *%x (c20,) + (do3) ** (d2 03) + (do3) »* (€2 04) +
(doz) »* (£2 05) + (do3) »* (g2 0g) + (d03) »* (h2 07) + (d03) ** (12 0g) + (d0O3) ** (j2 O9) +
(do3) »* (k2 019) + (d03) *x (12 011) + (d 03) ** (M2 015) + (dO3) *x*x (n2 013) +

(e 0g) »* (22 0¢) + (€ 0y) *x (b2 01) + (€04) ** (C20;3) + (€ 0y) *+ (d2 03) + (€ 04) *xx (€2 04) +
(e0y4) *x (£2 05) + (e 04) ** (g2 0g) + (€ 04) ** (h207) + (€ 04) ** (12 0g) + (€ 04) ** (J2 09) +
(e 0g) »* (k2 019) + (€ 04) xx (12 011) + (€ 0g) ** (M2 O1,) + (€ 04) *x* (N2 O13) +

(fo5) »* (a2 0¢) + (£05) *»x (b201) + (£05) *x (c20y) + (£05) % (d2 03) + (£ 05) »x (€2 04) +
(f£os5) »* (£205) + (£ 05) *x (g2 0g) + (£ 05) ** (h2 07) + (£ 05) ** (12 0g) + (£ 05) xx (j2 O9) +
(£ 05) ** (k2 019) + (£ 05) »x (L2 011) + (£05) ** (m2 01,) + (£ 05) ** (n2 O13) +

(gos) »* (a2 0g) + (g0g) ** (b2 01) + (g 0g) xx (€2 02) + (gT6) *x* (d203) + (g Tg) ** (€2 0g) +
(gos) ** (£205) + (gOg) ** (g2 06) + (9 0g) ** (h2 07) + (gOg) ** (12 0g) + (g Os) ** (J2 Og) +
(gos) »* (k2 019) + (g 0g) ** (12 011) + (g 0g) ** (M2 013) + (g Tg) ** (N2 013) +

(hoy) ** (a2 0¢) + (ho7) *x (b2 01) + (hoy) ** (c20;3) + (hoy) *+x (d2 03) + (ho7) *x (€2 04) +
(hoy) »« (£205) + (ho7) »* (g2 0g) + (ho7) »* (h2 07) + (ho7) % (12 0g) + (ho7) ** (j2 g9) +
(ho7) »* (k2 019) + (hoy7) *xx (12 0117) + (ho7) xx (m2 013) + (ho7) ** (n2 013) +

(1o0g) ** (a2 0g) + (L 0g) »* (b2 01) + (L 0g) »* (C20,) + (L 0g) »* (d2 03) + (1 0g) % (€2 0g) +
(10g) »* (£205) + (1 0g) »* (g2 0g) + (1 0g) »* (h2 07) + (1 0g) »* (12 0g) + (1 0g) ** (j2 g9) +
(1o0g) »* (k2 01¢9) + (1 0g) *% (12 011) + (1 0g) ** (M2 015) + (1 0g) ** (n2 013) +

(J og) ** (a2 0g) + (J 09) ** (b2 01) + (J Og) ** (C202) + (J Og) ** (d2 03) + (J Og) ** (€2 04) +
(J og) »* (£2 05) + (J Og) ** (g2 06) + (J O9) ** (h2 07) + (J Og) ** (12 0g) + (J O9) ** (J2 O9) +
(J 09) % (k2 010) + (J O9) ** (L2 011) + (J O9) ** (M2 012) + (J Og) ** (N2 O13) +

(k 010) ** (a2 0g) + (kOy1g) ** (b2 01) + (k0Oyg) ** (€2 0z) + (ko) ** (d2 03) +

(k010) ** (€2 04) + (kOyg) * (f2 0s) + (ko) ** (92 0g) + (kO19) ** (h2 07) +

(ko1g) ** (12 0g) + (kO1g) ** (J2 09) + (kO19) ** (k2 019) + (koyg) ** (12 011) +

(k 010) ** (M2 012) + (k 010) *% (N2 013) + (1 o11) ** (a2 0g) + (L o11) *»» (b2 07) +

(Lo11) »* (€2 02) + (LoO11) ** (d2 03) + (L O11) ** (€2 04) + (Lo11) ** (£2 05) +

(Lo11) ** (92 06) + (L o11) ** (h2 07) + (Loy1) ** (12 0g) + (L oO11) ** (J2 O09) +

(Lo11) »* (k2 019) + (L 011) ** (12 011) + (1 011) ** (M2 012) + (1 011) ** (N2 013) +

(mo12) ** (82 0g) + (MO12) *xx (b2 01) + (MO12) *x (€2 0z2) + (MO12) *x (d2 03) +

(mo12) ** (€2 04) + (MO12) *xx (£2 05) + (MmO12) ** (g2 0g) + (MO12) ** (h2 07) +

(moyp) *% (12 0g) + (MO12) ** (J2 09) + (MO12) ** (K2 019) + (MO12) ** (12 017) +

(moyp) ** (M2 O15) + (MO1p) ** (N2 013) + (N O13) ** (a2 0p) + (noy13) ** (b2 07) +

(no13) »* (€2 0z) + (n0O13) ** (d2 03) + (nO13) ** (€2 04) + (nO13) ** (£2 05) +

(no13) ** (g2 0g) + (no13) ** (h207) + (no13) ** (12 0g) + (nO13) ** (j2 O9) +

(no13) ** (k2 019) + (n013) ** (12 011) + (N O13) ** (M2 O12) + (N O13) ** (N2 013)

We need to run the output of the Distribute [] one more time to have the kuraTable figure out the
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products:

vliv2 = (a0gp) ** (a2 0p) + (a0g) ** (b2 0;) + (a0p) ** (c20;3) + (a0p) ** (d2 03) +
(aop) ** (€2 0,) + (aop) ** (£2 05) + (aop) ** (g2 0¢) + (aop) ** (h20;7) + (aop) ** (i2 og) +
(aogg) ** (J209) + (a0g) ** (K2 019) + (@ 0g) ** (12 011) + (@ 0g) ** (M2 013) +
(aog) ** (n2 013) + (boy) **x (a2 0p) + (boy) ** (b2 0;) + (boy) ** (c20,) +
(boy) ** (A2 03) + (boy) ** (e20,) + (boy) ** (£205) + (boy) ** (g2 0g) + (boy) **x (h2 07) +
(boy) ** (12 0g) + (boy) ** (jJ2 09) + (boy) ** (k2 019) + (b o) ** (12 071) +
(boy) ** (m2 015) + (boy) ** (n2 013) + (c0y) ** (a2 0g) + (c 0y) ** (b2 0y) +
(c0o;y) ** (c20;3) + (c0y) #*x (d2 03) + (CO3) ** (€e204) + (c0y) *#* (£2 05) + (c 03) ** (g2 0g) +
(co3) ** (h2 07) + (C0y) ** (12 0g) + (C03) ** (jJ2 09) + (€ 03) ** (k2 019) +
(co0y) ** (12 011) + (c0y) ** (M2 013) + (CcOy) ** (N2 013) + (d O3) ** (a2 gp) +
(do3) ** (b20;) + (Ao3) ** (c203) + (do3) ** (A2 03) + (do3) ** (€2 0,) + (Ado3) **x (£f2 05) +
(d o3) ** (g2 0g) + (do3) ** (h2 07) + (do3) ** (12 0g) + (d o3) ** (j2 g9) +
(d o3) ** (k2 019) + (A 03) ** (12 011) + (d 03) *% (M2 015) + (d 03) ** (n2 013) +
(e 0y) ** (a2 0p) + (e 0y) **x (b2 0;) + (€0y) ** (C20,) + (€ 0y) #* (d2 03) + (e 0y) ** (€2 0,) +
(e 04) ** (£2 05) + (e 04) ** (g2 0g) + (e 04) ** (h2 07) + (e 0y) ** (12 0g) + (e 04) ** (j2 0g9) +
(e 0y) ** (k2 019) + (e 0y) ** (12 011) + (e 0y) ** (M2 01,) + (€ 0y) **% (N2 013) +
(fos5) ** (a2 0p) + (f£05) **x (b20,) + (£05) ** (c203) + (£05) ** (d2 03) + (f 05) ** (e2 oy) +
(fos5) ** (£2 05) + (£ 05) ** (g2 0¢g) + (£ 05) ** (h207) + (£ 05) ** (12 0g) + (£ 05) ** (j2 09) +
(f o5) ** (k2 019) + (£ 05) ** (12 01;) + (£ O5) ** (M2 0y,) + (£ O5) ** (N2 013) +
(gog) ** (a2 0g) + (gog) ** (b2 0,) + (gOTg) ** (c20,) + (gOog) ** (d2 03) + (g og) ** (€2 0y) +
(g o6) ** (£2 05) + (g 0g) ** (92 0g) + (g Og) ** (h2 07) + (g O6) ** (i2 0g) + (g T6) ** (j2 09) +
(g o) ** (k2 019) + (g 0g) ** (12 011) + (g Og) ** (M2 013) + (g Og) ** (N2 013) +
(hoj) ** (a2 0g) + (hoy) ** (b20;) + (hoy) ** (c20;) + (hoy) ** (d2 03) + (hoy) **x (e2 04) +
(ho7) ** (£2 05) + (ho7) ** (g2 0g) + (ho7) ** (h2 07) + (ho7) ** (12 0g) + (ho7) ** (j2 g9) +
(ho;) ** (k2 019) + (ho7) ** (12 011) + (hoy7) *% (M2 015) + (ho7) ** (n2 0y3) +
(1 0g) ** (a2 0¢) + (1 0g) **x (b2 0;) + (i 0g) ** (c20;3) + (1 0g) ** (d2 03) + (1 0g) ** (e2 o,) +
(1 0g) ** (£2 05) + (1 0g) ** (g2 0g) + (1 0g) ** (h2 07) + (1 0g) ** (12 0g) + (1 0g) ** (j2 g9) +
(1 0g) ** (k2 019) + (i 0g) *#* (12 011) + (i 0g) ** (M2 013) + (i 0g) ** (n2 013) +
(j o9) ** (a2 gg) + (J 09) ** (b2 01) + (J Og) ** (€2 0;3) + (J O9) ** (d2 03) + (J O9) ** (e2 g,) +
(J o9) ** (£2 05) + (J 09) ** (92 06) + (J O9) ** (h2 07) + (J Og) ** (i2 0g) + (J O9) ** (j2 09) +
(3 09) *% (k2 010) + (J 09) ** (12 01;1) + (J O9) ** (M2 013) + (J O9) ** (n2 013) +
(k 010) ** (a2 gg) + (ko19) ** (b2 0;) + (kO19) ** (c2 03) + (k 019) ** (d2 03) +
(k 019) ** (€2 0,) + (ko) ** (£2 05) + (k 019) ** (g2 0g) + (k O10) ** (h2 07) +
(k 010) ** (12 0g) + (k O19) ** (jJ2 09) + (k 019) ** (k2 019) + (k 019) ** (12 011) +
(k 019) ** (M2 015) + (k 019) ** (N2 013) + (1 011) ** (@2 0g) + (1 011) ** (b2 0o;) +
(1 011) *#*% (c203) + (1 011) ** (d2 03) + (1 011) *#* (€2 04) + (1 011) ** (£2 05) +
(1 011) *#* (g2 0g) + (1 011) ** (h2 07) + (L 011) ** (12 0g) + (1 011) ** (jJ2 09) +
(1 011) ** (k2 019) + (1 011) ** (12 011) + (1 011) ** (M2 015) + (1 011) *#* (n2 013) +
(m o) ** (a2 0p) + (M O13) *#*% (b2 01) + (MoOy,) ** (€2 03) + (MOyy) *#% (d2 03) +
(mo1;5) ** (€2 04) + (MoO1y) *#* (£2 05) + (M O13) ** (g2 0g) + (MO1,5) ** (h2 07) +
(moy3) ** (12 0g) + (M O13) ** (jJ2 09) + (M O13) ** (K2 019) + (MO1,) ** (12 09;) +
(moj;) ** (M2 013) + (MO33) *#*% (N2 013) + (N O313) ** (@2 0p) + (N 013) ** (b2 0y) +
(n o13) ** (€2 0;3) + (N 0O13) ** (d2 03) + (N O13) ** (€2 04) + (nOy3) ** (£2 05) +
(n 013) ** (g2 0g) + (n013) ** (h2 07) + (n013) ** (12 0g) + (n 013) ** (jJ2 09) +
(n o13) ** (k2 019) + (N 013) ** (12 011) + (N 013) ** (M2 012) + (N O13) ** (N2 013)

Kuratowski Monoid then reduces the o;o; to o in the Cayley table mentioned above:
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aa2op+bb2oy+a2bo;+ab2o;+a2co,+ac20,+cc2o0,+b2do,+be2o,+de2o, +
b2coy+a2dos+ad2o3+cd2o3+bf2o3+df2o03+bc2o,+a2eo0,+c2eo0,+ae2 o,
b2fo,+e2fo,+bd2os+b2eocs+d2eocs+a2fos+af2o5+f£f205+c2dog+ce2og
a2gog+c2gog+ag2og+Ccg2og+b2hog+e2hog+9g2hog+bi2os+di2 og+9gi2 o
e2kog+g2kog+dk2og+gk2o0g+c2log+1i2106+k210g+cm20s+hm2os+km2og
dd2o;,+cf20;,+b2go;+d2go;+a2ho;+f2ho;+ah20;,+ch20;+hh20;+b3j2 0y
dj2o;,+9j20;,+f2ko;+h2ko;+d2107;+3j2107;+d120;+91207+11207+cn2 oy
hn2o,+kn2o0,+ee2o0g+c2fog+bg2og+eg2og+a2iog+c2iog+ai2og+
fi2og+1i20g+b2jog+e2jog+g2jog+fk2og+ik20g+e2mog+g2mog+
em2og+jm2og+mm20g+c2nog+i2nog+k2nog+d2fog+ef2o09+bh2og+
eh209+b2iog+d2iog+a2jog+£f2jog+h2jog+aj2o9+£fj2og+1ij2og+
£fl209+il209+f2mog+h2mog+d2nog+3j2n09+12n09+en2ag+jn2 g+
mn2 og+e2gog+dg2090+9g2o019+c2hojg+ci2og+hi2og+a2kog+c2kopg+
i2kojg+ak2og+ck209g+hk209g+kk200+b21og+e21019+9210y9+bm2oyg+
dm2 019+gm2 019+1m2 019+£f2g0o;;+d2h oy +dh20;+gh20;+¢cj201;+hj2 o071 +
b2ko;;+d2koy;+j2ko;;+a2lo+£f210;+h21o0;+al2o0;+¢c1201;+h12 097 +
k12 0;;+bn2o;;+dn2 o3 +gn2o0;+1n20;+£9g20,+€21i0,+921i0,+€12 01, +
c2jop+i2jo+bk20o,+ek20+jk20,+a2mo;+c2moyy +i2mog, +k2mog, +
am2o0;,+fm20;,+im20;,+b2no;,+e2no;,+92n0,+m2no, +fh2 o033 +£21 093+
h2io;3+d2jo;z3+ej2o;3+jj2o13+bl2o;3+el203+j120;3+b2mo3+d2mogs+
j2moj3+12moj3+a2no;3+£f2no;3+h2noj;s+an2 o33 +£fn2o0;3+1in2o0;3+nn2 o3

+ o+ o+ o+ o+ o+

Kuratowski Monoid then reduces the o;o; to o ; in the Cayley table M mentioned above in section 1.

Collect and sort the coefficients for o; :

Collect[aa20p+bb20cp+a2bo;+ab20c;,+a2co,+ac2o0,+cc20,+b2do,+be2o; +
de2o,+b2co3;+a2doz3+ad2o3+cd2o03+bf203+df203+bc20o,+a2e0,+c2eo0,+
ae2o,+b2fo,+e2fo,+bd2os+b2eos+d2eos+a2fos+af2o5+ff205+c2dog+
ce2o0s+a2gog+Cc2gog+ag2og+cg2os+b2hog+e2hog+g2hog+bi2os+di2 o6+
gi2cs+e2kog+g2kog+dk20,+gk20s+c21log+1i2105+k210g+cm2o0s+hm2og+
km2os+dd2o;+cf20;,+b2go;+d2go;+a2ho;+f2ho;+ah20;+ch20; +hh2o;+
bj20;,+dj20,+9j20;+f2ko;+h2ko;+d210;,+j210;+d1207+g1l207+1120;+
cn2o;+hn2o;+kn2o;,+ee2o0g+c2fog+bg2og+eg2og+a2iog+c2iog+ai2og+
fi2og+ii203+b2jog+e2jog+g2jog+fk2og+ik203+e2mog+g2mog+
em2og+jm2og+mm2og+c2nog+i2nog+k2nog+d2fog+e f2o09+bh2og+
eh209+b2iocg+d2iocg+a2jog+£f2jog+h2jog+aj2o9+£fj209+1ij2o9+
fl209+1il209+f2mog+h2mog+d2nog+j2no9g+12no09+en2aog+3jn2og+
mn2 og+e2go;0+dg20,0+9gg20,0+c2hojg+ci2og+hi2og+a2kojg+c2kogg+
i2kojpo+ak200+ck20;9+hk20;0+kk209+b21019g+€210190+921 019 +bm2 o1g+
dm2 o;0+gm2 019+1m2 00+ £f2g0;;,+d2h oy, +dh20;; +gh20;;,+¢j20;;, +hj201; +
b2ko;;+d2ko;+j2ko;+a2lo;+f2103;+h2103;+al20;+¢1203; +h1205; +
k120, +bn2o;; +dn20;; +gn2o0;;+1n20;;+£fg20;,+e2io,+92io0,+ei2 05, +
c2jo,+i2jo,+bk2o,+ek20,+jk20,+a2moj,+c2mo; +i2mo; +k2mog, +
am2o;,+fm20,,+im2o0;,+b2no;,+e2no3+9g2no,+m2no, + fh2o3+£21 093+
h2ioc;3+d2jo;3+ej2o13+jjJj2013+bl2013+el203+j120;3+b2mo;3+d2mo;;+
j2mo;3+12mo;3+a2no;3+f2no;3+h2no;3+an2o03+£fn2o0;3+1in2o0;3+nn2o0;3,

{oo, 01, 02, O3, O4, Os, Og, O7, Og, O9, O10s O11s O12, O13}]

These are the coefficients of the product:
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(aa2+bb2) op+ (a2b+ab2) oy +
(a2c+ac2+cc2+b2d+be2+de2) o+ (b2c+a2d+ad2+cd2+bf2+df£f2) o3+
(bc2+a2e+c2e+ae2+b2f+e2f)o,+ (bd2+b2e+d2e+a2f+af2+f£f2) o5+
(c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+g2h+bi2+di2+
gi2+e2k+g2k+dk2+gk2+c21+i21+k21l+cm2+hm2+km2) og+
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+gj2+
f2k+h2k+d21+3j21+d12+g1l2+112+cn2+hn2+kn2) o7+
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fi2+ii2+b2j+e2j+g23j+
fk2+ik2+e2m+g2m+em2+jm2+mm2+c2n+i2n+k2n) og+
(d2 f+ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+£fj2+1ij2+
f12+il12+f2m+h2m+d2n+j2n+12n+en2+jn2+mn2) og +
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+
hk2+kk2+b21l+e21+g2l+bm2+dm2+gm2+1m2) o9+
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+3j2k+a21l+£f21+
h21+al2+cl1l2+h1l2+k12+bn2+dn2+gn2+1n2) o+
(fg2+e2i+g2i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+
i2m+k2m+am2+fm2+im2+b2n+e2n+g2n+m2n) o, +
(fh2+f2i+h2i+d2j+ej2+3jj2+bl2+el2+jl2+b2m+d2m+
j2m+12m+a2n+f2n+h2n+an2+£fn2+in2+nn2) o;s

We then turn the linear first-degree sum into a matrix multiplication form:

CoefficientArrays|
{(aa2+bb2) =0, (a2b+ab2) =0, (a2c+ac2+cc2+b2d+be2+de2) ==0,
(b2c+a2d+ad2+cd2+bf2+df2) =0, (bc2+a2e+c2e+ae2+b2f+e2f) =0,
(bd2+b2e+d2e+a2f+af2+ff2) =0, (c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+
g2h+bi2+di2+gi2+e2k+g2k+dk2+gk2+c21+i21+k21l+cm2+hm2+km2) ==0,
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+gj2+
f2k+h2k+d21+3j21+d12+gl1l2+112+cn2+hn2+kn2) ==0,
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fi2+ii2+b2j+e2j+g2j+
fk2+ik2+e2m+g2m+em2+jm2+mm2+c2n+i2n+k2n) ==0,
(d2f+ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+£fj2+1ij2+
fl12+il12+f2m+h2m+d2n+j2n+12n+en2+jn2+mn2) =0,
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2+
kk2+b21+e21+g2l+bm2+dm2+gm2+1m2) =0,
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a21+£f21+h21+
al2+cl2+hl2+kl2+bn2+dn2+gn2+1n2) ==0,
(fg2+e2i+g2i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+i2m+
k2m+am2+fm2+im2+b2n+e2n+g2n+m2n) == 0,
(fh2+f2i+h2i+d2j+ej2+jj2+bl2+el2+j12+b2m+d2m+j2m+
12m+a2n+f2n+h2n+an2+£fn2+in2+nn2) == 0},
{a2, b2, c2, d2, e2, £f2, g2, h2, i2, j2, k2, 12, m2, n2}]

{SparseArray[<0>, {14}], SparseArray[<84>, {14, 14}]}

coeff = Normal[%][[2]];
coeff // MatrixForm
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a b 1] 0 1] o] ] /] ] ] ] ] o] 0
b a ] (] ] (] [ (] (] [ (] (] (] (]
c d a+c o] b+d o] /] 1] 1] 1] o] o] o] o]
d c ] a+c ] b+d (] [ (] (] (] (] (] (]
e f b+e [ a+f (] [ [ [ [ [ [ [ (]
f e 1] b+e 1] a+f ] /] o] ] ] ] o] o]
g h d+g+1 1] c+h+k 1] a+c+h+k 1] b+d+g+1l 1] d+g+1l 1] c+h+k V]
h g 1] d+g+1l 1] c+h+k /] a+c+h+k 1] b+d+g+1 o] d+g+1l o] c+h+
i j f+i+n o e+j+m o b+e+j+m o a+f+i+n o f+i+n o e+j+m o
joi ) f+i+n o e+j+m ) b+e+j+m o a+f+i+n o f+i+n ) e+j+m
k 1 h+k ) g+l ) d+g+1l o c+h+k o a+c+h+k ) b+d+g+1l o
1k o h+k o g+l o d+g+1l ) c+h+k o a+c+h+k o b+d+g+1l
mn j+m o i+n o f+i+n o e+j+m o b+e+j+m o a+f+i+n o
nm o j+m V] i+n o f+i+n o e+j+m ] b+e+j+m ) a+f+i+n

Let’s code this result into a Mathematica function:

(* © product in 1l4Sets algebra =*)

Notation[ Xx_0Oy_ = vectorProduct[x_, y_] ];

Notation[ (a_x_)O(b_y_ ) = a_=xb_vectorProduct[x_, y_] ] ;

vectorProduct[x0_, yO_] :=
Module[{x = x0, y = yO, cfsx, cfsy, a, b, c,d, e, £, g, h, i, j,
k,1,m, n, a2, b2, c2, 42, e2, £f2, g2, h2, i2, j2, k2, 12, m2, n2},
cfsx = Coefficient[x, {0y, O1, Oz, O3, O4, Os5, O, O7, Og, O9, O10, O11, O12, O13}];
cfsy = Coefficient[y, {00, 01, 02, O3, 04, Os, O, O7, Og, O9, O10, O11, O12, O13}1;

cfsx[[1]];
cfsx[[2]];
cfsx[[31];
cfsx[[4]];
cfsx[[5]];
cfsx[[6]];
cfsx[[71];
cfsx[[8]];
cfsx[[9]];
cfsx[[10]];
cfsx[[11]];
cfsx[[12]];
cfsx[[13]];
cfsx[[14]];

BB RFOURDAQHO OO DT
1l

a2 = cfsy[[1]];
b2 = cfsy[[2]];
c2 = cfsy[[3]];
d2 = cfsy[[4]];
e2 = cfsy[[5]];
£2 = cfsy[[6]];
g2 = cfsy[[7]];
h2 = cfsy[[8]];
i2 = cfsy[[9]];
j2 = c£sy[[10]];
k2 = cfsy[[11]];
12 = cfsy[[12]];
m2 = cfsy[[13]];
n2 = cfsy[[14]];
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Simplify[(aa2+bb2) op+ (a2b+ab2) o; +
(a2c+ac2+cc2+b2d+be2+de2) o+ (b2c+a2d+ad2+cd2+b£f2+df£f2) o3+
(bc2+a2e+c2e+ae2+b2f+e2f)o,+(bd2+b2e+d2e+a2f+af2+f £2) o5+
(c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+g2h+bi2+di2+
gi2+e2k+g2k+dk2+gk2+c21+i21+k21+cm2+hm2+km2) og+
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+gj2+
f2k+h2k+d21+3j21+d12+gl1l2+112+cn2+hn2+kn2) o;+
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fi2+ii2+b2j+e2j+g23j+
fk2+ik2+e2m+g2m+em2+jm2+mm2+c2n+i2n+k2n) og+
(d2f+ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+£fj2+1ij2+
f12+il12+f2m+h2m+d2n+j2n+12n+en2+jn2+mn2) o9+
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2+
kk2+b21+e21+g21l+bm2+dm2+gm2+1m2) o9+
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a21+£f21+h21+
al2+cl2+h12+k1l2+bn2+dn2+gn2+1n2) op; +
(fg2+e2i+g2i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+i2m+
k2m+am2+fm2+im2+b2n+e2n+g2n+m2n) o1, +
(fh2+f2i+h2i+d2j+ej2+jj2+bl2+el2+jl12+b2m+d2m+j2m+
12m+a2n+f2n+h2n+an2+£fn2+in2+nn2) o;3]

3. Matrix Representation

Using what was just computed above the matrix representation form as follows:

a b 0 0 0 0 0 0 0 0 0 0 0 0 a2
b a 0 0 0 0 0 0 0 0 0 0 0 0 b2
c d a+c 0 b+d 0 0 0 0 0 0 0 0 0 c2
d c 0 a+c 0 b+d 0 0 0 0 0 0 0 0 d2
e f b+e 0 a+f 0 0 0 0 0 0 0 0 0 e2
f e 0 b+e 0 a+f 0 0 0 0 0 0 0 0 f2
g h d+g+! 0 ct+h+k 0 a+c+h+k 0 b+d+g+/ 0 d+g+1 0 c+h+k 0 g2
h g 0 d+g+1 0 ct+h+k 0 at+c+h+k 0 b+d+g+/ 0 d+g+1/ 0 c+h+k h2 g
i j f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+ j+m 0 i2
joi 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m j2
k | h+k 0 g+l 0 d+g+/ 0 c+h+k 0 a+c+h+k 0 b+d+g+/ 0 k2
Ik 0 h+k 0 g+l 0 d+g+/ 0 c+h+k 0 a+c+h+k 0 b+d+g+1|| 12
m n j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 m2
n m 0 j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n)\{ n2
(EQ 3.2)

where o = [0'0, g49,09,03,04, 05,06, 07, 08, 09, 010, 011, 012, 0'13] . And let’s test make sure the
results are the same:

Collect[Expand][ (coeff.{a2, b2, c2, 42, e2, £f2, g2, h2, i2, j2, k2, 12, m2, n2}).
{00, 01, 02, O3, O4, Os, Og, O7, Og,; O9, O10s O11s O12s O13}],
{00, 01, 02, O3, 04y O5, Og, O7, Og,; O9y O10s O11s O12, O13}] ===
Collect[vlv2, {0y, 01, O2, O3, Oy, O5, Os; O7, Ogy O9,; O10s O11s O12+ O13}]

True
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Corollary 3.1: Matrix representation (EQ 3.2) applies to both multiplication and addition of 14-Sets
vectors.

Remark 3.1: Stochastic Matrices (see section 4) are closed under the multiplication of (EQ3.2) represen-
tation but not addition.

4. Stochastic Matrix

This matrix representation is a Left Stochastic Matrix if:

atb+c+d+e+f+g+h+i+j+k+/+m+n=1 (EQ4.1)
and all these coefficients are assumed greater than or equal to 0. Therefore the column sums are all 1.

Let’'s make functions for columns and row sums:

sumColumn[mat_] := Table[Total[mat[[All, w]]], {w, 1, 14}]
sumRow[mat_] := Table[Total[mat[[w, Al1l]]], {w, 1, 14}]

(* make random 14-Sets Stochastic matrices with all colums adding to 1 %)
randl4SetsStoch[] := Module[{rands, cfs},

rands = Join[Sort[ RandomReal[{O, 1}, 13], Less], {1}];

cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]]

1

General column sum:

sumColumn[coeff] // MatrixForm

a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n
a+b+c+d+e+f+g+h+i+j+k+1l+m+n

a+b+c+d+e+f+g+h+i+j+k+1l+m+n



Transpose the coefficient matrix:

sumRow [Transpose[coeff]] // MatrixForm

a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c
a+b+c

a+b+c

+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
+d+e+f+g+h+i+j+k+1l+m+n
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Definition 4.1: 14-Sets representation matrix with all columns add to 1 are called 14-Sets Stochastic

Matrix.

Corollary 4.1: 14-Sets matrix representation’s column sums are constant and are the sum of all coeffi-

cients.

There are at least two non-trivial eigenvalues with value ‘1’, no assumptions on the coefficients:

Eigenvalues[coeff /. {(n>1- (a+b+c+d+e+f+g+h+i+j+k+1+m)}]

{1, 1, a-

P NP RN RN

b,a-b,a-b,a+b, a+b, a+b,

2a+c+f—J4b2+cz+4bd+4be+4de—2cf+f2

2a+c+f—J4b2+c2+4bd+4be+4de—2cf+f2

2a+c+f+\/4b2+c2+4bd+4be+4de72cf+f2

2a+c+f+\/4b2+c2+4bd+4be+4de—20f+f2

—2b—2d—2e—29—2j—21—2m,1—2b—2d—2e—2g—2j—21—2m}

Remark 4.1: The pair 1 eigenvalues are not{1, 1,1, 1, 1,1, 1,1, 1, 1, 1, 1, 1, 1}, for some reason
Mathematica does not issue this trivial Eigenvectors and issues one less 1 eigenvalue, therefore in
general there are 3 1-valued eigenvalues.
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Let’s calculate the determinant:

detStoch = Det[coeff /. {(n>1- (a+b+c+d+e+f+g+h+i+j+k+1+m)}]
(a® - b?) (az—bz+acfbdfbefde+af+cf)2
(a®?-2a’b-b?+2b’°-2a’d+2b’d-2a’e+2b’e-

2azg+2bzg—2a2j+2b2j—2azl+2b21—2a2m+2b2m)2

Unlike the general case of EQ 7.1, the determinant’s Zero for the Stochastic version is only depending
on the first 6 elements, and the remaining 8 elements cannot play any role due to the 1-valued sum of
the probabilities:

Solve[detStoch = 0, a]

{{ae—b}, (a--b}, {a->-b}, {a>b}, {a-b},

1
{a->Db}, {ae—
2

7c7f—\/4b2+c2+4bd+4be+4de—2cf+f2 )}

1

{aef -c—f—\/4b2+c2+4bd+4be+4de-2cf+f2]},
2
1

{ae— —c—f+\/4b2+c2+4bd+4be+4de—2cf+f2]},
2
1

{aef —c—f+\/4b2+c2+4bd+4be+4de—2cf+f2]}}
2

Lemma 4.1: First 6 coefficients determine if the 14-Sets Stochastic matrix has an inverse. The other 8
coefficients play no role.

Let’s make random positive coefficients between 0 and 1 which sum up to 1:

rands = Join[Sort[ RandomReal[{0, 1}, 13], Less], {1}];
cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]]
Total[cfs]

{0.0329978, 0.283497, 0.00679916, 0.154915, 0.0678861, 0.0377381, 0.0691335,
0.101474, 0.0728054, 0.0214534, 0.0152676, 0.0462279, 0.0474148, 0.04239}

1.

Compute the matrix representation:



Ncoeff = MatrixRepl4Sets|[cfs];
Style[Ncoeff // MatrixForm, FontSize

0.0329978
0.283497
0.00679916
0.154915
0.0678861
0.0377381
0.0691335
0.101474
.0728054
.0214534
.0152676
0462279
.0474148
0.04239

o oo oo

0.283497
0.0329978
0.154915
0.00679916
0.0377381
0.0678861
0.101474
.0691335
.0214534
.0728054
.0462279
0152676
0.04239
0.0474148

o oo oo

0
0
0.0397969
0
0.351383
0
0.270276
0
0.152933
0
0.116742
0
0.0688681
0

0
0
0
0.0397969
0
0.351383
0
0.270276
0
0.152933
0
0.116742
0
0.0688681

0
0
0.438412
0
0.0707359
0
0.123541
0
0.136754
0
0.115361
0
0.115195
0

0

0

0
0.438412

0

0.0707359

0
0.123541

0
0.136754

0
0.115361

0
0.115195

- 7]

o

o

o

o

© o oo oo

.156539

0

.420251

0

.270276

0

.152933

0

©ooooooo

0.156539
0
0.420251
0
0.270276
0
0.152933

0

0

0

0

© oo o oo

.553773

0 0
.185931

0 0
.123541

0 0
.136754

0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0.270276 0 0.123541 0
.553773 0 0.270276 0 0.123541

0 0.152933 0 0.136754 0
.185931 0 0.152933 0 0.136754

0 0.156539 0 0.553773 0
.123541 0 0.156539 0 0.553773

0 0.420251 0 0.185931 0
.136754 0 0.420251 0 0.185931
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Transpose this matrix to get a Right Stochastic Matrix, since Mathematica does not compute left-
eigenvalues:

transNcoeff = Transpose[Ncoeff];
Style[transNcoeff // MatrixForm, FontSize -» 7]

0.0329978 0.283497 0.00679916
0.283497 0.0329978 0.154915
0 0 0.0397969
0 0 0
0 0 0.438412
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

0
0

o

o

o

o

o

.101474
.270276

0

.123541

0

.156539

0

.553773

0

.270276

0

.123541

0.154915 0.0678861 0.0377381 0.0691335
0.00679916 0.0377381 0.0678861
0 0.351383 0
0.0397969 0 0.351383
0 0.0707359 0
0.438412 0 0.0707359
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

0

0.101474

0.0691335

0
0.270276
0
0.123541
0
0.156539
0
0.553773
0
0.270276
0
0.123541

0.0728054
0.0214534
0.152933
0
0.136754
0
0.420251
0
0.185931
0
0.152933
0
0.136754
0

0.0214534
0.0728054
0
0.152933
0
0.136754
0
0.420251
0
0.185931
0
0.152933
0
0.136754

0.0152676
0.0462279
0.116742
0
0.115361
0
0.270276
0
0.123541
0
0.156539
0
0.553773
0

Sum up the rows make sure they add up to 1 and calculate the determinant:

sumRow [transNcoeff]
Det [Ncoeff]

(t.,1.,1.,1.,1.,1.,1., 1., 1., 1., 1., 1., 1., 1.}

-7.9892x 107

0.0462279
0.0152676
0
0.116742
0
0.115361
0
0.270276
0
0.123541
0
0.156539
0
0.553773

0.0474148
0.04239
0.0688681
0
0.115195
0
0.152933
0
0.136754
0
0.420251
0
0.185931
0

0.04239
0.0474148
0
0.0688681
0
0.115195
0
0.152933
0
0.136754
0
0.420251
0
0.185931

Remark 4.2: Due to the nature of combinatorics multiplication of a 14 dimensional determinant, and
entries between 0 and 1, the determinants in order of 101! to 10-1¢ are not 0, they are non-zero
determinants.

5. Powers of 14-Sets Stochastic Matrices
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(* use a large power,

16 should do,

infPower = Chop[MatrixPower[transNcoeff, 100]];
Style[infPower // MatrixForm, FontSize -» 10]

000 O0O O 0.121885
0 0 00 0O O 0.148933
0 00 O0 O0 O 0.270818
00 0O0O0TO 0
00 00O O 0.270818
00 0O0O0O 0
000 O0O O 0.270818
00 0O0O0TO 0
0 000 O0 O 0.270818
00 0O0O0TO 0
000 O0O0O O 0.270818
00 0O0O0O 0
000 OO O 0.270818
00 0O0O0TO 0

0.148933
0.121885
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818

0.103147
0.126036
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0

0.126036
0.103147
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182

0.121885
0.148933
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0

0.148933
0.121885
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818

the Limit did not work in

0.103147
0.126036
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0

Mathematica =*)

0.126036
0.103147
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182

Note that the power matrix is also Right Stochastic, however for large powers its determinant

approaches 0:

sumRow [infPower]
Det [infPower]

(t.,1.,1.,1.,1.,1., 1., 1., 1., 1., 1., 1., 1., 1.}

0.

This infinite power matrix is obviously ldempotent:

Style[Chop[infPower.infPower] // MatrixForm, FontSize - 10]

00 00O O 0.121885
000 0O O 0.148933
000 O0O O 0.270818
00 0O0O0O 0
000 OO O 0.270818
00 0O0O0OTO 0
00 00O O 0.270818
00 0O0O0TO 0
000 O0O O 0.270818
00 0O0O0O 0
000 OO O 0.270818
00 0O0O0OTO 0
000 O0O0O O 0.270818
00 0O0O0O 0

0.148933
0.121885
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818

0.103147
0.126036
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0

0.126036
0.103147
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182

Let’s calculate the eigenvalues and eigenvectors:

0.121885
0.148933
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0

0.148933
0.121885
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818
0
0.270818

0.103147
0.126036
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0

0.126036
0.103147
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
0
0.229182
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Eigenvalues[infPower]
eigenv = Chop[Eigenvectors[infPower] ]

{1.,1.,4.45671x107"7, 1.30687x 107",
-8.65344x107'%, -8.65344x10*%, 0., 0., 0., 0., 0., 0., 0., 0.}

{{0.176462, 0.21562, 0.392082, 0, 0.392082,

0, 0.392082, 0, 0.392082, 0, 0.392082, 0, 0.392082, 0},

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
~0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859},
{-0.248588, -0.124294, 0.295199, - 0.482485, 0.295199, -0.482485, -0.177999,
0.280815, 0.228096, -0.331622, -0.0372807, —-0.0588287, 0.026294, 0.0693067},
{0.898695, 0.359478, 0.0680094, 0.0412316, 0.0680094, 0.0412316, 0.0595218,
0.00170567, 0.115174, 0.0168121, -0.00661464, —-0.0352167, -0.177693, 0.0227868},
{0.552263, 0.297365, -0.346495, 0.252642, —-0.346495, 0.252642, 0.25542,
0.0517482, -0.138013, -0.0162059, -0.0802833, 0.0349794, -0.0689406, -0.0862774},
{0, 0.0416355, 0.143577, -0.157279, 0.143577, -0.157279, -0.0245231,

~0.138085, 0.0162562, 0.0488765, 0.073074, 0.0739753, -0.0736272, 0.0268794},
(1., 0,0,0,0,0,0,0,0,0,0,0,0,0}, {0,1.,0,0,0,0,0,0,0,0,0,0,0,0},

{0, o0,1.,0,0,0,c0,0,0,0,0,00,0} {O, 0,0,1.,0,0,0,0,0,0,0,0,0,0},
¢, o0, 0,0,1.,0,0,0,0,00,00,0}, {0O,0,0,0,0,1.,0,0,0,0,0,0,0,0},
{0, 0,0,0,0,0, -0.841016, 0, 0.312353, 0, 0.312353, 0, 0.312353, 0},

{Ol 6, o, 0, 0, 0, 0,0, 0,0,0,0,0, 0}}

Two 1-valued eigenvalues are computer and their corresponding eigenvectors:

infPower.eigenv[[1]]
eigenv[[1]]

{0.176462, 0.21562, 0.392082, 0., 0.392082, 0.,
0.392082, 0., 0.392082, 0., 0.392082, 0., 0.392082, 0.}

{0.176462, 0.21562, 0.392082, 0, 0.392082,
0, 0.392082, 0, 0.392082, 0, 0.392082, 0, 0.392082, 0}

infPower.eigenv[[2]]
eigenv[[2]]

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859}

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859}

In Bra and Ket notations above commutations just showed:

1. Infinite power of a 14-Sets Stochastic matrix is Stochastic
2. 14-Sets Stochastic matrix has all 1 Eigenvectors with 1-valued eigenvalue
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infPower | 1 >
14

(t.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1., 1., 1.}

3. 14-Sets Stochastic matrix has 2 more 1-valued eigenvectors

infPower | eigenv[[1]] >

{0.176462, 0.21562, 0.392082, 0., 0.392082, 0.,
0.392082, 0., 0.392082, 0., 0.392082, 0., 0.392082, 0.}

eigenv[[1]]

{0.176462, 0.21562, 0.392082, 0, 0.392082,
0, 0.392082, 0, 0.392082, 0, 0.392082, 0, 0.392082, 0}

infPower | eigenv[[2]] >

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859}

eigenv[[2]]

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859}

Summarize in a Theorem, note that the conditions for the coefficients could be relaxed:

Theorem 5.1: Infinite power of a 14-Sets Stochastic matrix with all positive entries and non-zero first 6
coefficients, has a limit which is Stochastic, with three 1-valued Eigenvalues with one Eigenvector
{1,1,1,1,1,1,1,1, 1,1, 1, 1, 1, 1}. Moreover all 6 coefficients for the infinite power limit are 0. Conse-
quently the determinant of the infinite power limit is O (no assumption for the determinant of the original
matrix).

Corollary 5.1: Given the first 6 non-zero coefficients, the characteristic polynomial of infinite power is
A2 =12

Make a random set of coefficients with the first 6 coefficients non-zero and make sure the columns sum
up to 1:



rands = Join[Sort[ RandomReal[{O, 1}, 13], Less],
cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]1];
Total[cfs]

Ncoeff2 = MatrixRepl4Sets[cfs];

Style[Chop[Ncoeff2] // MatrixForm, FontSize - 9]
transNcoeff2 = Transpose[Ncoeff2];

{1}1;

14sets.nb | 27

1.
0.0242291 0.0493424 0 0 0 0 0 0 0 0
0.0493424 0.0242291 0 0 0 0 0 0 0 0
0.0680045 0.0215485 0.0922335 0 0.0708909 0 0 0 0 0
0.0215485 0.0680045 0 0.0922335 0 0.0708909 0 0 0 0
0.0854014 0.0505312 0.134744 0 0.0747603 0 0 0 0 0
0.0505312 0.0854014 0 0.134744 0 0.0747603 0 0 0 0
0.00696923 0.111031 0.0361729 0 0.248439 0 0.272668 0 0.0855153 0
0.111031 0.00696923 0 0.0361729 0 0.248439 0 0.272668 0 0.0855153
0.179087  0.118048 0.370594 0 0.271223 0 0.320565 0 0.394823 0
0.118048  0.179087 0 0.370594 0 0.271223 0 0.320565 0 0.394823
0.0694041 0.00765518 0.180435 0 0.0146244 0 0.0361729 0 0.248439 0
0.00765518 0.0694041 0 0.180435 0 0.0146244 0 0.0361729 0 0.248439
0.0677732  0.140975 0.185821 0 0.320062 0 0.370594 0 0.271223 0
0.140975  0.0677732 0 0.185821 0 0.320062 0 0.370594 0 0.271223
Compute the infinite power:
infPower2 = Chop [MatrixPower [transNcoeff2, 200]];
Style[Chop[Transpose[infPower2]] // MatrixForm, FontSize - 9]
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0.0835766 0.0793101 0.162887 0 0.162887 0 0.162887 0 0.162887 0 0.162887
0.0793101 0.0835766 0 0.162887 0 0.162887 0 0.162887 0 0.162887 0
0.172972 0.164142 0.337113 0 0.337113 0 0.337113 0 0.337113 0 0.337113
0.164142 0.172972 0 0.337113 0 0.337113 0 0.337113 0 0.337113 0
0.0835766 0.0793101 0.162887 0 0.162887 0 0.162887 0 0.162887 0 0.162887
0.0793101 0.0835766 0 0.162887 0 0.162887 0 0.162887 0 0.162887 0
0.172972 0.164142 0.337113 0 0.337113 0 0.337113 0 0.337113 0 0.337113
0.164142 0.172972 0 0.337113 0 0.337113 0 0.337113 0 0.337113 0
Compute the characteristic polynomial:
Simplify[Chop[CharacteristicPolynomial[infPower2, A]]]

A2 (1. - 2. Amz)

6. Roots of +1 and -

o o o oo

0
0.0361729
0
0.370594
0
0.272668
0
0.320565
0

© 0o 0o oo oo

0.162887
0
0.337113
0
0.162887
0
0.337113

~ A~~~ A A A

0.03¢

0.37

0.27

0.32
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Lets reach an element of 14-Sets algebra to power 2:

vi=aocp+boi+coy+doz+eos+fos+gog+ho;+io0g+jog+koig+1loy; +moys +n0;3;
vlpower = viOvl
(a®+b?) op+2aboy+ (2ac+c’+bd+be+de) op+ (b (c+f) +d (2a+c+£)) o3+
(b (c+f)+e(2a+c+f)) o+ (de+b (d+e) +£f (2a+£f)) o5+
(2ag+bh+eh+gh+bi+di+gi+dk+ek+2gk+il+kl+hm+km+c (d+e+2g+1+m))
o+ (d°+bg+2ah+fh+h*+bj+gj+fk+hk+
gl+jl+1°+d(g+j+21)+hn+kn+c (f+h+n)) o7+
<e2+bg+2ai+fi+i2+bj+gj+fk+ik+gm+jm+m2+e (g+3j+2m) +
in+kn+c (f+i+n))og+ (bh+bi+2aj+2fj+hj+ij+£1l+
il+fm+hm+2jn+ln+mn+e (£+h+n)+d (f£+i+n)) o9+

(gz+ch+ci+hi+2ak+2ck+hk+ik+k2+bl+gl+e (g+1) +bm+gm+1m+d (g+m)>
O10 +

(gh+cj+hj+bk+jk+2al+cl+2hl+kl+f (g+l)+bn+gn+ln+d (2h+k+n)) o+
(gi+cj+ij+bk+jk+2am+cm+2im+km+f (g+m) +bn+gn+mn+e (2i+k+n)) o+

(dj+ej+3j*+bl+el+jl+bm+dm+jm+1lm+2an+in+n’+h (i+n)+£f (h+i+2n)) o3

Because of the first term (a2 + b2> there are only Complex solutions for -1 roots, therefore no Real
roots.

So far the author has found 7 roots of +1:

rootsl =
Solve [ (Coefficient[vlpower, {oo, O1, O2, O3, O4, Os, Og, O7, Og, O9, O10, O11, O12, O13}] /.
{d-»0,e-»0,9g-0,h>0,1i-50,3j->0,k->0,1-0, m>0,n-»0}) =
{1I ol o’ 0’ 0l o’ ol 0l 0’ ol 0l 0’ o’ 0}’ {al b’ cl f}]

{{a»-1,b->0,c~>0,£f->2}, {a>-1,b>50,c->2, £->50},
{a-»0,b>-1,¢~>0,£f-50}, {2a-0,b>1,¢c~>0,£f->50}, {a>1,b>0,c>-2,£f->50},
{a-1,b-»0,¢->0,£f--2}, {2a>»-1,b>0,¢c>0,£f-50}, {2a51,b>0,c>0, £>50}}
(o1) © (01)

Oo

(—Uo+2*0'2)o(—0'0+2*0'2)

Oo

(00-2*0’5)0(00—2*05)

Oo

(00—2*07)0(00—2*07)

Oo
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(0'0—2*0'3)0(0'0—2*0'3)

Oo

(00 - 2 % 019) @ (0p - 2 * O19)

Oo

(00 -2 % 013) © (0p - 2 * 013)

Oo

7. Inverse Elements

EQ 3.2 renders a 14x14 matrix representation for v1 as left-hand multiplicand in vector product v1v2 .
In order for this product to allow for inverses the determinant of the representing matrix must be non-
zero. Following Mathematica code calculates the hairy determinant formula and its zeros:

det = Det[coeff]

(a® -b?) (az—bz+ac—bd—be—de+af+cf)2
((e+j+m) (-(a+c+h+k) (-bc+ae-bh+aj-bk+am) +
(d+g+1) ((d+g+1l) (e+J+m) - (c+h+k) (£f+i+n)) +
(b+d+g+1) (-(d+g+1l) (b+e+j+m)+ (a+c+h+k) (f+i+n))) -
(f+i+n) ((b+d+g+1l) (r-ad+bf-ag+bi-al+bn)+
(c+h+k) ((d+g+1) (e+J+m) - (c+h+k) (£f+i+n)) -
(a+c+h+k) ((b+d+g+1) (e+J+m) - (c+h+k) (a+f+i+n))) +
(a+f+i+n) ((d+g+1l) (—-ad+bf-ag+bi-al+bn)-
(c+h+k) (-(d+g+1l) (b+e+j+m)+ (a+c+h+k) (£E+i+n)) +
(a+c+h+k) (-(b+d+g+1) (b+e+j+m)+ (a+c+h+k) (a+f+i+n))) -
(b+e+3j+m) (-(c+h+k) (-bc+ae-bh+aj-bk+am) +
(d+g+1l) ((b+d+g+1l) (e+j+m) - (c+h+k) (a+f+i+n)) +
(b+d+g+1l) (-(b+d+g+1l) (b+e+j+m)+ (a+c+h+k) (a+f+i+n))))?

General criteria for zeros:

(*» Mathematica Warning: Solve::svars:
"Equations may not give solutions for all \"solve\" variables. ")
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Solve[det == 0, {a, b, c,d, e, £,g,h,1i, j, k, 1, n}]

14

~a?2+b?-ac+bd+be+de

{{b»—a},{bea},{fe }
a+c

{n>-a-b-c-d-e-f-g-h-i-j-k-1-m},

{n>-a+b-c+d+e-f+g-h-i+j-k+1+m}, {c>-a,d->-b}, {c>-a, ea—b}}

Solve for variable ‘a’ in terms of the others :

Solve[det = 0, a]

{ta--b), (a~-b}, {a~-b}, (a- b}, {a b}, (a— b),

®
\:

»>-b-c-d-e-f-g-h-i-j—k-1-m-nj},

a
as-b-c-d-e—f-g-h—i—j—k-I-m-n},

{a—> ;—(—c—f+\/4bz+cz+4bd+4be+4de—2c:f+f2 )}
{

{

{a-b-c+d+e-f+g-h-i+j—k+I1+m-nj {a—>b—c+d+e—f+g—h—i+j—k+l+m—n}}
EQ 7.1

{a— —b} means if a = —b then the determinant has zero solution. Therefore EQ 7.1 issues exact criteria

for when the determinant is O.

Let’s repeat the same calculations for v2 in product v1v2 :
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CoefficientArrays|[
{(aa2+bb2) =0, (a2b+ab2) =0, (a2c+ac2+cc2+b2d+be2+de2) =0,
(b2c+a2d+ad2+cd2+bf2+df2) =0, (bc2+a2e+c2e+ae2+b2f+e2f) =0,
(bd2+b2e+d2e+a2f+af2+ff2) =0, (c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+
g2h+bi2+di2+gi2+e2k+g2k+dk2+gk2+c21+i21+k21+cm2+hm2+km2) ==0,
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+gj2+
f2k+h2k+d21+3j21+d12+gl1l2+112+cn2+hn2+kn2) ==0,
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fi2+ii2+b2j+e2j+g23j+
fk2+ik2+e2m+g2m+em2+jm2+mm2+c2n+i2n+k2n) == 0,
(d2f+ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+£fj2+1ij2+
fl2+il2+f2m+h2m+d2n+j2n+12n+en2+jn2+mn2) ==0,
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2+
kk2+b21+e21+g2l+bm2+dm2+gm2+1m2) =0,
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a21+£f21+h21+
al2+cl2+h12+k12+bn2+dn2+gn2+1n2) ==0,
(fg2+e2i+g2i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+i2m+
k2m+am2+fm2+im2+b2n+e2n+g2n+m2n) == 0,
(fh2+f2i+h2i+d2j+ej2+jj2+bl2+el2+jl12+b2m+d2m+j2m+12m+a2n+
f2n+h2n+an2+fn2+in2+nn2) ==0}, {a, b,c,d,e, £,g,h,1i, j, k, 1, m, n}]

{SparseArray[<0>, {14}], SparseArray[<84>, {14, 14}]}

coeffRIGHT = Normal [%] [[2]];
coeffRIGHT // MatrixForm

a2 b2 0 0 0 0 0 0 0 0 0 0 0 0

b2 a2 o o o o o o o o o o o o

c2 e2 a2+c2 b2 +e2 o o o o o o o o o o

dz f2 b2 +d2 a2+ f2 o o o o o o o o o o

e2 c2 o o a2+c2 b2 +e2 o o o o o o o o

£2 a2 o o b2 +d2 a2+ f2 o o o o o o o o

g2 i2 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 e2+g2+m2 c2+i2+k2 0 o

h2 j2 £2+h2+n2 d2+32+12 0 0 b2+d2+j2+12 a2+£2+h2+n2 0 0 £2+h2+n2 d2+3j2+12 0 0

i2 g2 0 0 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 e2+9g2+m2 c2+i2+k2
j2 h2 o o £f2+h2+n2 d2+3j2+12 o o b2+d2+3j2+12 a2+ £f2+h2+n2 o o £2 +h2 +n2 d2+j2+12
k2 m2 i2 + k2 g2 +m2 o o e2+g2+m2 ©2+i2 + k2 o o a2+c2+i2+k2 b2+e2+g2+m2 o o

12 n2 j2+12 h2 +n2 o o £2 +h2 + n2 d2+3j2+12 o o b2+d2+3j2+12 a2+ £f2+h2+n2 o o

m2 k2 0 0 i2+k2 g2 +m2 0 o e2+g2+m2 c2+i2+k2 0 o a2+c2+i2+k2 b2+e2+g2+m2
n2 12 0 0 j2+12 h2 +n2 0 0 £2+h2+n2 daz+j2+12 0 o b2+d2+3j2+12 a2+£2+h2+n2
a2 b2 0 0 [ 0 0 [ 0 0 0 0 [ 0 al
b2 a2 0 0 [ 0 0 [ 0 0 0 0 [ 0 b1
2 e2 a2+c2 b2 + 62 0 0 0 0 0 0 0 0 0 0 1
d2 2 b2 +d2 a2 +f2 0 0 0 0 0 0 0 0 0 0 d1
e2 c2 0 0 a2 +c2 b2 +e2 0 0 0 0 0 0 0 0 el
f2 d2 0 0 b2 +d2 a2 +f2 0 0 0 0 0 0 0 0 1
g2 2 e2+g2+m2 c2+i2+k2 [ 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 2 +g2+m2 €2 +i2+k2 0 0 g1 o
h2 j2 f2+h2+n2 d2+j2+12 0 0 b2+d2+j2+12 a2+f2+h2+n2 0 0 f2+h2+n2 d2+j2+12 0 0 h
i2 g2 0 0 e2+9g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 e2+g2+m2 c2+i2+k2 i
2 h2 0 0 f2+h2+n2 d2+j2+12 0 0 b2+d2+j2+12 a2+f2+h2+n2 0 0 f2+h2+n2 d2+j2+12 i
k2 m2 i2+k2 g2 +m2 0 0 e2+9g2+m2 €2 +i2 +k2 0 0 a2+c2+i2+k2 b2+e2+92+m2 0 0 k1
12 n2 j2+12 h2 +n2 [ 0 2 +h2 +n2 d2 +j2 +12 0 0 b2 +d2+j2+12 a2+f2+h2+n2 [ 0 "
m2 k2 0 0 i2+k2 g2+ m2 0 0 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 ([ m1
n2 12 0 0 j2+12 h2 +n2 0 [ f2+h2 +n2 d2 +j2 +12 0 0 b2+d2+j2+12 a2+f2+h2+n2 nt

EQ7.2
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detRIGHT = Det [coeffRIGHT]

(a2 -b2?) (a2?-b2?+a2c2-b2d2-b2e2-d2e2+a2 f2+c2 £2)”
((d2 +3j2+12) (- (a2+c2+1i2+k2) (-b2c2+a2d2-b2i2+a23j2-b2k2+a212) +
(e2+g2+m2) ((d2+3j2+12) (e2+g2+m2) - (c2+i2+k2) (f2+h2+n2)) + (b2 +e2+
g2+m2) (- (b2+d2+3j2+12) (e2+g2+m2) + (a2+c2+1i2+k2) (f2+h2+n2))) -
(f2+h2+n2) ((b2+e2+g2+m2) (-a2e2+b2f2-a2g2+b2h2-a2m2+b2n2) +
(c2+1i2+k2) ((d2+3j2+12) (e2+g2+m2) - (c2+1i2+k2) (f2+h2+n2)) - (a2 +c2 +
i2+k2) ((d2+3j2+12) (b2+e2+g2+m2) - (c2+12+k2) (a2+£f2+h2+n2))) +
(a2 +£f2+h2+n2) ((e2+g2+m2) (-a2e2+b2f2-a2g2+b2h2-a2m2+b2n2) -
(c2+1i2+k2) (- (b2+d2+3j2+12) (e2+g2+m2) + (a2 +c2+1i2+k2) (£2+h2+n2)) +
(a2 +c2 +1i2 + k2)
(-(b2+d2+3j2+12) (b2+e2+g2+m2) + (a2+c2+1i2+k2) (a2+£f2+h2+n2))) -
(b2 +d2+3j2+12) (-(c2+1i2+k2) (-b2c2+a2d2-b2i2+a23j2-b2k2+a212) +
(e2 +g9g2+m2) ((d2+32+12) (b2+e2+g2+m2) - (c2+i2+k2) (a2+£f2+h2+n2)) +
(b2 +e2 +g2 +m2)

(- (b2+d2+32+12) (b2+e2+g2+m2) + (a2+c2+1i2+k2) (a2+f2+h2+n2))))2

Solve[detRIGHT == 0, {a2, b2, c2, d2, e2, £2, g2, h2, i2, j2, k2, 12, n2}]

—a2?2+b2?-a2c2+b2d2+b2e2+d2e2
{{bZe—aZ}, {b29a2},{f2» }
a2 +c2

{n2 > -a2-b2-c2-d2-e2-£f2-g2-h2-i2-3j2-k2-12-m2},
{n2 > -a2+b2-c2+d2+e2-f2+g2-h2-12+3j2-k2+12+m2},

{c2 > -a2, d2 > -b2}, {c2 > -a2, e2 > —b2}}

Solve[detRIGHT == 0, a2]

{{az - —b2}, {a2 » b2}, {a2 - —b2}, (a2 - b2}, (a2 — b2}, {a2 - b2},

{a2—>—b2—c2—d2—e2—f2—g2—h2—|2—J2—k2—I2—m2—n2},
{a2 >-b2-c2-d2-e2-f2-9g2-h2-i2-j2-k2-12-m2 -n2},
{a2 -b2-c2+d2+e2-f2+92-h2-i2+j2 -k2+12 + m2 —n2},
{a2—>b2—c2+d2+e2—f2+92—h2—i2+j2—k2+|2+m2—n2}}

EQ7.3

From EQ 7.1 and 7.2 we can conclude:

Lemma 7.1: The conditions allowing for the inverse element, either from left or right is the same.
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1 in this algebra has representation of 4414 or the identity matrix:

one = coeff /. {a->1,b>50,¢c>0,d-»0,e->0,
f-0,9g-»0,h->0,i-50,j->0,k->0,1-0, m>0,n-0};
one // MatrixForm

1 0000O0OO0OO0OO0OO0OO0OGOOPO
0100O0O0OO0OO0OO0OOO0OOO0OO
0010O0O0OO0OOO0OOO0OOO0OO
00010O0OOOOOOOOOO
000O0O10O0O0OO0OOGOOOQ OO
000O0O0O1IO0O0O0OO0OOOTQ OO
000O0O0O0OOI11O0O0OO0OOOTQ OO
000O0OOOI1O0O0OOOTQO0ODPO
000O0OOOOOT1IO0GO0OO0OQO0OPO
00O0O0OOOOOOI1O0O0OO0ODO
00O0O0OOOOOOOTI1O0O0OTP
000O0OOOOOOOOTI1IO0TP 0
000O0OOOOOOOOOTI1IO
00O0OOOOOOOOO OO O1

The products vivi~'and v1~" v1 must give unique inverses for both right and left since the determinate
is non-zero (EQ 7.1, 7.3), therefore :

Lemma 7.2: The left and right inverses are identical (assuming EQ 7.1, 7.3).

In general violation of EQ 7.1, 7.3 could cause no inverse or non-unique inverse.

And since the matrix multiplication of these matrix representations are associative therefore this algebra
is also associative, let’s call this algebra 14-Sets:

Theorem 7.1: 14-Sets algebra is associative, given constraints of EQ 7.1, 7.3 then this algebra forms a
group.

In general 14-Sets algebra is not commutative.

8. Random Coefficients Theorem

Theorem 8.1: Elements of 14-Sets algebra with (almost-incompressible) almost-random coefficients
have inverse.
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Proof: We model the concept of randomness by Kolmogorov complexity (Appendix A). By Theorem 1
and constraints of EQ 7.1, 7.3 an irreversible element has to have a pattern to its coefficients i.e. con-
straints EQ 7.1, 7.3 and therefore could not be as random as possible since its Kolmogorov complexity
will be considerably less than the length of strings of its coefficients, recall Theorem A.2 and C(x) = x if
x (concatenated coefficients) were incompressible . Therefore all random or incompressible vectors
have inverse.

Remark 8.1 : What this theorem indicates is that the randomness in the universe is the backbone for all
the algebras we understand and compute with! It is the reverse of what we have learned at school and
against our contemporary understanding.

Keep running the few lines below and you see the random matrix representations always have non-zero
determinant:

v = MatrixRepl4Sets[RandomReal[{5, -5}, 14]1];
Style[v // MatrixForm, FontSize -» 7]

Det[v]
-3.30809 -3.4264 0 0 0 0 0 0 0 0 0 0 0 0
-3.4264 -3.30809 0 0 0 0 0 0 0 0 0 0 0 0
-0.144406 4.31252 -3.45249 0 0.886118 0 0 0 0 0 0 0 0 0
4.31252  -0.144406 0 -3.45249 0 0.886118 0 0 0 0 0 0 0 0
-1.53178 -0.557539 -4.95818 0 -3.86563 0 0 0 0 0 0 0 0 0
-0.557539 -1.53178 0 -4.95818 0 -3.86563 0 0 0 0 0 0 0 0
-2.44593 1.39232 1.9833 0 3.42784 0 0.119753 0 -1.4431 0 1.9833 0 3.42784 0
1.39232 2.44593 0 1.9833 0 3.42784 0 0.119753 0 1.4431 0 1.9833 0 3.42784
2.26295 4.76527 -1.32898 0 0.753287 0 -2.67312 0 -4.63707 0 -1.32898 0 0.753287 0
4.76527 2.26295 0 -1.32898 0 0.753287 0 -2.67312 0 -4.63707 0 -1.32898 0 0.753287
2.17993 0.116716 3.57225 0 -2.32922 0 1.9833 0 3.42784 0 0.119753 0 -1.4431 0
0.116716 2.17993 0 3.57225 0 -2.32922 0 1.9833 0 3.42784 0 0.119753 0 -1.4431
-2.4802 -3.03439 2.28507 0 -0.771444 0 -1.32898 0 0.753287 0 -2.67312 0 -4.63707 0
-3.03439 -2.4802 0 2.28507 0 -0.771444 0 -1.32898 0 0.753287 0 -2.67312 0 -4.63707

-154.889

9. Meaning of Coefficients

Probabilities

One of the most natural interpretations of the 14-Sets Stochastic matrix representation is of course that
of probabilities of states summing up to 1. This is a well studied and understood interpretation: 7, j
entries contains the probability of going from the state j to state i. In case of the 14-Sets matrix represen-
tations, one possible related interpretation: m;,4 ;.4 = probability or frequency of a given Kuratowski

operator o ; to switch to another o;, we show the latter by o;— ;. In general let’s use the notations:

O',‘—>O'j
n
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where P is the probability of going/switching from o; to o; after n steps, # in place of P means non-zero
probability.

Example 9.1: Probabilities along the columns add to 1:

Style[Ncoeff // MatrixForm, FontSize -» 7]

0.0329978 0.283497 0 0 0 0 0 0 0 0 0 0 0 0
0.283497 0.0329978 0 0 0 0 0 0 0 0 0 0 0 0
0.00679916 0.154915 0.0397969 0 0.438412 0 0 0 0 0 0 0 0 0
0.154915 0.00679916 0 0.0397969 0 0.438412 0 0 0 0 0 0 0 0
0.0678861 0.0377381 0.351383 0 0.0707359 0 0 0 0 0 0 0 0 0
0.0377381 0.0678861 0 0.351383 0 0.0707359 0 0 0 0 0 0 0 0
0.0691335 0.101474 0.270276 0 0.123541 0 0.156539 0 0.553773 0 0.270276 0 0.123541 0
0.101474 0.0691335 0 0.270276 0 0.123541 0 0.156539 0 0.553773 0 0.270276 0 0.123541
0.0728054 0.0214534 0.152933 0 0.136754 0 0.420251 0 0.185931 0 0.152933 0 0.136754 0
0.0214534 0.0728054 0 0.152933 0 0.136754 0 0.420251 0 0.185931 0 0.152933 0 0.136754
0.0152676 0.0462279 0.116742 0 0.115361 0 0.270276 0 0.123541 0 0.156539 0 0.553773 0
0.0462279 0.0152676 0 0.116742 0 0.115361 0 0.270276 0 0.123541 0 0.156539 0 0.553773
0.0474148 0.04239 0.0688681 0 0.115195 0 0.152933 0 0.136754 0 0.420251 0 0.185931 0
0.04239 0.0474148 0 0.0688681 0 0.115195 0 0.152933 0 0.136754 0 0.420251 0 0.185931

Therefore the following computation explain such a probabilistic Subjective Form:
< 1 | Ncoeff
14

(t.,1.,1.,1.,1.,1.,1.,1., 1., 1., 1., 1., 1., 1.}

Imagine a machine which has large array of sensors sensing the space around an area (object). Each
sensor can sense the Kuratowski’s operators in action:

o sensor senses the individual points in space or on a surface

o4 sensor senses its location has no points from a specified area

o5 sensor senses the boundary of an object e.g. edge of a table, skin of an apple
05 sensor senses an interior of some object

The sensor is in an infinite-loop, continually sensing the space and objects, but each time triggered it
might sense the action of a different Kuratowski’s operator e.g. it could be sensing o this moment and
next moment o5. This could be due to the motion in space or objects changing shapes or the space
itself changing configuration.

Let’s code a function that does the Adjacency Graph of a Stochastic 14-Sets vector:
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(* Self-Loops are removed =*)
graphl4Sets [cfs0_, scaleO_] :=
Module[{cfs = cfsO, matREP, matREP2, matREP3, matREP4, g, gPower, scale = scaleO},

matREP = MatrixRepl4Sets[cfs];
matREP2 = Table[Boole[matREP[[u]][[w]] # 0], {u, 1, 14}, {w, 1, 14}];

g = GraphPlot [Transpose[matREP2], DirectedEdges » {True, "ArrowheadsSize" - 0.01},
MultiedgeStyle » 2, SelfLoopStyle » False, VertexRenderingFunction -
({EdgeForm[Black], Yellow, Disk[#1, scalex 0.18], Black, Text[o(sy_1), #1]} &) ];

matREP3 = Chop [N[MatrixPower [matREP, 200]], 10°-9];
matREP4 = Table[Boole[matREP3[[u]][[w]] # 0], {u, 1, 14}, {w, 1, 14}]1;

gPower = GraphPlot [Transpose[matREP4],
DirectedEdges » {True, "ArrowheadsSize" -» 0.01}, MultiedgeStyle » 1,
SelfLoopStyle » False, VertexRenderingFunction » ({EdgeForm[Black],
Yellow, Disk[#1, scalex 0.15 /2], Black, Text[o(a_1), #1]} &) 1;

(* matREP = matrix representation, matREP2 the boolean,
matREP3 infinite power, matREP4 boolean of the infinite power,
g graph of the first stochastic matrix,

gPower the graph of the infinite power stochastic matrix =)
{matREP, matREP2, matREP3, matREP4, g, gPower}

]

Example 9.2: Start with a Stochastic 14-Sets vector v = (%) oo+ (15) o1+ (%) 0, the following is the

Adjacency Graph of this vector:

(# recall self-loops are removed =*)
res = graphl4Sets [{1/3,1/3,1/3, 0, 0, 0,0,0,0,0,0,0,0,0}, 1];

res[[5]]
,’/\? 8 41 48
. el bl ON
(9™ [ _fo—@ &, &) » Q2
1\ [ ?% \\ / \
J \_)} J

Look at its matrix representation (call it m) below and by graph above you can see there is ms 4 = %

probability to go from ogto oy , My 4 = % probability to go from o3 to o3 i.e. stays in o3 state or next

trigger of the sensor will be again the action of o3, there are no arrow from o to o4 i.e. probability
ms7= 0, orifin state og No way to go to o4 or if the sensor is sensing the action of gs_next trigger

cannot be g4, while there is an arrow from o4 to o i.e. probability m; 5 = %
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Style[res[[1]] // MatrixForm, FontSize -» 7]
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For v to stay as v i.e. sensors triggered for the second time yet again the sensors sensed
(%) frequency for oo — o and (;—) frequency for oo— 01 and (%) frequency for oo — 0, the correspond-

ing vector to the last statement is v? (matrix power), and for next set of triggers to get the same frequen-
cies corresponding 14-Sets vector is v3and so on.

Remark 9.1: (v")7 = (vT)" , therefore we need not to transpose v.

Therefore to have the same frequencies for the Kuratowski’s operators, the corresponding vector (after
infinite amount of triggers):

v® = Lim v" EQ9.1

n—oo
By v* it is meant the stable state of such probabilities staying fixed:
VeV = v v =y EQ9.2

where (v®);,4, j+1 = probability to go from o to o; in infinite steps .
The following is the Adjacency Graph for v* for the above v:

res[[6]]
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Style[res[[3]] // MatrixForm, FontSize -» 7]

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 [ 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0.222222 0.111111 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0
0.111111 0.222222 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333
0.111111 0.0555556 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0
0.0555556 0.111111 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667
0.222222 0.111111 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0
0.111111 0.222222 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333 0 0.333333
0.111111 0.0555556 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0
0.0555556 0.111111 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667

This graph shows us:

0.0555556 . 0 .
oog— 0g While 09— 0y as an example by in general:
(o) (o)

350, i=0t02, j=Tto13
while
o0, , i=0t013, j=0to5

In other words the probabilities from o , 074 to o5 , after infinite steps, got ‘drained’ and re-distributed
amongst og too43 .

Lim ((1—)0'0+(1)0'1 +(;—)0'2)n: 0.222222 05 + 0.111111 07 + 0.111111 05 +

n—oo \\ 3 3

0.055556 g + 0.222222 049 + 0.111111 044 + 0.111111 0742 + 0.055556 013

Example 9.3: Start with a Stochastic 14-Sets vector v = (;—) oo+ (%) o4, corresponding to general

discrete topological spaces, the following is the Adjacency Graph of this vector:

(*# recall self-loops are removed =*)

(» set MultiedgeStyle—-0 =*)

res = graphl4Sets [{1/2,1/2, 0, O, 0, 0, 0,0,0,0,0,0,0,0}, 1];
res[[5]]
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Infinite power produces the same! There is no ‘draining’ as in the other case.

res[[6]]
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Lm ((3)o0+(3)on)" = () + (5)

These meanings are called Subjective Form [3] : How a 14-Sets vector goes from one state to
another, or How points from one space to another, or How projects from one realm to another, or How
copies from location to another and so on.

Preserved Linear Form

We can go further and explain other Subjective Forms:

<1 |Ncoeff | ax>
12

l.X0+1.X1+1.X2+1.X3+1.X4+1.X5+
1.X6+1.X7+1.Xg+1.X9+1.X10+1.X11+1.X12+1.X13

The coefficients for the Kuratowski operators preserve a linear form or preserve a hyperplane perpendic-
ularto{1,1,1,1,1,1,1,1,1,1, 1,1, 1, 1}.

Preserved Quadratic Form
Replacing x by a square x° :
<1 |Ncoeff | 2ux%>

14

1. X20+1. X21+1. X22+l- X23+1. X24+1. X25+

1. X26+l. X27+1. X28+1' X29+l. X210+1. X211+l. X212+1. X213

9.1 Source and Sinks

In investigating the stable vectors of EQ 9.1:

v® = Lim v"

n—oo

Random such vectors reach stability by draining (zeroing) their first 6 coefficients!

Make a 14-Sets stochastic vector with random coefficients:



cfs =

Total[cfs]

{0.0306064, 0.0405948, 0.128805, 0.0457791, 0.0398854, 0.00137605, 0.101888,
0.148462, 0.0635421, 0.149689, 0.100425, 0.00260541, 0.00371443, 0.142628}

1.

randl4SetsStoch[]

Look at the first column where the coefficients reside, all random:

res = graphl4Sets[cfs, 1];
(*» v the 14-Sets vector with cfs coefficients =x)
v=res[[1l]];
Style[v // MatrixForm, FontSize - 7]

0.0306064
0.0405948
0.128805
0.0457791
0.0398854
0.00137605
0.101888
0.148462
0.0635421
0.149689
0.100425
0.00260541
0.00371443
0.142628

0.0405948
0.0306064
0.0457791
0.128805
0.00137605
0.0398854
0.148462
0.101888
0.149689
0.0635421
0.00260541
0.100425
0.142628
0.00371443

0
0
0.159411
0
0.0804802
0
0.150273
0
0.207546
0
0.248887
0
0.153403
0

0 0 0

0 0 0

0 0.0863738 0
0.159411 0 0.0863738

0 0.0319824 0
0.0804802 0 0.0319824

0 0.377691 0 0
0.150273 0 0.377691

0 0.193288 0 0
0.207546 0 0.193288

0 0.104494 0 0
0.248887 0 0.104494

0 0.20617 0 0
0.153403 0 0.20617

Stochastic requirement checked for all columns:

Total[v]

(t.,1.,1.,1.,1.,1., 1., 1., 1., 1., 1., 1., 1., 1.}

Square the vector v and notice the first 6 coefficients in column 1 drop in value:

v2 = Chop[N[MatrixPower[v, 2]], 10"-9];
Style[v2 // MatrixForm, FontSize -» 7]

sumColumn[v2]

0.00258469
0.00248492
0.0297786
0.0140465
0.0129185
0.00538957
.113788
.159527
102987
.115409
.120428
.122827
0.0916867
0.106145

oo oo oo

0.00248492
0.00258469
0.0140465
0.0297786
0.00538957
0.0129185
.159527
113788
115409
102987
122827
120428
106145
0916867

o

0
0
0
0
0
0
0.

0
0
0.0323633
0
0.0154034
0
0.250662
0
0.214522
0
0.279955
0
0.207095
0

(1.,1.,1.,1., 1.,

0 0 0

0 0 0

0 0.0165314 0
0.0323633 0 0.0165314

0 0.00797426 0
0.0154034 0 0.00797426

0 0.309733 0
0.250662 0 0.309733

0 0.220014 0
0.214522 0 0.220014

0 0.236615 0
0.279955 0 0.236615

0 0.209132 0
0.207095 0 0.209132

1.,1.,1.,1., 1.,

1.,1.,1.,1.}

Reach to the power 4, serious drop in the value of the first 6 coefficients:

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
.408298 0 0.190868 0 0.150273 0 0
0 0.408298 0 0.190868 0 0.150273
.233883 0 0.238153 0 0.207546 0 0
0 0.233883 0 0.238153 0 0.207546
.150273 0 0.377691 0 0.408298 0 0
0 0.150273 0 0.377691 0 0.408298
.207546 0 0.193288 0 0.233883 0 0
0 0.207546 0 0.193288 0 0.233883
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0.312318 0 0.253147 0 0.250662 0
0 0.312318 0 0.253147 0 0.250662
0.222499 0 0.217106 0 0.214522 0
0 0.222499 0 0.217106 0 0.214522
0.250662 0 0.309733 0 0.312318 0
0 0.250662 0 0.309733 0 0.312318
0.214522 0 0.220014 0 0.222499 0
0 0.214522 0 0.220014 0 0.222499

oo oo oo

.377691

0

o

.193288

0

o

.190868

0

o

.238153

0

o

© oo o oo

o

.309733
0

.220014
0

.253147
0

.217106
0

o

o

o

.377691

.193288

.190868

.238153
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v4 = Chop[N[MatrixPower[v, 4]], 107-9];
Style[v4 // MatrixForm, FontSize —» 7]
sumColumn [v4]

0.0000128554 0.0000128455 0 0 0 0 0 0 0 0 0 0 0 0
0.0000128455 0.0000128554 0 0 0 0 0 0 0 0 0 0 0 0
0.00128917 0.00065399 0.00130202 0 0.000666836 0 0 0 0 0 0 0 0 0
0.00065399 0.00128917 0 0.00130202 0 0.000666836 0 0 0 0 0 0 0 0
0.000608489 0.000305373 0.000621335 0 0.000318228 0 0 0 0 0 0 0 0 0
0.000305373 0.000608489 0 0.000621335 0 0.000318228 0 0 0 0 0 0 0 0
0.13235 0.148588 0.279793 0 0.28313 0 0.283143 0 0.279806 0 0.279793 0 0.28313 0
0.148588 0.13235 0 0.279793 0 0.28313 0 0.283143 0 0.279806 0 0.279793 0 0.28313
0.103467 0.115006 0.218298 0 0.218753 0 0.218766 0 0.218311 0 0.218298 0 0.218753 0
0.115006 0.103467 0 0.218298 0 0.218753 0 0.218766 0 0.218311 0 0.218298 0 0.218753
0.133253 0.146789 0.281841 0 0.279139 0 0.279793 0 0.28313 [ 0.283143 0 0.279806 0
0.146789 0.133253 0 0.281841 0 0.279139 0 0.279793 0 0.28313 0 0.283143 0 0.279806
0.103139 0.114525 0.218145 0 0.217992 0 0.218298 0 0.218753 0 0.218766 0 0.218311 0
0.114525 0.103139 0 0.218145 0 0.217992 0 0.218298 0 0.218753 0 0.218766 0 0.218311
{1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1., 1.}
Reach to the power 8, almost all 6 coefficients 0:
v8 = Chop[N[MatrixPower[v, 8]], 10"°-9];
Style[v8 // MatrixForm, FontSize —» 7]
sumColumn [v8]
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
2.10926x10°® 1.08011x10°° 2.10959x10°° 0 1.08044x10°¢ 0 0 0 0 0 0 0 0 0
1.08011x10°° 2.10926x10°° 0 2.10959x10°¢ 0 1.08044x10°° 0 0 0 0 0 0 0 0
1.00639x10°° 5.15267x1077 1.00672x10°6 0 5.15598x 1077 0 0 0 0 0 0 0 0 0
5.15267x 107 1.00639x10° 0 1.00672x10°° 0 5.15598x 107 0 0 0 0 0 0 0 0
0.133446 0.14802 0.281463 0 0.281473 0 0.281473 0 0.281463 0 0.281463 0 0.281473 0
0.14802 0.133446 0 0.281463 0 0.281473 0 0.281473 0 0.281463 0 0.281463 0 0.2814"
0.10361 0.114922 0.218531 0 0.218533 0 0.218533 0 0.218531 0 0.218531 0 0.218533 0
0.114922 0.10361 0 0.218531 0 0.218533 0 0.218533 0 0.218531 0 0.218531 0 0.2185:
0.13345 0.148016 0.281471 0 0.281462 0 0.281463 0 0.281473 0 0.281473 0 0.281463 0
0.148016 0.13345 0 0.281471 0 0.281462 0 0.281463 0 0.281473 0 0.281473 0 0.2814¢
0.10361 0.114921 0.218532 0 0.218531 0 0.218531 0 0.218533 0 0.218533 0 0.218531 0
0.114921 0.10361 0 0.218532 0 0.218531 0 0.218531 0 0.218533 0 0.218533 0 0.2185:
{1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1., 1.}
Reach to the power 16, very close the infinite power limit, all 6 first coefficients 0 valued:
v16 = Chop[N[MatrixPower[v, 16]], 10" -9];
Style[vl6 // MatrixForm, FontSize - 7]
sumColumn[v16]
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 [ 0
0 0 0 0 0 0 0 0 0 [ 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0.133449 0.148019 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0
0.148019 0.133449 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468
0.10361 0.114922 0.218532 0 0.218532 0 0.218532 0 0.218532 [ 0.218532 0 0.218532 0
0.114922 0.10361 0 0.218532 0 0.218532 0 0.218532 0 0.218532 0 0.218532 0 0.218532
0.133449 0.148019 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0
0.148019 0.133449 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468 0 0.281468
0.10361 0.114922 0.218532 0 0.218532 0 0.218532 0 0.218532 [ 0.218532 0 0.218532 0
0.114922 0.10361 0 0.218532 0 0.218532 0 0.218532 0 0.218532 0 0.218532 0 0.218532

(1.,1.,1.,1.,1., 1.

,1.,1.,1., 1.,

1.,1.,1., 1.}
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Note that though the first 6 coefficients were drained to 0, the remaining 8 got larger at each stage due
to the stochastic requirement that each column must always add to 1.

res[[6]]

More and more such trials indicated that is a pattern for such random vectors. But further examination
showed that always the remaining non-zero 8 coefficients (See first column) are grouped as two identi-
cal 4 Real numbers!

It is as though these two groups of 4 Reals serve as two sinks for the source which comprised of the
first (non-zero) 6 coefficients.

This ‘current’ of probability distributions drains the 6 coefficient in speedy fashion i.e. v'® is a very close
approximation to v*. Multiplication after multiplication the first 6 coefficients diminish and the last 8
increase, and split into the said 2 groups of 4 identical coefficients (still sum up to 1).

Remark 9.1.1: An odd thought occurred to the author that in this case v™ is not a space we are accus-
tomed to i.e. with missing Complement and Closure operators, and since the limit approaches very fast
therefore there has to be mechanism to reset v back to original v. This gave birth to the idea of a
Topological Oscillator or Topological Pump.

Counterexample 9.1.1: Following gives a counterexample i.e. some Os in the first 6 coefficients, where
the last 8 coefficients are not bundled in two the 2 identical groups:

cfs=.;
cfs={(1,0,1,0,0,1,0,0,0,0,0,0,0,0};
cfs = cfs / Total[cfs]
Total[cfs]

1 1

1
{71 OI —r OI OI —r OI OI OI or OI OI OI O}
3 3 3

1
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cyl = graphl4Sets[cfs, 1];
Style[cyl[[1]] // MatrixForm, FontSize -» 9]
Style[cyl[[3]] // MatrixForm, FontSize -» 9]

o

000 O0O0OO0OO0OTO0OTO0OTO0OTO0OO

o wim
o
o
o

00 00 O0O0OO0OO0OTO

o wik
o wir

o wim

o

o

o

S

S

S

S

o

o

o

o
o Wik w|m
o
o
o
o
[S)

S)

)

o
o
)

o
o
o w|n

o wir
o win

o o
o o
o o
o o
o o wlr
o o w|r
o
o
o Wik O w|nv O
o wir O w|iv ©O O
o wliv O wlrk O
© wiv © wir © o
=) o
o

o w|r
|
=]
(=]
o
o

o o o oo oo
o oo ooo oo
O 0o oo oo oo
o 0o oo oo oo

0.25
0.25

O 0o oo oo oo
©O oo oooo oo
O oo oooo oo

0.25 0 0.5 0

0.25 0 0 0 o 0.5 0 0.5 0 0 0 0 0 0.5

|0. Subjective Form: SO (7)

In previous explanation for Subjective Form < 1 | Ncoeff | 9, X* > we assumed that x? is any Real
14

variable. What if we assumed x> has to be a square in the 14-Sets algebra, thus limiting the domain for
x, for that matter we note that there are only 7 such idempotent squares residing on the diagonal of the
Cayley table:

Oo
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And replace x° :

0 2
12 X

{Xzo, X%, %25, ¥%3, X%, X%, %%, x%7, ¥%5, X%, X°10, X011, XP12, X213}
By the said squares in 14-Sets algebra:

a3 (rg a2 0'% a2 o'g (rg 0'%0 o
2

2
=% & ;2 93 %4 2 96 97 T8 Tg
squares_{z, > O os, =

The following quadratic form is obtained:

<1 | Ncoeff | squares >
14

1.Oo+l.02+l.O5+1.O7+1.08+1.010+1.013

Note that each term is a square (Mathematica simplifies). Or:

0'02+0'22+O'52+O'72+0'82+0'102+0'132
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Preservation of this quadratic form is a rotation in 7 dimensions however the rotation is non-linear. We
can map this non-linear rotation to a linear one in SO (7).

| . Subjective Form: O (7 - I, 1), O (I14- 1, 1) Lorenz Group

As in the case of SO (7), given 7 squares in 14-Sets algebra, generalized Lorenz Group can form
explanations for the Subjective

Form:
squareszz{_‘r—S _(ﬁ —o? _(’_g _‘T_i —o2 _O'_g _‘7_3 _O'_g 78 _"'_30 _i _”_32 "_%}
2’ 2 27 3’ 3" 5 2 3" 37 2 2’ 3 37 2

<1 | Ncoeff | squares2 >
14

*1.00*1.02*1.05*1.07*1.08*1.010+1.013

Note that each term is a square (Mathematica simplifies). Or:
2 2 2 2 2 2 2
—0g  —02 —05 —07 —0g —010 +013

Similar computation would result to O (14 - 1, 1) as well.

|2. Subjective Form: Aff (14 - |, R)

[2] Stochastic matrices in general belong to the Lie Group M (n, R) or in our case M (14, R) which is
isomorphic to the Affine group n — 1 or 14 — 1 dimensions (consisting of the general linear group and
translations i.e. Geometric contraction, expansion, dilation, reflection, rotation, shear, similarity transfor-
mations, spiral similarities, and translation are all affine transformations, as are their combinations. In
general, an affine transformation is a composition of rotations, translations, dilations, and shears.)

This follows from the result earlier [2] that M (14, R) consists of linear transformations in GL (14, R)

which are restricted to the transformations in the hyperplane perpendicular to <1 ‘ i.e.
14

<1 ’Ncoeff| 0 x> =10+ 1.2 + 1.+ 1. X% +1. % +
14

1.X25+1.X26+1.X27+1.X28+1.X29+1.X210+1.X211+1.X212+1.X213
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The actual isomorphism can be implemented by a coordinate transformation, which rotates x;3 into the

vector <1 after which 142 — 14 linear transformations which were previously in the hyperplane now

14
become linear transformations on the subspace xj x; ... X412 , leaving the xy3 axis invariant.

| 3. Construct: Octonions

By simply looking at the top left corner of the Kuratowski Monoid’s Cayley table, we find Z5:

M = kuraTable[];
™M // MatrixForm

Op O1 O2 O3 0O4 Os O O3 Og O9 O10 O11 O12 O13
01 Op Og Os Oz O3 0Og O9 Og O7 O12 013 O10 O11
Oz O3 0Oz O3 0O O7 O O7 O10 O11 O10 O11 O Oy
O3 0Oz 0O O7 Oz O3 O10 O11 O O7 O O7 O10 O11
Oy Os 0Oy Os5 Og O9g Og Og O12 O13 O12 013 Og Oy
Os O4 Og O9g O Os O12 0O13 Og O9 Og Og9 O12 013
Og O7 O O7 O10 O11 O10 O11 O O7 O O7 O10 O11
07 O O10 011 O O7 O O7 O10 O11 O10 O11 O O7
Og O9g Og Og9 O12 013 O12 013 Og O9 Og Og9 O12 O13
O9 Og O12 013 Og O9g Og Og O12 013 O12 013 Og Oy
O10 O11 O10 O11 O ©O7 O O7 O10 O11 O10 O11 O O7
O11 O10 O O7 O10 O11 O10 O11 O O7 O O7 O10 O11
O12 O13 O12 O13 Og Og9 Og Og9 O12 O13 O12 O13 Og Oy
013 O12 Og Og9 O12 O13 O12 O13 Og Og9 Og Og9 Oi12 O13

Corollary 13.1: Z, is an invariant of all topological spaces! a subgroup of 14-Sets algebra.

This simple fact is actually an important discovery since no matter what Kuratowski operators we
choose on no matter what topological space, we shall always uncover Z, as an algebra to compute with
or construct larger algebras. In many constructions of Octonions Z is used but no one cares to explain
where it originates from. This overlooked fact is worthy of great concern.

Equipped with Z, and the following ingredients obtained from the topological spaces and 14-Sets
algebra, we can build the Octonions:

1. Topological spaces

2. 7, which is found as an invariant of any topological space (see Theorem 1.1 as well)

3. Product of topological spaces (which is again a topological space), Z, being a discrete topology
therefor we can construct Z,3and z,3x 7,3

4. Identification or gluing for topological spaces by identifying points to be the same (glued)

5. Reflections as members of Subjective Form Aff (14 - 1, R)
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7.

1 el
1 1 el
el el 1

7,°= {1, el, 2, e3, e4, 5, e6, e7} with the following Cayley table:

1 el e2 e3 e4d e5 eb e’7
1 1 el e2 e3 e4d e5 eb e’7
el el 1 e3 e2 e5 e4d e’7 e6
e2 e2 e3 1 el eb6 e’7 e4d e5
e3 e3 e2 el 1 e’7 e6 e5 e4d
e4d e4d e5 eb e’7 1 el e2 e3
e5 e5 e4d e’7 e6 el 1 e3 e2
e6 eb6 e’7 e4d e5 e2 e3 1 el
e7 e’7 e6 e5 e4d e3 e2 el 1

This table is actually a subset or discrete subspace of discrete topological space (223 ><223)><Zz3 .

Remark 13.1: We can take the latter and the other product spaces and map them to other spaces e.g.
(G2ox Go)x Go. Basically we took the Cayley table and mapped it into an arbitrary topological space.

We then add the Twist to this table i.e. multiply some elements of the table by -1. We model this Twist
as follows:

(2,°x2,°)x(2,° x ATf(14 - 1, R)) EQ13.1

which the entire product itself is a topological space, however we select a finite discrete subspace
comprised of either Identity matrix or Reflection transformation matrix.

Remark 13.1: Instead of the Cartesian products above, in particular the product of Aff(14-1, R) perhaps
the topological identification would be more fitting and intuitive. Basically we are gluing the entries of the

table to 7 ,°x 7 ,° and glue to the Twist to the entry which is an element of 7 5°.
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A sample point in this finite discrete topological space looks
like:

(e1, e1, e1xe1, Ref), algebraic expression extracted (e1xe1)tyist = €1+€e1xDet(Ref) = —1

where (e1xe1)1,ist is the product obtained by a twisti.e. ixi = —1, indeed Ref is a reflection matrix with
determinant -1:
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(» r ={ro,r1,r2,¥3,Y4,¥s5,Y6,¥7,Yg,X9,X10,¥11,¥12,¥13}
perpendicular to the plane of reflection %)

(* Assume r is unit =*)

rcoors = 9, r;

Element [rcoors, Reals];

ref = Simplify[ReflectionMatrix[rcoors]];

Ref = ref /. {Abs[ro]? +Abs[r;]? + Abs[r;]% + Abs[r3]% + Abs[r,]% + Abs[r5]? + Abs [re]? +
Abs[r;]% + Abs[rg]? + Abs[re]% + Abs[r;o]2 +Abs[r;;]12 + Abs[r;,]% +Abs[r;3]2 > 1,
1/Abs[ro]? +Abs[r;]% + Abs[r;]% + Abs[r3]? + Abs[r,]% + Abs [r5]% + Abs [rg]? +
Abs[r;]% + Abs[rg]? + Abs[ry]% + Abs[r;o]% + Abs[r;;]% + Abs[r;,]2 + Abs[r3]2 5 1,
Conjugate[ry] - ro,

Conjugate[r;] -» r;,
Conjugate[r,;] - rj,
Conjugate[rs] - r3,
Conjugate[r,] - ry,
Conjugate[rs] - rs,
Conjugate[rg] - rg,
Conjugate[r;] - rq,
Conjugate[rg] - rg,
Conjugate[rg] - rg,

Conjugate[rig] = rio,
Conjugate[r;;] - rig,
Conjugate[r;;] - ri,,
Conjugate[r;3] - ri3,
Abs[rg] - xro,

Abs[r;] » r;,
Abs[r;] - r,,
Abs[r3] - r3,
Abs[r,] » r,,
Abs[r5] -» rs,
Abs[rg] - rg,
Abs[r;] - ry,
Abs[rg] -» rg,
Abs[rg] -» rg,

Abs[rjo] » rio,
Abs[r;;] - ry1,
Abs[r;;] - ria,
Abs[ri3] - risz};

Style[Ref // MatrixForm, FontSize - 8]
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1—2r§ -2rgr; -2ror, -2rgrs; -2rgry -2rgrs -2rgrg -2rgY; -2Yorg -2YXgXg -2TrgTryg -2Y¥gry; -2Xgrip; -2XgIXis
-2Yor; 1—2r§ -2r;r, -2r;ry3 -2r;ry -2r;rs -2r;rg -2r;r; -2r;Y¥g -2ryr9 -2r3rjy -2Y¥;ry; -2Xryr;p; -2r;ris
-2rgr; -2rj;r; 1-2 r% -2r,r3 -2r;ry -2ryrs -2r,Y¥g -2rXyr; -2X;Y¥g -2X;Y¥y -2X;rjg -2YXp,Yry; -2YXyXry; -2X;ri3
-2rgr3 -2r;r3 -2rp;rs 1-2 r§ -2r3ry -2r3rs -2r3rg -2rzry; -2r3rg -2r3X¥y -2X3rjy -2r3ry; -2r3ry; -2Xr3Iri3

-2rgry -2r3rs -2Yrry -2r3Ir4 1—2r§ -2ryrs -2ry4Ys -2rysr; -2rs¥g -2Xgfg -2YXyYig -2YgYyp -2T4Yyp -2TF4T3

-2YgYs -2r;Y¥s -2YX,Y¥s -2X3Y¥s -2Y4TXs 1—2r§ -2Ysrg -2Y¥s5Y; -2YsYg -2YsY¥g -2Ys5Yyg -2Xs5¥y;; -2Ys5Yi; -27T¥5Xi3
-2rgrg -2ry;rg -2rrg -2r3rg -2ryYrs -2Xs5Tg 1-2 ré -2rgr; -2Xgrg -2TYrgXg -2Xgryg -2XgLljy -2TYgYip —2Y¥gXi3
-2rgr; -2r;r; -2rpr; -2r3ry; -2ryr; -2Xsr; -2YXgXry 1-2 r% -2ry;rg -2ryry -2ry;r;y -2ryry; -2rqry; -2r7ri3
-2rgrg -2r;rg -2r,rg -2r3rg -2ryrg -2rsrg -2rgrg -2r;rg 1-2 r§ -2rgry -2rgryg -2rgry; -2rgri, -2YgIis
-2YXgr9 -2r;r9 -2ryry9 -2r3ry -2r4Yy -2TY5Y¥g -2YXgXg -2X7;X9 -2TXglg 1—2r§ -2TrgTryy -2TY9ry; -2Xg9rip; -2Xg9IXiz

2
-2rgryp -2r1 Ty -2ryTryg -2r3ryg -2r¥y4¥ryy -2rsryg -2YXgryg -2r;ryg -2Y¥gryg -2Xgryy 1-2rj, -2rjry;; -2Trjgriz -2Xyori3
2
“2rory -2riry -2rpry -2r3rfy -2rgry -2rsry -2Xgry -2r;ry -2rgry -2Xgry -2rpprn 1-2ry -2rnnri; -2riprs

2
-2rori; -2riry; -2r;ry; -2r3ry; -2Trgfy; -2rsTy; -2XgFip; -2T9Fyp -2Yg¥y; -2Xgry; -2Tpf; -2rnrip; 1-2rj; -2r;pr;

2
-2rgri3 -2r;ry3 -2r;ry3 -2r3ryy3 -2ry4ry3 -2rsrijy3 -2rery3 -2ryry3 -2rgriz -2YXgryz -2rjpry3 -2r;priz -2ripriz 1-2ri;

rcoors was the coordinates of:

0
12 ¥

{ro, X1, ¥2, ¥3, ¥4, ¥s, Xe, L7, Yg, Y9, Y10y Y114 Y12, F13}

which is also the normal vector to the plane of reflection in 14-D space.

Therefore if we apply the Reflection transformation i.e. multiply its matrix multiplication to r, we should
get-r:

Simplify[Ref.rcoors] /.

{2rf+2ri+2ri+2ri+2ri+2ri+2ri+2ri+2rf+2r5+2r],+21rd +2r},+2r}; > 2}

{-ro, -¥1, ~X2, -¥3, ~¥Y4, -¥s, ~Yg, -¥Y7, -Xg, ~¥Y9, ~¥19, ~¥11, ~¥12, —¥13}

Compute the determinant of the Reflection matrix and you see its value being -1:

Det [Ref] /.

{-2rj-2r}-2r}-2r}-2r]-2ri-2r}-2ri-2r}-2r}-2r};-2r} -2}, -2r};> -2}

-1

Twist
Where is the Twist in all these?

Imagine the Cayley table was placed in front of a mirror and at each entry of the table we placed a
ribbon or the equivalent of a theoretical physicist standing up.

Stretch the ribbon and place it just touching the mirror, it is as though you stretched it all the way to the
entry inside the mirror (reflection) but twisted it a half-turn.

Or stretch the right arm of the theoretical physicist at the entry in the Cayley table to the right arm of his
reflection inside the mirror, and do the same for his left arm, you introduce a twist (criss-cross of the
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arms).

Mryachge www arvenabora. physsca umaw odu ou

Warning: Do not attempt this experiment at home, the person in the image is a highly trained theoreti-
cal physicist with many years of engrossing training.
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If the fellow and his reflection shook hands, then there is a twist like this:
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That is why all the fuss was made for the discrete topological subspace specifications as above, we can
map them into other familiar topological spaces, but the twist stays the same nonetheless! topologically
speaking.

And this twist can accurately be modelled as the determinant of the said reflection matrix.

The final result will be two copies of the table below:



1 el e2 e3 e4d e5 eb e’7
1 1 el e2 e3 e4d e5 eb6 e’
el el 1 e3 e2 e5 e4 e’7 eb6
e2 e2 e3 1 el eb e’7 e4d e5
e3 e3 e2 el 1 e’ e6 e5 e4
e4d e4d e5 eb6 e’7 1 el e2 e3
e5 e5 e4d e’7 e6 el 1 e3 e2
e6 eb6 e’ e4d e5 e2 e3 1 el
e’7 e’7 eb6 e5 e4d e3 e2 el 1
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The two copies are connected (ldentified) by twisting something at the entries e.g. a guy standing up or
a ribbon, but we can model those things by Reflection matrices and multiply the determinant which is -1
if the matrix is of type Reflection +1 if identity matrix:

1 el e2 e3 e4d e5 e6 e’7
1 1 el e2 e3 e4d e5 e6 e’
el el -1 e3 -e2 e5 -ed -e7 e6
e2 e2 -e3 -1 el e6 e’7 -e4d -e5
e3 e3 e2 -el -1 e’ -eb e5 -e4
e4d e4d -e5 -eb -e7 -1 el e2 e3
e5 e5 e4d -e7 e6 -el -1 -e3 e2
e6 eb6 e’ e4d -e5 -e2 e3 -1 -el
e’7 e’7 -eb e5 e4d -e3 -e2 el -1

Remark 13.2: Instead of using Aff(14-1, R) we could use a Braid group which is proven to be linear i.e.
it has matrix representation in GL(14,R) .
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4. Commutator

In general the Commutator is non-zero:

04 O — O Oy

Og — O10

commute:=Table[SameQ[cicj—ojoi,0], {i, o, 13}, {j, o, 13}];
commute // MatrixForm

Therefore the algebra is also non-commutative.

True
True
True
True
True
True
True
True
True
True
True
True
True
True

True

True
False
False
False
False
False
False
False
False
False
False
False
False

True
False
True
False
False
False
True
False
False
False
True
False
False
False

True
False
False

True
False
False
False

True
False
False
False

True
False
False

Compute the Commutator:

True
False
False
False

True
False
False
False

True
False
False
False

True
False

True
False
False
False
False

True
False
False
False

True
False
False
False

True

True
False
True
False
False
False
True
False
False
False
True
False
False
False

Distribute[vl ** v2] - Distribute[v2 %% v1]

(

True
False
False

True
False
False
False

True
False
False
False

True
False
False

True
False
False
False

True
False
False
False

True
False
False
False

True
False

True
False
False
False
False

True
False
False
False

True
False
False
False

True

True
False
True
False
False
False
True
False
False
False
True
False
False
False

True
False
False

True
False
False
False

True
False
False
False

True
False
False

True
False
False
False

True
False
False
False

True
False
False
False

True
False

aog) xx (a2 0¢) + (a0g) ** (b2 01) + (a0g) ** (C20,) + (Aa0gy) *x (d2 03) + (a0y) ** (€2 0y) +
aop) *x (£205) + (a0gg) ** (g2 06) + (a0p) ** (h2 07) + (a0g) ** (12 0g) + (@ 0g) ** (J2 Og) +

b(jl) * % (k2 010) + (b Ol) * * (12 Oll) + <b01) * * (m2 012) + (bOl) * * (n2 013

) *% (k2 019) + (@ 0g) ** (L2 011) + (@ 0p) ** (M2 015) + (@ 0py) ** (N2 013
) xx (a0g) - (a2 0g) *x* (bo1) - (a2 0g) ** (c0z) - (a2 0g) ** (do3) -
) #x (£05) - (a2 0¢) ** (gOg) - (a2 0g) ** (hoy) - (a2 0¢) ** (i 0g) -
a2 op) *x (koyg) - (a2 0g) ** (L o11) - (a2 0p) **x (mO13) - (@2 0p) ** (n 013

) *% (a2 0p) + (boy) »* (b2 01) + (boy) »+x (c20;,) + (boy) *x%x (d2 o03)
bop) *x (£205) + (bo1) ** (g2 06) + (bo1) x* (h207) + (bo1) *x (12 0g)

) x* (a0g) - (€2 0z) x* (bo1) - (€2 02) x* (COz) - (C202) x* (do3) -
) % (£05) - (€2 0z) x* (g0g) - (c202) xx (hoy) - (€2 0z) »x (i0g) -
c2 02) * * (kﬁlo) - (02 02) * * (l Oll) - (C2 02) * % (mOlz) - (CZ Oz) * % (n013

) % (a2 0p) + (do3) »* (b2 01) + (do3) »+x (c20;,) + (do3) *xx (d2 03)
) *x (£2 05) + (d03) x* (g2 0g) + (d03) *x (h207) + (d03) ** (12 0g)

a2 0g) ** (e o0yq) -
a2og) *x (jo
+
+ (boy) »* (€2 g4) +
+ (boy) % (J2 0g9) +
b2 0y) *x (e 0y4) -
b2 0y) ** (]
+
+ (C o) *x (€2 04) +
+ (coz) ** (j209) +
C2 0y) *x (€0y) -
c20;y) ** (J
+
+ (do3) x* (€2 g4) +
+ (do3) % (J2 0g9) +

[ e —
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(do3g) »* (k2 019) + (d0o3) **x (12 011) + (d0O3) ** (M2 01,) + (d O3) ** (n2 O13)
(d2 03) ** (a0p) - (d2 03) ** (boy) - (d203) ** (c0Oz) - (d2 03) ** (d 03) - (
(d2 03) *x (£ 05) - (d2 03) *x (gOg) - (d2 03) *x (hoy) - (d2 03) *x (i 0g) - (
(d2 o3) ** (ko19) - (d2 03) ** (1 011) - (d2 03) ** (mO1z) - (d2 03) ** (n O13)
(e 0q) »x (a2 0¢) + (€0yg) ** (b2 01) + (€ 04) *xx (€2 0;2) + (€ 0q) ** (d2 03) + (
(eoy) »* (£2 05) + (e 0y) »* (g2 0g) + (e 0y) »* (h2 07) + (e 0y) ** (12 0g) + (
(e 04) ** (k2 019) + (€ 04) **x (L2 011) + (€ 0g) **x (M2 013) + (€ 0y4) ** (N2 013)
(€2 04) ** (@ 0g) — (€2 0y) *x (boy) - (€2 0y) *x%x (C0Oy) — (€2 0y4) ** (do3) - (
(€2 04) ** (£05) - (€2 04) ** (g0g) - (€2 04) **x (ho7) - (€2 04) %% (1 0g) - (
(€2 ay4) ** (ko1g) - (€2 04) ** (1 011) - (€2 04) ** (MO13) - (€2 04) ** (N O13)
(f£o05) »* (a2 0¢) + (£05) *x (b2 01) + (£05) ** (c20;3) + (£ 05) *x (d2 03) + (
(f0s5) *x (£205) + (£ 05) ** (92 06) + (£ 05) *x (h2 07) + (£ 05) ** (12 0g) + (
(£ o5) »* (k2 019) + (£ 05) x*x (12 011) + (£ 05) ** (M2 01,) + (£ O5) ** (n2 O13)
(£2 05) ** (a0g) - (£2 05) »x (boy) - (£2 05) *x%x (c0y) - (£2 05) ** (do3) - (
(£2 05) *x (£ 05) - (£2 05) *x (gog) - (£2 05) *x (hoy) - (£2 05) *x (i 0g) - (
(£2 05) ** (ko1g) - (£2 05) »x (L o11) - (£2 05) *x (moy,) - (£2 05) ** (n O13)
(gog) ** (a2 0p) + (g 0g) ** (b2 01) + (g06) ** (C202) + (g06) ** (d2 03) + (
(gog) ** (£205) + (gog) ** (g2 06) + (g 0g) ** (h2 07) + (g0Og) ** (12 0g) + (
(gog) ** (k2 019) + (g0g) ** (12 011) + (g 0g) ** (M2 013) + (g Og) ** (N2 013)
(g2 0g) ** (a0g) - (g2 0g) ** (bo1) - (92 06) *x (C02) - (92 T6) ** (d O3) — (
(92 06) ** (£05) - (92 06) ** (g 0g) ~ (92 06) ** (h07) - (92 06) ** (1 0g) - (g2 0g) ** (J O9) -
(g2 gg) ** (ko10) - (92 0g) ** (1 011) - (92 Og) ** (MO12) - (92 Og) ** (N O13)
(hoy) »* (a2 0¢) + (ho7) *x (b2 01) + (hoy) ** (c20;3) + (hoy) % (d2 03) + (
(ho7) *x (£205) + (ho7) ** (92 06) + (ho7) *x (h2 07) + (ho7) ** (12 0g) + (
(hoy) % (k2 019) + (ho7) **x (12 011) + (ho7) ** (m2 01,) + (hoy) ** (n2 013)
(h2 07) ** (ao0g) - (h2 07) *x (boy) - (h2 07) *% (c0y) - (h2 07) ** (do3) - (
(h2 07) *x (£ o05) - (h2 07) *x (gog) - (h2 07) *x (ho7) - (h2 07) *x (1i0g) - (
(h2 07) ** (ko19) - (h2 07) ** (1 011) - (h2 07) ** (moO12) - (h2 07) »* (n O13)
(i0g) ** (a2 0¢) + (1 0g) ** (b2 01) + (1 0g) *x (€2 0z) + (1 0g) »* (d2 03) + (
(1 0g) ** (£2 05) + (1 0g) ** (g2 0gg) + (1 0g) ** (h2 07) + (1 0g) ** (12 0gg) + (
(10g) »* (k2 019) + (1 0g) xx (12 017) + (1 0g) ** (M2 071,) + (1 0g) ** (n2 0;13)
(12 0g) *x (a0p) - (12 0g) *x (boy) - (12 0g) *x (COy) - (12 0g) *x (do3) - (
(12 0g) ** (£05) - (12 0g) ** (g0g) - (12 0g) ** (ho7) - (12 0g) ** (1 0g) - (
(12 0g) ** (ko1g) - (i2 0g) ** (1 O11 (12 0g) ** (MmO1p) — (12 Og) *x (n 013)
( (
( (
( )
( (
( (
( )
( )
( )
(
(
(
(
(
(
(
(
(
(
(
(
(

Jj og) x% (a2 gg) + (J 09) *x* (b2 071) Jj og) xx (€2 0z) + (J 0g) *»* (d2 O3)

(
(
),
+ + (J 09 +
Jjog) xx (£2 05) + (J Og) ** (g2 0g) + (J O9) ** (h2 07) + (J O9) *x (12 0g) + (J 09) ** (J2 09) +
J og) *x (k2 019) + (J Og) ** (12 011) + (J Og) ** (M2 012) + (J O9) ** (N2 013) -
J2 09) ** (a0p) - (J209) *x (boy) - (J2 09) ** (COz) - (J209) ** (dO3) - (]2 09) (e oyq) -
J2 09) *x (£0s5) - (J209) ** (gOg) - (J2 09) ** (ho7) - (J209) ** (L1 0g) -~ (J209) ** (J O9g) -
J2 0g) ** (koO19) ~ (J2 09) ** (Lo11) - (J2 09) ** (MO1z) ~ (J2 O09) ** (nO13) +
k 019) ** (a2 0p) + (k019) ** (b2 01) + (ko1g) ** (€2 0z) + (koyg) ** (d2 03) +
k o10) ** (€2 04) + (kO1o) ** (£2 05) + (kO19) ** (92 06) + (kO19) ** (h2 07) +
k 019) ** (12 0g) + (k 019) ** (J2 09) + (kO19) ** (k2 019) + (kO19) ** (12 011) +
k 010) ** (m2 012) + (kO19) ** (n2 013) - (k2 019) ** (a0g) - (k2 019) *x (boOy) -
k2 019) ** (c 02) - (k2 019) ** (d 03) - (k2 019) ** (€ 04) - (k2 019) ** (£ 05) -

k2 019) ** (g 06) - (k2 019) ** (ho07) - (K2 019) ** (1 0g) - (k2 019) ** (J O9) -
k2 019) ** (ko19) - (k2 010) ** (1 011) - (k2 019) ** (mO12) - (k2 019) ** (nO13) +

1oy1) *»* (a2 09) + (L 011) **x (b2 0y) + (LO11) ** (€2 0,) + (Lo11) ** (d2 03) +
log) »x (€2 04) + (L o11) *»x (£205) + (L 0O11) ** (g2 06) + (1 011) ** (h2 07) +
lo11) ** (12 0g) + (L 011) ** (J2 09) + (L o11) ** (K2 019) + (L 011) ** (12 011)
lo11) *»* (M2 012) + (L 011) ** (N2 013) - (12 011) *x (a0g) - (12 011) *x (boy) -

12 011) ** (c03) = (12 011) *%x (do3) - (L2 011) ** (e 0y) - (12 011) ** (£ Og)

12 011) ** (g 0g) - (L2 011) *»* (hog) - (L2 011) ** (L 0g) - (12 011) ** (J O9) -

12 013) ** (koO1o) - (12 011) ** (L 011) - (L2 011) ** (mO12) - (12 011) ** (nOy3) +
mOlz) * % (a2 00) + (mOlz) * * (b2 01) + (mOlz) * % (02 02) + (mﬁlz) * % (d2 03) +
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) *x (€2 04) + (MOyy) % (£2 05) + (MmO1z) ** (92 0) + (MmO1z) ** (h2 07) +
moyy) ** (12 0g) + (MOy) ** (J2 09) + (MOy) ** (k2 019) + (MO1z) *xx (12 011) +
) * % (m2 012> + (m012> * % (n2 013) - (m2 012) * % (a00> - (m2 012) * % (b Ol)
m2 01) ** (C 0z) - (M2 012) *x (dO3) - (M2 012) *x* (€ 0y4) - (M2 O13) ** (£05) -
m2 013) ** (g 0g) - (M2 012) ** (ho7) - (M2 012) ** (L 0g) - (M2 012) ** (J Og) -
m2 013) ** (k019) - (M2 012) ** (LoO11) - (M2 013) ** (MOy2) - (M2 O12) ** (nO13) +
a2 o0p) + (noy3) ** (b2 0y) + (noy3) ** (€2 0;) + (noOy3) *x (d2 03) +

(
noj3) **x (€2 04) + (no13) ** (£2 05) + (n013) ** (g2 0g) + (nOy13) *x (h2 0o7) +
noy3) ** (12 0g) + (n013) ** (J2 09) + (n013) ** (k2 019) + (nO13) ** (12 011) +
no13) ** (M2 013) + (N O13) ** (N2 013) - (N2 013) ** (& 0p) - (N2 013) ** (boy) -
n2 013) ** (€ 0z) - (N2 013) ** (do3) - (N2 013) ** (€ 0q) - (N2 013) »* (f£05) -
n2 013) ** (g 06) - (n2013) ** (hoy) - (n2 013) ** (1 0g) - (N2 013) ** (J Oy)

(
(
(
(
(
(
(noy3) **
(
(
(
(
(
(

n2 o13) ** (Koyg) - (n2 013) ** (1 011) - (N2 013) ** (MO12) - (N2 013) ** (N O13)

We need to run the output of the Distribute [] one more time to have the kuraTable figure out the
products:

(aogg) ** (a2 0p) + (aog) ** (b2 0y) + (A0g) ** (c20;3) + (a0g) ** (d2 03) + (a0p) ** (e20y) +
(aop) ** (£2 05) + (@ 0p) ** (g2 0g) + (@ 0p) ** (h207) + (@ op) ** (12 0g) + (@ op) ** (j2 09) +
(aog) **x (k2 019) + (@0g) ** (12 011) + (a0g) *#* (M2 01;5) + (a 0p) ** (n2 013) -

(a2 op) ** (aog) - (a2 0g) ** (boy) - (a2 0p) ** (c0z) - (a2 0p) ** (do3) - (a2 0p) ** (e gy) -
(a2 op) ** (f o5) - (a2 0g) ** (g og) - (a2 0p) ** (hoy) - (a2 0g) ** (i og) - (a2 op) ** (j o9) -
(a2 gg) ** (ko) - (@2 0p) ** (L 011) - (@2 0p) ** (MmoOy3) - (a2 0g) ** (nO13) +
(boy) ** (a2 0p) + (boy) ** (b2 0;) + (boy) *#* (c20;) + (boy) ** (d2 03) + (boy) ** (€2 04) +
(boy) ** (£205) + (boy) ** (g2 0g) + (boy) ** (h207) + (boy) ** (12 0g) + (boy) ** (j2 09) +
(boy) ** (k2 019) + (boy) *#% (12 011) + (boy) ** (M2 093) + (boy) ** (n2 013) -
(b2 0;) ** (aog) - (b2 0;) **x (boy) - (b2 0;) ** (c03) - (b20;) **x (do3) - (b2 0;) ** (e 0y) -
(b2 0;) ** (f o5) - (b2 0;) ** (gog) - (b20;1) ** (hoj) - (b20;) *#*x (1 0g) - (b20;1) ** (J 09) -
(b2 01) ** (koyg) - (b2 0;) ** (L 011) - (b2 01) ** (moy3) - (b2 01) ** (noy3) +
(coy) ** (@2 0g) + (c 0z) *#* (b2 0;) + (CO3) ** (C203) + (€ 0y) #* (d2 03) + (C O3) ** (e2 0y) +
(coy) *»* (£2 05) + (c0y) ** (g2 0g) + (c 03) ** (h2 07) + (c0y) ** (12 0g) + (c0y) ** (j2 09) +
(coy) **x (k2 019) + (€ 03) ** (12 011) + (c O3) *#*% (M2 01;) + (€ 03) ** (n2 013) -
(c2 03) ** (a0p) - (c20;) ** (boy) - (c20;) ** (c03) - (€2 0;) #* (Ado3) - (€2 0;) *#* (e ogy) -
(c2 0y) **x (fo05) - (c20;) ** (gog) - (€2 0,) *x (hoy) - (c20;) ** (i 0g) - (€2 0y) ** (J o9) -
(c2 0;) ** (ko) - (€2 03) ** (L 011) - (€2 0;) ** (Mmoy3) - (€2 0y) ** (noO13) +
(do3) ** (a2 0p) + (do3) ** (b2 0;) + (do3) *#* (c20;) + (do3) ** (d2 03) + (A o3) **x (€2 04) +
(do3) ** (£205) + (do3) ** (g2 06) + (do3) ** (h207) + (do3) ** (12 0g) + (do3) ** (j2 09) +
(d o3) ** (k2 019) + (d 03) ** (12 017) + (d03) ** (M2 073) + (d 03) ** (n2 013) -
(d2 03) ** (a0g) - (d2 03) **x (boy) - (d2 03) ** (c 03) - (d2 03) **x (do3) - (A2 03) ** (e Oy) -
(d2 03) ** (f o5) - (d2 03) ** (g og) - (d2 03) ** (ho;) - (d2 03) ** (1 0g) - (A2 03) ** (J O9) -
(d2 03) ** (ko19) - (d2 03) ** (1L 011) - (A2 03) ** (moOy1;) - (d2 03) ** (noO13) +
(e 0y) *»* (@2 09) + (e 0y) *#* (b2 0y) + (€0y) ** (C203) + (€ 0y) *#* (d2 03) + (e 0y) ** (€2 0y) +
(e oy) *»* (£2 05) + (€ 0y) ** (g2 0g) + (€ 0y) ** (h207) + (€ 0y) ** (12 0g) + (e 0y) ** (j2 09) +
(e og) ** (k2 019) + (e 0y) ** (12 011) + (€ 0y) #*% (M2 01;) + (€ 04) ** (N2 013) -
(e2 04) ** (a0p) - (€2 0y) ** (boy) - (€2 0y) ** (c0z) - (€2 0y) *#* (do3) - (€2 0y) ** (e 0y) -
(e2 0y) **x (fo05) - (€2 0y) ** (gog) - (€2 0y) **x (hoy) - (€2 0y) *»* (i 0g) - (€2 0y) ** (J o9) -
(e2 0y) ** (ko) - (€2 0y) ** (L 011) - (€2 0y) ** (MOyy) - (€2 0y) ** (nO13) +
(f o5) ** (a2 0p) + (£ 05) ** (b2 0,) + (f05) ** (c20,) + (£ 05) ** (d2 03) + (£ O05) ** (e2 04) +
(£ 05) ** (£205) + (£05) ** (g2 06) + (£05) ** (h207) + (£ 05) ** (12 0g) + (£ 05) ** (j2 09) +
(f o5) ** (k2 019) + (£ 05) *% (12 011) + (£ 05) ** (M2 093) + (£ 05) ** (n2 013) -
(£2 05) ** (a0g) - (£2 05) **x (boy) - (£2 05) ** (c03) - (£2 05) **x (do3) - (£2 05) ** (e 0y) -
(f2 05) ** (fo5) - (£2 05) **x (gog) - (£2 05) ** (hoj) - (£2 05) **x (1 0g) - (£2 05) ** (J o9) -
(£2 05) ** (ko1g) - (£2 05) ** (L 011) - (£2 05) ** (moy13) - (£2 05) ** (noy3) +
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(g og) ** (@2 0g) + (g og) ** (b2 0;1) + (gOg) ** (C203) + (gog) ** (d2 03) + (g Og) ** (e2 0y) +
(g o6) ** (£2 05) + (g 06) ** (g2 06) + (g 0g) ** (h2 07) + (g Og) ** (i2 0g) + (g 06) ** (j2 09) +
(g og) ** (k2 019) + (g 0g) ** (12 011) + (g Og) ** (M2 013) + (g Og) ** (N2 013) -

(92 06) ** (@ 0p) - (92 0g) ** (b 01) - (92 0g) ** (c 02) - (g2 0g) ** (d 03) - (g2 T6) ** (e 04) -
(92 0g) *x (£ 05) - (92 0g) ** (g 06) - (92 06) ** (h 07) - (92 06) ** (i 0g) - (92 g6) ** (J O9) -
(g2 o) ** (k 010) - (92 0g) ** (1 011) - (92 Og) ** (M O12) - (g2 Og) ** (N O13) +

(hoy) ** (a2 0p) + (ho;) ** (b2 0;) + (hoy) ** (c20,) + (hoy) ** (d2 03) + (hoy) **x (e2 04) +
(hoy) ** (£205) + (ho7) ** (g2 06) + (hoy) ** (h207) + (hoy) ** (12 0g) + (hoy) ** (j2 09) +
(hoy) *»* (k2 0109) + (ho7) ** (12 011) + (ho7) ** (m2 015) + (hoy) ** (n2 0y3) -

(h2 07) ** (aog) - (h20;7) ** (bo;) - (h207) ** (c0y) - (h207) ** (do3) - (h20;7) **x (e 0y) -
(h2 07) ** (£ o5) - (h2 07) ** (gog) - (h2 07) ** (ho;) - (h2 07) ** (i 0g) - (h207) ** (J g9) -
(h2 07) ** (ko19) - (h2 0;7) ** (L 011) - (h2 07) ** (mO1;5) - (h2 07) ** (n oO13) +

(10g) ** (A2 0g) + (1 0g) ** (b2 0;) + (1 0g) ** (C20;,) + (1 0g) ** (d2 03) + (1 0g) ** (€2 0,) +
(10g) ** (£205) + (1 0g) ** (g2 0g) + (1 0g) ** (h207) + (1 0g) ** (12 0g) + (1 0g) ** (j2 09) +
(iog) ** (k2 019) + (1 0g) *#* (12 01;) + (1 0g) ** (M2 0;,5) + (1 0g) ** (n2 0;3) -

(i2 0g) ** (a0g) - (12 0g) ** (boy) - (12 0g) ** (c03) - (12 0g) **x (A o3) - (12 0g) ** (e 0y) -
(12 og) ** (£ 05) - (12 0g) ** (gog) - (12 0g) ** (hoy) - (12 0g) ** (i og) - (12 og) ** (J 09) -
(i2 og) ** (k010) - (12 0g) ** (L 011) - (12 0g) ** (MmOy3) - (12 0g) **x (n o13) +

(j 09) ** (a2 0g) + (j 09) ** (b2 01) + (J O9) ** (€2 03) + (J O9) ** (d2 03) + (J O9) ** (€2 gy) +
(3 09) ** (£2 05) + (J O9) ** (g2 0g) + (J O9) ** (h2 07) + (J 09) ** (12 0g) + (J O9) ** (j2 09) +
(3 o9) *% (k2 019) + (J 09) ** (12 011) + (J O9) ** (M2 013) + (J O9) ** (n2 013) -

(32 g9) ** (a0g) - (J209) ** (boy) - (J209) ** (c02) - (jJ209) ** (do3) - (j2 09) ** (e 0y) -
(32 09) ** (£ 05) - (J2 09) ** (g 06) - (J209) ** (ho7) - (jJ2 O9) ** (io0g) - (j2 09) ** (J 09) -
(32 09) *x (k 010) - (32 09) ** (L 011) - (J2 09) ** (MmO12) - (J2 Og) ** (nO13) +

(k 010) ** (@2 gg) + (k 019) ** (b2 01) + (k 019) ** (c2 0;5) + (k 019) ** (d2 03) +

(k 010) ** (€2 04) + (ko) ** (£2 05) + (k 019) ** (g2 0g) + (k 010) ** (h2 07) +

(k 019) ** (12 0g) + (k 019) ** (jJ2 09) + (k 019) ** (k2 019) + (k O19) ** (12 01;) +

(k 010) ** (M2 013) + (k 019) ** (n2 013) - (k2 019) ** (@ 0p) - (k2 019) ** (b o) -

(k2 019) *#* (c 03) - (k2 019) ** (d o3) - (k2 019) ** (e 04) - (k2 010) ** (f 05) -

(k2 019) ** (g 0g) - (k2 010) ** (ho7) - (k2 019) ** (i 0g) - (k2 010) ** (J 09) -

(k2 010) ** (k 010) - (k2 019) ** (1 011) - (k2 019) ** (mO12) - (k2 019) ** (n 013) +

(1 o011) ** (a2 0p) + (L 011) ** (b2 0y) + (1 011) ** (c20,) + (1 011) *#* (d2 o3) +

(1 011) ** (e204) + (1 011) ** (£2 05) + (1 011) ** (g2 0¢g) + (1 011) ** (h2 0o7) +

(1 011) ** (12 0g) + (1 011) ** (J2 09) + (1 011) ** (k2 010) + (1 011) ** (12 011) +

(1 011) *% (M2 013) + (1 011) ** (n2 013) - (12 011) ** (@ 0p) - (12 011) ** (boy) -

(12 011) ** (c03) - (12 0711) ** (do3) - (12 017) *#* (e 0y) - (12 011) *#* (£ O5) -

(12 013) ** (g 06) - (12 013) ** (hoy) - (12 011) ** (i 0g) - (12 011) ** (J 09) -

(12 011) ** (k 010) - (12 013) *% (1 011) - (12 011) *% (moOy3) - (12 01;1) ** (noy3) +

(m o) ** (a2 0g) + (MmOy3) *#* (b2 01) + (MO1;) ** (€2 0y) + (MmOyy) ** (d2 o3) +

(mo1;) ** (€2 04) + (MOyy) *#* (£2 05) + (M O1;3) ** (g2 0g) + (MmOy3) ** (h2 07) +

(moj1z) ** (12 0g) + (Moy13) ** (jJ2 09) + (MOy13) ** (K2 019) + (M O13) ** (12 011) +

(mojz) *% (M2 013) + (MO12) ** (N2 013) - (M2 013) ** (@ 0p) - (M2 013) ** (boy) -

(m2 01,) ** (c0y) - (M2 01;5) ** (d o3) — (M2 013) ** (e 04) - (M2 0y,) *»* (f o5) -

(m2 013) ** (g 06) - (M2 013) ** (hoy) - (M2 013) ** (1 gg) - (M2 0y13) ** (J ogg) -

(m2 012) ** (k 010) - (M2 012) ** (1 011) - (M2 012) ** (M O1z) - (M2 012) ** (nO13) +

(noy3) ** (a2 0p) + (N 013) ** (b2 0;) + (n013) ** (c2 0y) + (n0O13) *#* (d2 03) +

(no13) ** (€e20y) + (n013) ** (£2 05) + (N O13) ** (g2 0g) + (n 013) ** (h2 o7) +

(n o13) ** (12 0g) + (n 013) ** (J2 09) + (N O13) ** (K2 019) + (n 013) ** (12 017) +

(n 013) ** (M2 012) + (N O13) ** (N2 013) - (N2 013) ** (a 0p) - (N2 013) ** (boy) -

(n2 013) ** (c0y) - (N2 013) ** (do3) - (N2 013) ** (e 04) - (N2 013) ** (f o5) -

(n2 033) ** (g og) - (N2 033) ** (ho7) - (N2 013) ** (i 0g) - (N2 013) ** (J 0g) -

(n2 013) ** (k 019) - (n2 013) ** (1 011) - (N2 013) ** (M O12) - (N2 013) ** (N O13)

And we get:
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b2doz—bd2cz—b2ecz—d2eoz+be2cz+de202+b2co3—bc203—c2dc3+cd203—

b2 fo3;-d2fo;+bf203;+df203-b2co,+bc20o,+c2e0,-ce20,+b2fo,+e2fo,
bf2o,-ef20,-b2dos+bd2o5+b2eos+d2eos5-be2os5-de2o05+c2dog-cd2og
c2eocg+ce20s+b2hog+e2hog+g2hos-bh2og-eh20s-gh2 o0g-b21iog-d21iog
g2iocg+bi20cs+di2og+gi2o0-d2kog+e2kog+dk2os-ek20g+c21los+1i21 0
k2log-cl20os-1120¢-kl20-c2mog-h2mog-k2mog+cm2 og +hm2 o6 +
km2og-c2fo;,+cf20;,+b2go;+d2go;-bg2o;-dg20;-c2ho;+£f2ho; +ch2 oy
fh20,-b2jo0;-d2jo7-g2jo;+bj20;,+dj20;+gj207+f2ko;+h2ko;-£fk2 0y
hk207;-92107;+3j210,;+9120;-j1207;-c2no;-h2no;-k2no;+cn2o0; +hn2 oy
kn2o;+c2fog-cf203-b2gog-e2gog+bg2og+eg2og+c2iog-£f21iog-ci2opg
fi2og+b2jog+e2jog+g2jog-bj2og-ej2og-gj2og-f2kog-i2kog+ fk2og
ik20g+g2mog-j2mog-gm2og+jm2og+c2nog+i2nog+k2nog-cn2og-
in2og-kn2og+d2fog-e2fog-df2og+ef209-b2hog-e2hog+bh2og+eh2aog
b2iocg+d2iocg-bi20o9g-di2o09+h2jog-1i2jo9g-hj2o9+1ij209-£2109-1i21 oy
fl209+il209+f2mog+h2mog-fm2o9-hm209+d2no9g-e2nog9+12n 09 -
m2nog-dn2o9+en2o09-1n2o09+mn2o9-d2go;9+e€2go;9+dg2o0-e9g2 o9+

c2h01° -ch2 010
ik2 O10 +b21 010

gh20;;-c2jop
d k2 o057 -j k2 0;;
d2no;; -g2nog;
g2iopp-gi2op
b k2 0,5 +e k2 0;,
b2 n o;; +e2n o,
fh2o,5+£21 055
b2 1 o0;3-e21 053
12mo;3 -bm2 o;3

Collect and organize the coefficients:

—Cziclo—hzi0'10+ci20'10+hi2O'lo—hzk010+i2k010+hk2010—
+e2101°+92lclo—blzalo—elzolo—glzclo—meolo—dZmolo—
me010—12m010+bm2crlo+dm2010+gm2010+lm2010+f29011—f92011—92h011+

-h2jo;;+¢j20;:+hj2o05;
-c2lo0,,+f210;;-k21 0y,
-12no0;;, +bn2o;; +dn2 oy,
+Cc2jo12+1i2jo01,-¢cj2 05,
+jk2012+c2mo;,

+g2no;; +m2n oy, -bn2 o,
+h2io;3-fi203-hi2o0;3
-j21lo,;3+bl20o;3+e12 0,3

+b2ko;; +d2ko;; +j2ko;; -bk2og;
+cl20y;,-f120;;, +k1l20;;,-b2no;;
+gn2o0;;+1n2o0;,-f2go0,,+£fg2o0;,
-ij2o0,-b2ko;;-e2koi3-j2kor,
-f2mo;, +k2mo;; -em2 035 + £m2 0;, - km2 o,
-en2o0;,-gn2o0;;,-mn2 o0, - £2h o3
+d2jo;3-e2joi;3-dj2o3+e 32053
+j120;3+b2mo;3+d2mo;3 +j2mo;s

+ o+ + + 1

+

—dm20'13—jm2013-1m2013+h2n013—i2n013-hn2013+in2013

+ 4+ 4+ 1

+ +
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Collect[b2do;-bd20,-b2eo,-d2eoc,+be2o,+de2o,+b2co3-bc2o3-c2do;+
cd2o03-b2fo;-d2fo3;+bf20o3;+df20;-b2co,+bc2o,+c2eo0,-ce20,+b2fo,+
e2fo,-bf2o,-ef20,-b2dos+bd2os+b2eos+d2eos-be2os-de2o05+c2dog-
cd2og-c2ecog+ce20g+b2hog+e2hog+g2hog-bh2og-eh2o0s-gh2 o06-b21iog

d2iocg-g2iog+bi2og+di2og+gi2o¢-d2kog+e2kog+dk2o0s-ek20s+c21o0g+
i210¢+k21l06-cl1l206-11206-kl20¢-c2mog-h2mog-k2mog+cm2 og + hm2 og +
km2og-c2fo;+cf20;,+b2go;+d2go;-bg2o;-dg20;,-c2ho;+f2ho;+ch2 oy -
fh20,-b2j0;,-d2jo;-g2jo;+bj20,+dj20,+9j20;+f2ko;+h2ko;-£fk2o0;-
hk20;-9210,+3j210;+91207-j1207;-¢c2no;-h2no;-k2no;+cn2o0;+hn2o;+
kn2o;+c2fog-cf203-b2gog-e2gog+bg2o3+eg2og+c2iog-£f2iog-ci2op+
fi2og+b2jog+e2jog+g2jog-bjog-ej2og-gj2og-f2kog-i2kog+ fk2og+
ik20g3+g2mog-j2mog-gm2og+jm2og+c2nog+i2nog+k2nog-cn2og-
in2o0g-kn2og+d2fog-e2foy-df2o9+ef209-b2hog-e2hog+bh2oy+eh2og+
b2iocg+d2iocg-bi2og-di209+h2jog-12jo9-hj209+1ij209-£f2109-12109+
fl209+1il1209+f2mog+h2mog-fm2o9-hm2oy9+d2nog-e2nog+12naog-
m2nog-dn2o9+en209-1n2o9+mn2o9-d2go;9+e€2go;0+dg2oi9-€9g2 oyg+
c2hojp-ch20jp-c2iop-h2iocp+ci2o;p+hi2o090-h2kojg+i2kop+hk2og-
ik20;0+b210j9g+e21010+9210190-bl209g-€120190-912019-b2mojp-d2mo;g-
g2mojp-12mop+bm2 o190 +dm2 0190 +gm2 030+ 1m2 019+ £2g01; -£9g20;;-g2h oy +
gh20;;,-¢c2jo;:-h2jo;;+¢j20;:+hj20,;+b2ko;; +d2k oy +32k o1 -bk2 ogg -
dk20;;-jk20;;-¢210,;+f2103;-k2103;+¢c120,;-f120,; +k120;;-b2noy; -
d2no;;-g2no;;-12n0;; +bn2o;; +dn2o0,;,+gn2o0;;+1n20;;-£f2go0,+£g20;, +
g2ioci;3-gi2o03+c2jo3+i2jo13-¢j201,-1j201,-b2kojp-e2koip-j2kogs +
bk2o;,+ek20;,+jk201+c2mo;3-£f2mo;, +k2moj; -em2 055 + £m2 035, -km2 o3, +
b2no;;+e2no;,+9g2no;,+m2no;;-bn2o;,-en20;,-gn2o0;,-mn2o0;, - f2h o3 +

fh2013+f2i013+h2i0'13—fi20'13—hi20'13+d2j0'13—82j0'13—dj20'13+ej20'13—
b21013—e21013—j21013+b12013+e12013+j12013+b2m013+d2m013+j2m013+
12m0'13—bm2013—dm2013—jm20'13—lm20'13+h2n0'13—i2n013—hn20'13+in20'13,

{00, 01, 02, O3, O4, Os, O, O7, Og,; O9, O10s O11s O12s O13}]

Here are the coefficients per Kuratowski operators:
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(b2d-bd2-b2e-d2e+be2+de2) o+ (b2c-bc2-c2d+cd2-b2f-d2f+bf2+d£f2) o3+
(-b2c+bc2+c2e-ce2+b2f+e2f-bf2-ef2) o4+
(-b2d+bd2+b2e+d2e-be2-de2) o5+
(c2d-cd2-c2e+ce2+b2h+e2h+g2h-bh2-eh2-gh2-
b2i-d2i-g2i+bi2+di2+gi2-d2k+e2k+dk2-ek2+c21+
i21+k21-¢c12-i12-k12-c2m-h2m-k2m+cm2 +hm2 +km2) og +
(-c2f+cf2+b2g+d2g-bg2-dg2-c2h+f2h+ch2-fh2-b2j-
d2j-g2j+bj2+dj2+gj2+f2k+h2k-fk2-hk2-g21+
j21+gl2-3jl12-c2n-h2n-k2n+cn2+hn2+kn2) o7+
(c2f-cf2-b2g-e2g+bg2+eg2+c2i-f2i-ci2+£fi2+b2j+e2j+g2j-bj2-ej2-
gj2-f2k-i2k+fk2+ik2+g2m-j2m-gm2+jm2+c2n+i2n+k2n-cn2-in2-kn2)
og+ (d2f-e2f-df2+ef2-b2h-e2h+bh2+eh2+b2i+d2i-bi2-
di2+h2j-i2j-hj2+1j2-£f21-i21+£f12+i12+f2m+h2m-
fm2-hm2+d2n-e2n+12n-m2n-dn2+en2-1n2+mn2) o9+
(-d2g+e2g+dg2-eg2+c2h-ch2-c2i-h2i+ci2+hi2-h2k+i2k+hk2-1ik2+
b2l+e21+g21-bl2-e12-gl2-b2m-d2m-g2m-12m+bm2+dm2+gm2+1m2) o9+
(f2g-fg2-g2h+gh2-c2j-h2j+cj2+hj2+b2k+d2k+3j2k-bk2-dk2-jk2-
c21+f21-k21+cl1l2-£f12+k12-b2n-d2n-g2n-12n+bn2+dn2+gn2+1n2) oy;+
(-f2g+fg2+g2i-gi2+c2j+i2j-cj2-ij2-b2k-e2k-j2k+bk2+ek2+jk2+
c2m-f2m+k2m-cm2+fm2-km2+b2n+e2n+g2n+m2n-bn2-en2-gn2-mn2) o, +
(-f2h+fh2+f2i+h2i-fi2-hi2+d2j-e2j-dj2+ej2-b21-e21-3j21+bl2+
el2+jl12+b2m+d2m+j2m+12m-bm2-dm2-jm2-1m2+h2n-i2n-hn2+1in2) o3

Set all coefficients equal to zero and solve:

Solve[{b2d-bd2-b2e-d2e+be2+de2, b2c-bc2-c2d+cd2-b2f-d2f+bf2+df£f2,
-b2c+bc2+c2e-ce2+b2f+e2f-bf2-ef2, -b2d+bd2+b2e+d2e-be2-de2,
c2d-cd2-c2e+ce2+b2h+e2h+g2h-bh2-eh2-gh2-

b2i-d2i-g2i+bi2+di2+gi2-d2k+e2k+dk2-ek2+c21+
i21+k21-¢c12-i12-k12-c2m-h2m-k2m+cm2+hm2 +km2,
-c2f+cf2+b2g+d2g-bg2-dg2-c2h+f2h+ch2-fh2-b2j-d2j-g2j+bj2+dj2+
gj2+f2k+h2k-fk2-hk2-g21+j21+gl2-jl12-c2n-h2n-k2n+cn2+hn2+kn2,
c2f-cf2-b2g-e2g+bg2+eg2+c2i-f2i-ci2+fi2+b2j+e2j+g2j-bj2-ej2-
gj2-f2k-i2k+fk2+ik2+g2m-j2m-gm2+jm2+c2n+i2n+k2n-cn2-in2-kn2,
d2f-e2f-df2+ef2-b2h-e2h+bh2+eh2+b2i+d2i-bi2-di2+
h2j-i2j-hj2+ij2-£21-i21+£f12+il2+f2m+h2m-
fm2-hm2+d2n-e2n+l12n-m2n-dn2+en2-1n2+mn2,
-d2g+e2g+dg2-eg2+c2h-ch2-c2i-h2i+ci2+hi2-h2k+i2k+hk2-1ik2+
b2l+e21+g21-bl2-el2-gl2-b2m-d2m-g2m-12m+bm2+dm2+gm2+1m2,
f2g-fg2-g2h+gh2-c2j-h2j+cj2+hj2+b2k+d2k+j2k-bk2-dk2-3jk2-
c21+£f21-k21+cl2-f12+kl2-b2n-d2n-g2n-12n+bn2+dn2+gn2+1n2,
-f2g+fg2+9g2i-gi2+c2j+i2j-cj2-ij2-b2k-e2k-j2k+bk2+ek2+jk2+
c2m-f2m+k2m-cm2+fm2-km2+b2n+e2n+g2n+m2n-bn2-en2-gn2-mn2,
-f2h+fh2+f2i+h2i-fi2-hi2+d2j-e2j-dj2+ej2-b21-e21-3j21+b1l2+
el2+jl12+b2m+d2m+3j2m+12m-bm2-dm2-jm2-1m2+h2n-i2n-hn2+1in2} ==
ConstantArray[0, 12], {b2, c2, d2, e2, £f2, g2, h2, i2, j2, k2, 12, m2, n2}]
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d2 (‘b-e) b2 (d-e) b2 (c-f)  d2 (c-f)
{{eZﬁf\i—i,Haczfifi,

b+d b+d b+d b+d
j2-592+ (i2 (-(c+h+k)?+ (b+d+g+1)?) (-(g-3) (b+d+g+1)+ (c+h+k) (c-f+k-n)))/
(((e+h+k)2- (b+d+g+1)?) ((-c-i-k) (b+d+g+1) - (c+h+k) (-b-e-g-m))) -
(c2 (dg—eg—ch+fh+ci—fi—dj+ej—hk+ik+gl—jl—gm+jm+hn—in))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(k2 (dg—eg—ch+fh+ci—fi—dj+ej—hk+ik+gl—jl—gm+jm+hn—in))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(h2 (c2—cf—bg—eg—gz+ci—fi+bj+ej+gj+2ckffk+ik+k27gm+jmfcn—in—kn>)/

(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km),

i2 (- (c+h+k) 2+ (bed+g+1)2)

125 -b2 -d2 - g2 - (~c-i-k) (b+d+g+l) - (c+h+k) (-b-e-g-m) (h2 (-(-e-1-k) (c+h+k)+ (brdrg+1) (—bfe—gfm)))/
((cc-i-k) (b+d+g+l) - (c+h+k) (-b-e-g-m)) - 62 (- (h-i) (chik)+ (bedigel) (d-eslm)) k2 (- (h-i) (cthik)+ (brdigel) (d-esl-m)) ,
(-c-i-k) (b+d+g+1l)-(c+h+k) (-b-e-g-m) (-c-i-k) (b+d+g+1l) - (c+h+k) (-b-e-g-m)
b2 (bre)  d2 (bre) s chek 2 2\ (b-e-qg-
m2 o - E - S - g2 12(M+g+l ((-(e+h+k)?+ (b+d+g+1)?) (-b-e-g-m))/
((b+d+g+1) ((-c-1-%k) (b+d+g+1) - (c+h+k) (—b—e—g—m))))—
—c-i-k .
hZ( - ((-(-c-i-Xk) (c+h+k)+ (b+d+g+1) (—b—e—g—m))(—b—e—g—m))/
bed+g+l
((b+d+g+1) ((-c-1i-k) (b+d+g+1) - (c+h+k) (—b—e—g—m))))—
h-i .
cz(m—((—(h—l) (c+h+k)+(b+d+g+1) (d—e+l—m))(—b—e—g—m))/
((b+d+g+1) ((-c-1-%k) (b+d+g+1) - (c+h+k) (—bfe—gfm))))f
kZ( i - ((-(h-1) (c+h+k) + (b+d+g+1) (d—e+l—m))(—b—e—g—m))/
bed+g+l
((b+d+g+1l) ((-c-1i-k) (b+d+g+1) - (c+h+k) (—bfe—gfm)))),
n297%—d2;?ﬁ7(i2(bc+cdfbffdf—fgfgh+cj+hj+bk+dk+jk+cl—fl+kl—bnfdnfgn—ln))/

(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(h2(—bc—ce+bf+ef+fg+gi—cj—ij—bk—ek—jk—cm+fm—km+bn+en+gn+mn))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(k2(—df+ef+bh+eh—bi—di+hj—ij—fl—il+fm+hm—dn+en—ln+mn))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(c2 (cd—ce—df+ef—gh+gi+hsj—ij+dk—ek+cl—fl+kl—cm+fm—km—dn+en—ln+mn))/

(cd—ce7bh—eh7gh+bi+di+gi+dk—ek+cl+il+klfcm7hm—kmw}

(EQ14.1)

Let’s test the solutions to see if we get 0 commutation, u1 an arbitrary set of coefficients while u2 con-
strained as the latter solution EQ 14.1:

ul = coeff;

u2 = coeff /. {a»a2,b-»>b2,c>c2,d-»>d2, e-» e2,
f-£f2,g->9g2, h»>h2,i->»>i2, j»>3j2,k->k2,1-512, m->m2, n-> n2};

d2 (-b-e) b2 (d-e) b2 (c-f£) d2 (c-f)

u2=u2/.{e2->- , £2 5 c2 -

b+d b+d b+d b+d

(i2 (-(c+h+k)?+ (b+d+g+1)?) (-(g-3) (b+d+g+1) + (c+h+k) (c—f+k—n)))/
(((e+h+k)?- (b+d+g+1)?) ((-c-i-k) (b+d+g+1)-(c+h+k) (-b-e-g-m))) -
(c2 (dg-eg-ch+fh+ci-fi-dj+ej-hk+ik+gl-jl-gm+jm+hn-in))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -

(k2 (dg-eg-ch+fh+ci-fi-dj+ej-hk+ik+gl-jl-gm+jm+hn-in))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -

(h2 (cz—cf—bg—eg-gz+ci—fi+bj+ej+gj+2ck-

y J2-592+
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fk+ik+k’-gm+jm-cn-in-kn))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km),
i2 (-(c+h+k)?+ (b+d+g+1)?)

12 » -b2-d2-g2- -
(-c-1i-k) (b+d+g+1l) - (c+h+k) (-b-e-g-m)

(h2 (-(-c-i-k) (c+h+k) + (b+d+g+1l) (-b-e-g-m))) /
((-c-i-k) (b+d+g+1l) - (c+h+k) (-b-e-g-m)) -
c2 (-(h-1i) (c+h+k) + (b+d+g+1l) (d-e+1-m))

(-c-1i-k) (b+d+g+1l) - (c+h+k) (-b-e-g-m) )

k2 (-(h-1i) (c+h+k) + (b+d+g+1l) (d-e+1-m)) 5 b2 (b+e)

, M2 5 - —8M8M8 -
(-c-i-k) (b+d+g+1) - (c+h+k) (-b-e-g-m) b+d

d2 (b h+k

ﬂ—gZ—iZ c+—+—((—(c+h+k)2+(b+d+g+l)2) (-b-e-g-m))/
b+d b+d+g+1

((b+d+g+l) ((-c-i-k) (b+d+g+1l) - (c+h+k) (—b—e—g—m)))] -

-c-i-k
h2 [L— ((-(-c-1i-k) (c+h+k) + (b+d+g+1l) (-b-e-g-m)) (-b-e-g-
b+d+g+1

m))/ ((b+d+g+1l) ((-c-i-k) (b+d+g+1l) - (c+h+k) (—b—e—g—m)))] -

h-i
c2 [—1— ((-(h-1i) (c+h+k) + (b+d+g+1l) (d-e+1-m)) (-b-e-g-m)) /
b+d+g+1

((b+d+g+1l) ((-c-i-k) (b+d+g+1) - (c+h+k) (-b-e—g-m)))] -

h-i
k2 [—1— ((-(h-1i) (c+h+k) + (b+d+g+1) (d-e+1-m)) (-b-e-g-m)) /
b+d+g+1

((b+d+g+1) ((-c-i-k) (b+d+g+1) - (c+h+k) (—b—e—g—m)))],

b2 (-c+f) d2 (-c+f)
n2 -» - - - (i2 (bc+cd-bf-df-fg-gh+cj+

b+d b+d

hj+bk+dk+jk+cl-fl+kl-bn-dn-gn-1n))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(h2 (-bc-ce+bf+ef+fg+gi-cj-ij-bk-ek-

jk-cm+fm-km+bn+en+gn+mn)) /
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(k2 (-df+ef+bh+eh-bi-di+hj-ij-fl-il+fm+hm-dn+en-1n+mn))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km)-
(c2 (cd-ce-df+ef-gh+gi+hj-ij+dk-ek+cl-

fl+kl-cm+fm-km-dn+en-1n+mn)) /

(cd—ce—bh—eh—gh+bi+di+gi+dk—ek+c1+i1+k1—cm—hm—km)};

Simplify[Expand[u2.ul -ul.u2]] // MatrixForm



000O0OOOOOOOGOOOQ OO
000O0OOOOOOOOOQ OO
000O0OOOOOOGOOOQ OO
000O0OOOOOOOOOOQ OO
000O0OOOOOOOOOODOW
00O0OOOOOOOOOSODO
00O0O0OOOOOOOOOODO
00O0O0OOOOOOOOOSODO
00O0O0OOOOOOOOOSOTO
00O0O0OOOOOOOOOSODO
00O0OOOOOOOOOODO
00O0OOOOOOOOOODO
00O0O0OOOOOOOOOODO
00O0O0OOOOOOOOOODO

By the above computation one can easily convince:
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Lemma 14.1: Commutator for a 14-Sets vector representing a discrete topological space i.e. first two

coefficients not zero followed by all 0 coefficients, again has to be discrete.

Proof: modify the first two lines of the above code as follows:

coeff = MatrixRepl4Sets[{a, b, ¢ e
ul = MatrixRepl4Sets[{a, b, 0, 0, O, O,
And you get these as the first 2 columns of u2:
{a2,b2,0,0,0,0,0,0,0,0,0,0,0,0}
{b2,a2,0,0,0,0,0,0,0,0,0,0,0,0}

In other words the Commutator solution is another discrete space.

By definition in section 17, feeling the same space requires the corresponding 14-Sets vectors to com-

mute or:

Corollary 14.1: Discrete topological spaces have the same feeling for space.
By Lemma 14.1 a natural conclusion:

Corollary 14.2: Discrete and non-discrete spaces do not have the same feel.

By similar simple calculations:

Corollary 14.3: Assuming v is a stochastic 14-Sets vector, v and v commute. Therefore v and v feel

the same space!
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|5. Pre-Geometry: Lie Algebra and Logarithm
Lie group M (n, R)is endowed with the Lie Algebra [2]:

Ly = 6148),— 6,k 6 EQ15.1

Or all members of M(14, R) can be written as the exponential sum:
eZmmit” g e Rore EQ15.2

We omit the k, | subscripts and indeed place an integer underneath the symbol to indicate the dimen-
sion n:

L2 // MatrixForm
14

1

|
=

O OO O O O O OO OO OO oo
O O O O OO OO OO oo oo
O OO O OO O OO OO o oo
O OO O OO OO0 O0OO0O O OO OoOOo
O O O O OO O OO O oo oo
O OO O OO O OO OO o oo
O OO O OO OO0 OO O OO oo
O O O O O OO OO O oo oo
O O O O OO OO OO oo oo
O OO O OO OO0 OO O OO oo
O O O O O OO OO oo o oo
O O O O OO O OO OO OO oo
O OO O OO OO OO OoO OO oo

O O O O O O O OO o oo

Note that L' = 0 matrix:
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1?2 // MatrixForm

14

000O0OOOOOOOOOOQ OO

000O0OOOOOOOOOOQ OO

000O0OOOOOOOOOOQ OO

000O0OOOOOOOOOOQ OO

00O0O0OOOOOOOOOSODO

00O0O0OOOOOOOOOSODO

00O0OOOOOOOOOODO

00O0OOOOOOOOOODO

00O0OOOOOOOOOODO

00O0OOOOOOOOOODO

00O0O0OOOOOOOOOODO

00O0O0OOOOOOOOOODO

00O0O0OOOOOOOOOODO

00O0O0OOOOOOOOOOO

L3 // MatrixForm

14
0
0

000O0OOOOOOOO
000O0OOOOOOOO
-1 0 000O0O0OOOODO

1
0

0
0

00
0
0
0
0
0
0
0
0
0
0
0

000O0OOOOOOOO
000O0OO0OOOOOOO
00O0O0OOOOOOOO
00O0O0OOOOOOODQ
00O0OOOOOOODO
00O0O0OOOOOOODO
00O0O0OOOOOOODO
00O0O0OOOOOOODO
00O0O0OOOOOOODO
00O0O0OOOOOOODO
00O0O0OOOOOOODO

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

Lemma 15.1: Sum of the columns of the Lie Algebra elements add up to O:

]

1,3
14
{o, 0,0, 0,0,0,0,0,0,0,0,0,0,0}

sumColumn [L

The dimension of this Lie Algebra is:

EQ15.3

" -n

For the case n = 14, the dimension is 142 — 14 = 14x13 = 182. Therefore this dimension is quite large

in comparison to dimension n of M(n, R) i.e. 14.
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By fixing the index j for a particular column and varying i we can generate any column of numbers we
wish, by solving for individual entries (i, j) at each row i:

1
12«

{O(ll Aoy A3, Qgy A5y Ay A7y Agy A9y K10, A11r K12, A13/ O(14}
Their linear combination in the Lie Algebra:

Style[

( a; * L1y ay *L21 + a3 #1314 oy * L4 + a5 #1514 ag * LS/ 1 4 az *» L7t + g * L8 4 Qg #1014
14 14 14 14 14 14 14 14 14

A0 * Llo'1 + 11 * L”’l + A1z * ]'.112'1 + A13 * L13'1 + Q14 * L14'1) // MatrixForm, FontSize - 9]
14 14 14 14 14
-0 —03 — Q4 —Osg — Qg — Q7 —Og — g — Q19 — 011 — Q12 — 13 —ct34 0 0 0 0O O 0 0O O O O O O O
o 000O0O0OO0OO0OOOOOOO
o 000O0O0OO0OO0OOCOOOODO
o) 000O0OOOOOOOOOO
Qs 000O0OOOOOOOOOO
Qg 000O0OOOOOOOOOO
oy 000O0O0OO0OOOOOOOO
og 000O0O0OO0OO0OODOOOODO
o2 000O0OOOOOOOOOO
Q10 000O0OOOOOOOOOO
a1l 000O0OOOOOOOOOO
2%} 000O0O0OO0OOOOOOODO
o3 000O0O0OO0OO0OOOOOOO
014 000O0OOOOOOOOOO

Exponentiate to get the counterpart in Lie Group:
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mat =
( a1*Ll'1+az*Lz'1+a3*L3'1+a4*L4'1+a5*L5'1+a5*L6'1+a7 *L7'1+a3*La'1+a9*Lg'1+a1°*L1°'1+a11*L“'1+a12*Lu'1+a13*L13'1+a14*L“'1)
14 14 14 14 14 14 14 14 14 14 14 14 14 u /.
Style[mat // MatrixForm, FontSize - 7]

-0y -3 -0y -0 g

77787 %9 7107117127713 %14 00O0O0OO0OOOOOOTO 0O

L R e e L e T T e e e A A M R Ul PR AL € R O e

e

(g 4013 40y +0tg +0g +00y +00g +ig +00y 40Uy 1 +0y 5 40y 300y 4

L e e e I L A A R B A A M R Ul PR At E R U o

Gy 0ty 0y 0t 0 0ty +Oig +0lg +OXy 40Uy g +Oy 5 40 30y 4
Lo e e e e I L A A A B A A M R s PR A E R U o)

Oy 0ty 0y Ot 0 0ty O +0lg Oy 40hy g+ 5 40y 3O

2103104105106 107 10 107711 13714
L e e e e I T e R e R A M R s Rt A € R

01y +05 +0 40 05 +00p +0g +0g +

970310y 05 TG Ty TG g 0 g 10 ) F 5 T 3y

12030l 507 g 09 10011 15013 g [, %273 a5 g 07 g g HU10 U1 HU1p 3 g | o

01 +05 +0 +0lg +0g +00p +0g +0g +

R R R A R M TR SR PR E e 7Y
e 727037 05760y g9 010 11 "M 1370 (1462193 Mg 15 16 1y Mg 9 M1 0 1011 T2 T3 M0 )

Gy #0130y +00g +g 0ty +01g +lg +0Ly ( +OUy 1 +OLy 5+ 30y 4

o0 370 50y G g g Gyy Gy Uy3 Uy (g Uy Oy s g g g g 10 0 g 3y ) o

Gy #0130y +0lg +0g 0ty +01g g +01y ( +0Uy 1 +0Uy 5 +0Uy 300y 4

D e R e e B B e L R A A R R A A R LA PR ERS R R P
- 0000000100000
1 4003 4004 20+ 40ty $00g 40l 4011 0 403 +0g 40g 3 0y
B R L E e Tl B e e A R R U e PR E R P
0000000010000
1 4003 4004 20+ 401 $00g 40ig 40 0 4013 1 +0hq 40g 3 0y
070y Ty 05 07 g9 U011 “U1p 013Uy (g, Uy TOg g TG g Tig g T 0 0y PO 1Oy 3 g |

Oy +013 +0y +0tg +01g +00y +01g +ig +00y  +0ly 1 +00y 5 +0ly 300y 4

007 g g 001y 013 Ty [y, % ¥ #0405 g g 29 T A1 Oy W3 g |

(g 4013 40y +0tg +01g +00y +0Xg +ig +00y 40Uy 1 +0y 5 40y 30y 4
727030y 05 g~y g g 010011 01213 %ag (1. a3 " 05 gy g g 20100y 15034 )

Gy 0ty 0y 0t 0 0ty g +0lg +Oy 40Uy g +Oy 5 40 340y 4
e 72737 %6 T T8 T T M0 7M1 7M1 T3 T (L1462 T3 M s T T T T MU0 M1 T M2 "3 e |

Gy 0ty 0y 0t 0 0ty O +0lg +OXy 4y g+ 5 40 340y 4

Set g™ *2 %7 ® T @07~ dom M0~ M2=013= M4 — gymU and therefore the other entries become:

ai=a—"N_ i1 EQ154

1 (1 _e—sumU) '

Repeat this for all the remaining columns to get all «; per 14 columns and form a matrix:

Cfs = {al bl cl d’ el f’ gl hl il jl k’ 1’ m’ n};
matREP = MatrixRepl4Sets[cfs];
Style[matREP // MatrixForm, FontSize - 7]

a b 0 0 0 0 0 0 0 0 0 0 0 0
b a 0 0 0 0 0 0 0 0 0 0 0 0
cd a+c 0 b+d 0 0 0 0 0 0 0 0 0
d c 0 a+c 0 b+d 0 0 0 0 0 0 0 0
e f b+e 0 a+f 0 0 0 0 0 0 0 0 0
f e 0 b+e 0 a+f 0 0 0 0 0 0 0 0
g h dig+1 0 c+h+k 0 a+c+h+k 0 bsd+g+1l 0 d+g+l 0 c+h+k 0
h g 0 d+g+1l 0 c+h+k 0 arc+h+k 0 b+d+g+1l 0 deg+1l 0 c+h+k
i j f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m 0
i 0 fri+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 fei+n 0 e+j+m
k1 h+k 0 g+l 0 d+g+1l 0 c+h+k 0 a+rc+h+k 0 b+d+g+1 0
1k 0 h+k 0 g+1 0 d+g+1l 0 c+h+k 0 atc+h+k 0 brd+g+1l
man jem 0 i+n 0 fii+n 0 e+j+m 0 bre+j+m 0 a+f+i+n 0
nm 0 j+m 0 i+n 0 f+i+n 0 e+j+m 0 bre+j+m 0 a+f+i+n
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Llist=.;
Llist[u_] :=Tab1e[L"’“, (w, 1, 14}] ;
14

logMat = {};
Table|[

sumU = -Log[matREP[[u]][[u]l]ll;

logMat = Insert[logMat,

Table[If[w # u, matREP[[w]][[u]] * sumU/ (-matREP[[u]][[u]] +1), O],
{w, 1, 14}], u], {u, 1, 14}];

Style[logMat // MatrixForm, FontSize -» 5];
vsum = ConstantArray[0, {14, 14}];
Table[vsum = vsum + (logMat[[u]].Llist[u]), {u, 1, 14}];

Style[vsum // MatrixForm, FontSize - 5]

blLogla] clLogla] dLogla] elLogla] £Logla] gLogla] hLogla] iLogla] jLogla] kLogla] lLogla] mLogla] nLogla] bLogla]
1-a 1-a 1-a 1-a 1-a 1-a 1-a 1-a 1-a 1-a 1-a 1-a 1-a 1a
bLog(a] blogla] cLogla] dlLogla] eLogla] fLogla] gLogla] hLogla] ilogla] jLog
1-a 1-a 1a 1-a 1-a 1-a 1-a 1-a 1-a 1a
cLogla] dLogla]
1-a 1-a
drogla] cLogla]
1-a 1-a
eLogla] fLogla)
1-a 1-a
£Log(a) elogla)
1-a 1-a
glLogla] hLogla]
1-a 1-a
hLog(a] gLogla)
1-a 1-a
itog(al jLoglal
1-a 1-a
jLoglal iLogla]
1-a 1-a
kLogla] 1rogla)
1-a 1-a
1rtog(al kLogla]
1-a 1-a
nloglal nLogla]
1-a 1-a
nLogla] mlogla]
1-a 1-a

Columns add to 0 so belongs to the Lie Algebra:

Simplify[sumColumn[vsum]]

{o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0,0}

The above matrix serves as an approximation for Logarithm of a 14-Sets algebra member.
Example 15.1;

Get a set of 14 random coefficient member of the 14-Sets algebra and compute its matrix
representation.
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rands = Join[Sort[ RandomReal[{O, 1}, 13], Less], {1}1];

cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]1];
matREP = MatrixRepl4Sets[cfs];

sumColumn [matREP]

Style[matREP // MatrixForm, FontSize —» 7]

sumColumn [matREP]

Norm[matREP]

(t.,1.,1.,1.,1.,1.,1.,1., 1., 1., 1., 1., 1., 1.}

0.10016 0.100453 0 0 0 0 0 0 0 0 0 0 0 0
0.100453 0.10016 0 0 0 0 0 0 0 0 0 0 0 0
0.0147574 0.0379001 0.114918 0 0.138353 0 0 0 0 0 0 0 0 0
0.0379001 0.0147574 0 0.114918 0 0.138353 0 0 0 0 0 0 0 0
0.236013 0.0410796 0.336465 0 0.14124 0 0 0 0 0 0 0 0 0
0.0410796 0.236013 0 0.336465 0 0.14124 0 0 0 0 0 0 0 0
0.0454851 0.00374176 0.109013 0 0.0487453 0 0.148905 0 0.209465 0 0.109013 0 0.0487453 0
0.00374176 0.0454851 0 0.109013 0 0.0487453 0 0.148905 0 0.209465 0 0.109013 0 0.0487453
0.156704 0.0272065 0.248862 0 0.392768 0 0.49322 0 0.349022 0 0.248862 0 0.392768 0
0.0272065 0.156704 0 0.248862 0 0.392768 0 0.49322 0 0.349022 0 0.248862 0 0.392768
0.0302462 0.0256277 0.0339879 0 0.0711127 0 0.109013 0 0.0487453 0 0.148905 0 0.209465 0
0.0256277 0.0302462 0 0.0339879 0 0.0711127 0 0.109013 0 0.0487453 0 0.148905 0 0.209465
0.129548 0.0510777 0.156755 0 0.207782 0 0.248862 0 0.392768 0 0.49322 0 0.349022 0
0.0510777 0.129548 0 0.156755 0 0.207782 0 0.248862 0 0.392768 0 0.49322 0 0.349022

(t.,1.,1.,1.,1.,1.,1.,1., 1., 1., 1., 1., 1., 1.}

1.28014
Llist=.;
Llist[u_] :=Table[L"’“, (w, 1, 14}] ;
14
logMat = {};
Table|[
sumU = -Log[matREP[[u]][[u]l]l]l;

logMat = Insert|[logMat,
Table[If[w # u, matREP[[w]][[u]] * sumU/ (-matREP[[u]][[u]] +1), O],
{w, 1, 14}1, u], {u, 1, 14}];
Style[logMat // MatrixForm, FontSize -» 5];
vsum = ConstantArray [0, {14, 14}];
Table[vsum = vsum + (logMat[[u]].Llist[u]), {u, 1, 14}];
final = N[e""", 100];
Style[final // MatrixForm, FontSize -» 7]
sumColumn|[£final]
Norm[matREP - final] / Norm[matREP]

0.103483 0.0260118 0. 0. 0. 0. 0 0. 0 0 0. 0 0. 0.
0.0260118 0.103483 0. 0. 0. 0. 0 0. 0 0 0. 0 0. 0.
0.0173233 0.0144825 0.131252 0. 0.0420062 0. 0 0. 0 0 0. 0. 0. 0.
0.0144825 0.0173233 0. 0.131252 0. 0.0420062 0 0. 0 0 0. 0. 0. 0.
0.0799697 0.0272139 0.109563 0. 0.158727 0. 0. 0. 0. 0. 0. 0 0. 0.
0.0272139 0.0799697 0. 0.109563 0. 0.158727 0. 0. 0. 0 0. 0 0. 0.
0.0562262 0.0181639 0.0929437 0. 0.0798615 0. 0.213732 0. 0.1076 0 0.0872154 0 0.0681712 0.
0.0181639 0.0562262 0. 0.0929437 0. 0.0798615 0. 0.213732 0. 0.1076 0. 0.0872154 0. 0.0681712
0.229101 0.0764875 0.333692 0. 0.360723 0. 0.391005 0. 0.510317 0. 0.308048 0. 0.313911 0.
0.0764875 0.229101 0. 0.333692 0. 0.360723 0. 0.391005 0. 0.510317 0. 0.308048 0. 0.313911
0.0506246 0.0236815 0.0666162 0. 0.0744944 0. 0.0872154 0. 0.0681712 0. 0.213732 0. 0.1076 0.
0.0236815 0.0506246 0. 0.0666162 0. 0.0744944 0. 0.0872154 0. 0.0681712 0. 0.213732 0. 0.1076
0.198504 0.0787265 0.265933 0. 0.284188 0. 0.308048 0. 0.313911 0. 0.391005 0. 0.510317 0.
0.0787265 0.198504 0. 0.265933 0. 0.284188 0. 0.308048 0. 0.313911 0. 0.391005 0. 0.510317

(t.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1.,1., 1.}

0.279809
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We obtain a Logarithm with error about 0.3%.

The above performs better than the regular Taylor Series expansions:

X=.7
Y=-;
series = Series[Log[y + 1], {y, 0, 100}]
Y2 Y3 y4 y5 y6 y7 Y8 y9 y10 yll y12 y13 y14
- —+t — - — + — - — + - + - + - + -
2 3 4 5 6 7 8 9 10 11 12 13 14
yli7 oyt yl9 y20 y2l 0 22 23 24 25 26 27 28
—_———t — - — 4+ — - — 4+ — - —— 4+ —— - —— 4+ — -
17 18 9 20 21 22 23 24 25 26 27 28
32 33 g3 g3 36 37 38 39 40 a1 42 43
—_—t — - —+ — - —+ — - —— 4+ —— - —— 4+ —— - —— 4+ —
32 33 34 35 36 37 38 39 0 41 42 43
46 47 48 49 yS0 51 52 (53 54 55 56 57
—_ - —  — - — ¢ — - — — - —  — - —— + —
6 47 48 49 50 51 52 53 54 55 56 57
60 61 62 63 64 65 66 67 68 69 70 71
— - — 4+ — - — + — - —— 4+ — = —— + —— - —— + —
60 61 2 63 64 65 66 67 68 69 0 1
74 75 76T y78 79 80 8l 82 83 84 85
—_—t - — + — - —+ — - —— 4+ —— = —— 4+ —— - —— 4+ —
4 75 6 77 8 79 80 81 82 83 4 5
88 89 90 91 92 93 9t 95 96 97 98 99
—_—t — - —+ — - —+ — - — + — - —— 4+ —— - —— + —

yis  yls
- — +
15 16
y2o  y30 il
- +
29 30 31
44 45
- L _
4 45
58 59
+ _
58 59
y72 73
+ -
72 73
y86 87
- L _
86 87
100
+o[y]t?
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' v2 ¥ oyt YR oyt ¥y ¥R oy oyl oyl ylz gl gl 15 6
series =y-—+— - — 4 — - — 44— - — 44— - — 4 — - — f — - — 4 — - — ¢
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
yi7 oyt oyl y2° 21 22 23 24 25 26 y21 28 29 30
— e - - —— - —— 4 —— - ——  —— - —— } —— - — 4
17 18 19 20 21 22 23 24 25 26 27 28 29 30
31 32 33 3 35 36 37 38 39 40 41 42 43 44
—_— - — t— - — — - — 4 — - —  — - —  — - —  — - — %
31 32 33 34 35 36 37 38 39 40 41 42 43 44
45 46 4T ye8 g9 50 51 52 53 ¢S4 55 56 57 y58
—_— -t - T - — 4} - — - — } — - — } — - — %
45 46 47 48 49 50 51 52 53 54 55 56 57 58
59 60 61 y62 63 64 65 66 67 68 69 470 1 y72
—_— e - - —— - —— - ——  — - — } —— - — 4
59 60 61 62 63 64 65 66 67 68 69 70 71 72
13 g7t y75 76§77 T8 79 ¢80 Bl B2 83 B4 85 .86
—_— - — t— - — - — 4 — - —  — - — } — - —  — - — 4
3 74 5 76 717 78 79 80 81 82 83 84 85 86
87 88 89 90 91 92 93 94 95 9 97 98 99 100
—_— -t -t - — 4 — - —  — - — } — - — 4 — - ;

x = matREP - IdentityMatrix[14];

log = N[series /. {y » x}, 100];
Style[MatrixExp[log] // MatrixForm, FontSize » 7]
Norm[MatrixExp[log] - matREP] / Norm[matREP]
sumColumn[log]

sumColumn [MatrixExp[log] ]

0.10062 0.00960215 0. 0. 0. 0.

0. 0. 0. 0. 0. 0. 0. 0.
0.00960215 0.10062 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
0.00340771 0.0044596 0.117241 0. 0.0166418 0. 0. 0. 0. 0. 0. 0. 0. 0.
0.0044596 0.00340771 0. 0.117241 0. 0.0166418 0. 0. 0. 0. 0. 0. 0. 0.
0.0260149 0.00664335 0.0372475 0. 0.143728 0. 0. 0. 0. 0. 0. 0. 0. 0.
0.00664335 0.0260149 0. 0.0372475 0. 0.143728 0. 0. 0. 0. 0. 0. 0. 0.
0.0108511 0.00248078 0.021288 0. 0.0171187 0. 0.159959 0. 0.049553 0. 0.0235558 0. 0.0228599 0.
0.00248078 0.0108511 0. 0.021288 0. 0.0171187 0. 0.159959 0. 0.049553 0. 0.0235558 0. 0.0228599
0.0460842 0.0123927 0.0708486 0. 0.0956991 0. 0.111619 0. 0.382769 0. 0.0781642 0. 0.129547 0.
0.0123927 0.0460842 0. 0.0708486 0. 0.0956991 0. 0.111619 0. 0.382769 0. 0.0781642 0. 0.129547
0.00905782 0.00504355 0.0118504 0. 0.0176941 0. 0.0235558 0. 0.0228599 0. 0.159959 0. 0.049553 0.
0.00504355 0.00905782 0. 0.0118504 0. 0.0176941 0. 0.0235558 0. 0.0228599 0. 0.159959 0. 0.049553
0.0396147 0.015532  0.0530502 0. 0.0677391 0. 0.0781642 0. 0.129547 0. 0.111619 0. 0.382769 0.
0.015532 0.0396147 0. 0.0530502 0. 0.0677391 0. 0.0781642 0. 0.129547 0. 0.111619 0. 0.382769
0.601914

{-1.45389, -1.45389, -1.36877, -1.36877, -1.19134, -1.19134, -1.17781,
-1.17781, -0.483555, -0.483555, -1.17781, -1.17781, -0.483555, -0.483555}

{0.291804, 0.291804, 0.311525, 0.311525, 0.358621, 0.358621, 0.373298,
0.373298, 0.584729, 0.584729, 0.373298, 0.373298, 0.584729, 0.584729}

We obtain a Logarithm with error about 0.6%.

Remark 15.1: Taylor series expansion also fails to produce a member of Lie Algebra since the column
sums are not 0. Therefore the subsequent exponentiation does not have the column sums of 1.

Logarithm of Closure Operator



74 14sets.nb

We obtain an approximation of the Boundary Operator’s Logarithm in terms of a variable z and then
take the limit of the z approaching Infinity and thus obtain a Logarithm as a limit process:

cfs = {0, 0, z, 0, 0,0,0,0,0,0,0,0,0,0};
matREP = MatrixRepl4Sets[cfs];

sumColumn [matREP]

Style[matREP // MatrixForm, FontSize —» 9]

{ZI zl zl z’ zl Zl ZI zl zl ZI ZI zl zl z}

O OO0 O0OONOOCOOOOO
O OO0 O O0OONOOCOOOO O
O OONOOCOOOOOOOO
O OONOOCOOOCOOOOO
O ON OO OOCOOOOOOOoO
O 0O 00 O0OONOOOOOOO

O 0O 00000000 ONOO
©O 0O 0000000 ONOOO
O 0O 00000000 OoONOO
O 0O 00000 OO0 ONOOO
©O 0O 00 00O NOOOOOO
O 0O 00 O0OO0ONOOOOOO
O ON O OOCOOOCOOOO O
OO0 O0OO0OO0ONOOCOOOO

Approximate the Logarithm:
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Llist=.;
Llist[u_] :=Tab1e[L"’“, (w, 1, 14}] ;
14

LlistHOLD[u_] :=
Table[Superscript["L", ToString[w] <>"," <> ToString[u]], {w, 1, 14}] ;

logMat = {};

Table [
sumU = -Log[matREP[[u]][[u]]l]l;
logMat = Insert[logMat, Table[If[w # u, matREP[[w]][[u]], O], {w, 1, 14}], u],
{u, 1, 14}1;

vsum = ConstantArray[O0, {14, 14}];

vsumHOLD = 0;

Table[vsum = vsum + (logMat[[u]].Llist[u]), {u, 1, 14}];

Table [vsumHOLD = vsumHOLD + (logMat[[u]].LlistHOLD[u]), {u, 1, 14}];

vsumHOLD
final = e
Style[final // MatrixForm, FontSize - 8]
Simplify[sumColumn[final]]

vsum ,
1

PR RIS SLIALIPY EIENPS RIS RIEE IS RIS LIRS A

e? 0 00 0 0 00 0 0 00 0 0
0 e’ 00 0 0 00 0 0 00 0 0
e? (-1l+e?) 0 10 0 0 00 0 0 00 0 0
0 e? (-l+e?) 0 1 0 0 00 0 0 00 0 0
0 0 00 e? 0 00 0 0 00 0 0
0 0 00 0 e? 00 0 0 00 0 0
0 0 00 e (-l+e?) 0 10 0 0 00 e (-l+e?) 0
0 0 00 0 e? (-l+e?) 0 1 0 0 00 0 e? (-l+e?)
0 0 00 0 0 00 e’ 0 00 0 0
0 0 00 0 0 00 0 e 00 0 0
0 0 00 0 0 00 e? (-l+e?) 0 10 0 0
0 0 00 0 0 00 0 e (-1+e?) 0 1 0 0
0 0 00 0 0 00 0 0 00 e? 0
0 0 00 0 0 00 0 0 00 0 e?

{1,1,1,1,1,1,1,1,1,1,1,1,1, 1}

The Boundary Operator Logarithm is the 8 element linear combination while z approaches Infinity:

1 12,1 1 4,2 7,1 7 14 6
zLM? 4212220 L 213 42182 4217 3 4 21705 4 218024 4 21808

Remark 15.2: This version of the algorithm is based upon the fact from EQ 15.4
Lim —™__1  EQ155

sumU—s0 (1-e™)

Take the limit:
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lim = Limit[final, z » Infinity];
Style[lim // MatrixForm, FontSize -» 10]

(«{0,0,1,0,0,0,0,0,0,0,0,0,0,0} is the Closure operator =x)
MatrixRepl4Sets[{O0, O, 1, 0,0,0,0,0,0,0,0,0,0,0}] === 1lim

o
o

O O O O O O +H OO O o o o o
O O O O O O +H OO O o o o oo
O O H O O O O O O o o o o o
O O O O O O O O O o o o oo
O O FHF O O O O O O o o o o o
O O O O O O +H OO O o o o oo

O O O O O O O O o o o+ oo
O O O O O O O O O O+ O o o
O O O O O O O o o o o+ o o
O O O O OO O o o o+ O o o
O O O O O O o+ OO o o o o
O O O O O O O+ O O o o o o

O O O O O O O+ O O O O o
O O O H OO O O O o o o o

True

The Logarithm of the Boundary Operator exists as a limit process for z approaching Infinity:

logComplement = vsum;
Style[logComplement // MatrixForm, FontSize - 8]
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© ©o 0o 00 o o o
© 0o oo oo o oo
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©O 0o o o0oo0oooo oo o oo
©O 000000 oo oo o oo
©O 0o o oo0oooo oo o oo

©O © 0O 0O N OO O o o o o

©O 000000 oo oo o oo
©O 000 o000 oo oo oo
©O 0O 000000 oo oo oo

©O 0O 00 o000 oo o oN o
© 0o oo oo onN O

© ©o 0o 0o o onN O

o o o N ©

o o N ©

Logarithm of Complement Operator

We obtain an approximation of the Complement Operator’s Logarithm in terms of a variable z and then
take the limit of the z approaching i and thus obtain a Logarithm as an exact calculation:



14sets.nb | 77

.
4

{0, Log[2], O, O, O, 0O, 0,0,0,0,0,0,0,0}

cfs

.
4

MatrixRepl4Sets[cfs]

sumColumn [matREP]

matREP

Style[matREP // MatrixForm, FontSize - 8]

{Log[z], Log[z], Log[z], Log[z], Log[z], Log[z],

Log[z], Log[z], Log[z], Log[z], Log[z], Log[z], Log[z], Log[z]}

Log|[z]

0
Log[z]

Log[z]

0

Log|[z]

0

0
Log[z]

Log(z]

0

0

Log[z]

0

Log[z]

0

Log|[z]

0

Log[z]

0

Log[z]

0

Log[z]

0

Log[z]

0

Log|[z]

0

Approximate the Logarithm:
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Llist=.;
Llist[u_] :=Table[L"’“, (w, 1, 14}] ;
14

LlistHOLD[u_] :=
Table[Superscript["L", ToString[w] <>"," <> ToString[u]], {w, 1, 14}] ;

logMat = {};

Table [
sumU = -Log[matREP[[u]][[u]]l]l;
logMat = Insert[logMat, Table[If[w # u, matREP[[w]][[u]], O], {w, 1, 14}], u],
{u, 1, 14}1;

vsum = ConstantArray[O0, {14, 14}];

vsumHOLD = 0;

Table[vsum = vsum + (logMat[[u]].Llist[u]), {u, 1, 14}];

Table [vsumHOLD = vsumHOLD + (logMat[[u]].LlistHOLD[u]), {u, 1, 14}];

vsumHOLD

vsumHOLD /. {2z -» 1}

final = e"5"";

Style[final // MatrixForm, FontSize - 8]
Simplify[sumColumn[final]]

L10,8 Lll,l3 L12,l4 +

+Log[z] Lis2 +Log[z]
Log[z] 131t +Log[z] L4.12 +Log[z] 21! +Log[z] 135 +Log[z] L%+
Log[z] 153 +Log[z] 164 +Log[z] L7r° +Log[z] 1810 +Log[z] .’

Log[z] +Log[z]

1 1 1 1 1 1 1
. 10,8 . 11,13 . 1,2 . 12,14 . 13,11 . 14,12 . 2,1
— 1L+ —1 LT+ —1 L+ — 1L+ — 1L+ — 1AL+ — 1T L+
2 2 2 2 2 2 2
3,5 1 4,6 1 5,3 1 6,4 1 7,9 1 8,10 1 9,7
—1naL"+ -1+ —1 gL+ —1 L+ — 1L+ — 1LY+ — 1Tl
2 2 2 2 2 2 2
v22 22
X 9 0o 0o o 0o o 0o 0o 0o 0o 0 0
222 222
“1+22 1ez
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 ~1+22
0 0 — 0 0 0 0 0 0 0 0 0 0
222 222
1+22 ~1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1+22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1+22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 ~1+22
0 0 0 0 0 0 0 — 0 0 0 0 0
222 222
1+22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
~1+22 1+22
0 0 0 0 0 0 0 — 0 0 0 0 0
222 222
“1+22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 ~1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1+22 1422
0 0 0 0 0 0 0 0 0 0 0
222 222
1+22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222

{1,1,1,1,1,1,1,1,1,1,1,1,1, 1}
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The Logarithm of Complement Operator is the following 14 member linear combination:

117rL":"'3‘ E’TL"'"]‘ElﬂLl'zt—lﬂ'L'z'M‘ 317rL‘3'.“1- — L2, Z 5 pr2et
2 2 2

ll;rLB's»El'rL"'s‘ EIHLS'J- —inL% e Zinn7 % El/"LS"J-];lIYLg"
2 2 2

Take the limit z—i:

lim = Limit[final, z » 1];

Style[lim // MatrixForm, FontSize » 10]

MatrixRepl4Sets[{O0, 1, 0,0, 0,0,0,0,0,0,0,0,0,0}] === 1lim

0100O0O0OO0OOOOOUOTG OO

100000000O0O0O0GO0T 0O

000O010000O0O0O0GO0UO0O

000O0O0T1000O0O0O0TDO0O

00 100O0OO0OO0OOOOOODO

00O010O0O0OUOOOOUOTU OO

000OOOOOT11IO0TUO0OTG 0@ OO

0000O0O0OOOO1I000D0O

000O0O0O0OTI1O0O0O0O0O0UO0O

000O0O0O0OOT1O0O0O0GO0TO0O

00 0O0OOOOOOOOTIL1IO

00O0OOOOOOOOOTU O0OT1

00O0OOOOOOOT11I0OUO0T0

0000O0O0OOOOOOT1O00

True

Therefore the Logarithm of the Complement Operator is:
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logComplement = Limit[vsum, z -» 1] ;
Style[logComplement // MatrixForm, FontSize - 10]

- 7” o o o o0 ©0 O 0O 0 0 0 0 0
eI 5 9 o 0o 0 ©0 O O 0 0 0 0
2 2
0 o -2 o Z o 0 0 0 0 0 0 0 0
2 2
0 0 0 7% 0 7” 0 0 0 0 0 0 0 0
o o X o 7“‘2—” 0o 0 o 0 0 0 0 0 0
o o o0 ]‘2—” 0 J'LZ—" o 0o o0 o0 0 0 0 0
0 0 0 0 0 0 -2—" 0 12—" 0 0 0 0 0
o o o o o0 0 o -2 o X 9o o o o0
2 2
0 0 0 0 0 0 7" o --L o 0 0 0 0
o 0o o o o o o * o0 J"Z—” o 0o o0 o0
0 0 0 0 0 0 0 0 0 0 7“2—” 0 7” 0
o o o o0 ©0 O O o0 0 0 o0 J'LZ—" 0 ]‘2—”
0 0 0 0 0 0 0 0 0 0 12—" 0 -2—" 0
o o o o0 ©0 O o0 o0 ©0 0 o XX o -
2 2

Remark 15.3: Perhaps there is a Real Logarithm of the Complement Operator, the author currently
does not know of it.

|6. 14-Sets Hopf Algebra

Coproduct defined as a simple tensor product, where g belongs to the 14-Sets group:

A9 = g®g
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Notation[ A (c_) = Distribute[c_®c_] ]

Notation[ Ac_ = Distribute[c_®c_] ]

(* o is left as blank in most math
books but we need to have an explicit bi-product =*)

Notation[ (s_a_®c_)¢ (t_b_®d_ ) = (s_*xt_) (a_0b_)® (c_06d_) ]

Notation[ (a_x )®(b_y ) = a_xb_ (x_ 8y ) ]

(* Kludge, Mathematica is sensitive to the format of the expressions =)

v
Notation[ —®— = (1/(a_*b_)) * (x_®y_) ]
a_ b_
x
Notation[ —®y_ = (1/(a_)) * (x_®y_) ]
a

Notation[ X 81—_ = (1/(b_)) *» (x_®y_) ]

(*Kludge: Mathematica did not multiply two Reals )
Notation[ (a_a2_x )®(b_b2 y) = a_xb_%a2_+b2_(x_®y ) ]
Let’s actually compute a sample of the Coproduct:

v=aog+boy+coy+dos+eocy+fos+gog+ho;+iog+jog+kog+loy;+moip +no13;
A (v)



82 | 14sets.nb

(aogg) ® (aop) + (aog) ® (boy) + (aop) ® (coy) + (o) ® (dos3) + (aoy) ® (eogy) +
(aop) ® (fos5) + (aop) ®(gog) + (aog) ® (hoy) + (aog) ®(iog)+ (aog) ®(j o) +
(aop) ® (ko) + (2a0p) ® (1 011) + (a0p) ® (Mmoyz) + (a0p) ® (noy3) + (boy) ® (aogp) +
(bo1)®(boy) + (bo1) ®(co3) + (boy) ®(do3) + (boy) ® (eoy) + (boy) ® (£o5) +
(bo1)®(gog) + (bo1) ® (hoy) + (boy) ® (iog) + (boy) ® (j og) + (boy) ® (ko) +
(bo1)®(10y1) + (boy) ® (moyz) + (boy) ®(noy3) + (coz) ®(aogg) + (coz)®(boy) +
(coz)®(coz) + (coz) ® (do3) + (coz) ® (eoy) + (coz) ®(f05) + (coz) ®(g06) +
(coz)® (ho;) + (coz) ® (i0g) + (coz) ®(F 09) + (c02) ® (koyo) + (c0z) ® (Loy) +
(coz2) ® (moyz) + (c02) ® (noy3) + (do3) ® (aogg) + (do3) ® (boy) + (do3) ® (coz) +
(do3)®(do3) + (do3) ® (eoy) + (do3) ® (fo5) + (do3) ®(gos) + (do3) ® (hoy) +
(do3) ® (iog) + (do3) ®(j og) + (do3) ® (koy) + (do3) ® (Loy;) + (do3) ® (moy,) +
(do3) ® (noy3) + (eoy) ®(aop) + (e0y) ® (boy) + (e0y) ® (coz) + (e0y) ®(do3) +
(eoy)®(eoy) + (e0,) ® (£05) + (€0,) ®(gog) + (€0y) ® (hog) + (e0y) ® (iog) +
(e04) ®(jog) + (eoy) ® (ko) + (€04) ® (Loyy) + (€0y) ® (Moyz) + (€ 0y) ® (noOy3) +
(fos)®(aog) + (fo5)® (boy) + (fo5)®(coy) + (fo5)® (dos) + (£o5) ® (eoy) +
(fos5)®(fos5) + (£05)®(g0s) + (£05) ® (hoy) + (£05) ® (1 0g) + (£05) ®(F gg) +
(£ 05) ® (ko1o) + (£05) ® (1 011) + (£05) ® (Mmo12) + (£05) ® (no13) + (g06) ® (aoy) +
(gog) ® (boy) + (gog) ® (coz) + (906) ® (do3) + (g06) ®(eoy) + (gog) ® (fo5) +
(gos) ®(gog) + (g0s) ® (hoy) + (gog) ® (iog) + (g0s) ®(J o9) + (g06) ® (koyg) +
(goe) ® (1 011) + (g06) ® (MO12) + (g06) ®(noy3) + (hoy) ® (aogg) + (hoy)® (boy) +
(ho7) ® (coz) + (hoy) ®(do3) + (hoy) ® (eoy) + (hoy) ® (£o5) + (hoy) ® (gog) +
(ho7)® (hoy) + (hoy) ® (iog) + (hoy) ® (j o9) + (hoy) ® (koy) + (ho7) ® (Loyg) +
(ho7) ® (moyz) + (ho7) ® (noy3) + (iog) ®(aog) + (iog) ®(boy) + (iog) ®(coy) +
(iog)®(do3) + (iog) ® (eoy) + (iog) ®(fos) + (10g) ®(g0g) + (iog)®(hoy) +
(i0g)® (iog) + (iog)®(jog)+ (iog)® (ko) + (1i0g)®(Llo11) + (iog)®(Moyz) +
(iog) ® (no13) + (j o9) ® (aop) + (jog) ®(boy) + (j og) ® (coz) + (jog) ® (do3) +
(j o9) ® (e 04) + (j 09) ® (£05) + (j 09) ® (g 0g) + (j 09) ® (hog) + (j 09) ® (i 0g) +
(3 09) ® (3 09) + (3 09) ® (ko10) + (3 09) ® (1 011) + (J O9) ® (MO1z) + (J O9) ® (noOy3) +
(k 010) ® (a 0g) + (ko10) ® (bo1) + (ko1g) ® (€ 02) + (koy) ® (do3) + (ko) ®(eoy) +
(k 010) ® (£ 05) + (k010) ® (g 06) + (ko1o) ® (ho7) + (ko10) ® (i 0g) + (ko) ® (j 09g) +
(k 010) ® (k 010) + (k010) ® (1 011) + (k 010) ® (MmOy12) + (kO1o) ® (n013) +
(Lo11) ®(aop) + (1011) ® (boy) + (1011) ® (coz) + (Lo1) ® (dos) + (1o11) ® (eoy) +
(Lo11) ® (fo05) + (1011) ® (gos) + (L0o11) ® (hog) + (1011) ® (i0g) + (Lo11) ®(jog) +
(1 o011) ® (ko) + (1 011) ® (L o11) + (1 011) ® (moyz) + (1 o11) ® (noy3) +
(mojz) ® (aog) + (Mmoy2) ® (boy) + (Mmoy) ® (c02) + (Mo2) ® (do3) + (Mo12) ® (e oy) +
(moyz) ® (£ 05) + (mo13) ® (g0g) + (Moy2) ® (hoy) + (moyz) ® (L 0g) + (Mogz) ® ( og) +
(moyz) ® (ko) + (Mo12) ® (1 011) + (Moy2) ® (Mmoy2) + (MO12) ® (noy3) +
(no13) ® (aogg) + (no13) ® (boy) + (no13) ® (coz) + (no13) ® (do3) + (no13) ® (eoy) +
(no13) ® (£05) + (no13) ® (9 06) + (NoO13) ® (hoy) + (noy3) ® (io0g) + (nNo13) ®(J o9g) +
(no13) ® (ko) + (no13) ® (L 011) + (N 0O13) ® (MO12) + (N O13) ® (N 013)

Simplify the coefficients:
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a? 0g®0pg+aboy®o;+acog®o,+adoyg®o3+aeocg®oy+afoy®os+agoy®ocg+ahoy®o7+
aiog®og+ajog®og+akog®0g+aloy®0;; +amoy®01,+anog®o3+abo;®og +

b? 01®0;+bco;®0,+bdo;®o3+beoc;®o,+bfo;®os+bgo;®ocg+bho;®o7+
bioi®og+bjoi®0g+bko;®01g+blo;®o;;+bmo;®o0,+bnoy®o;3+aco,®0p+
bco,®0; +c? 0,®0,+cdo,®03+ceo0,®04+cfo,®05+cgo,®06+cho,®07 +
cioy®o0g+CcjO0,®09+Cck0;®010+Cl0o®011+CMO,®01,+CN0,®013+ado3®0g +
bdo;®o; +cdo;®0, +d? 03®03+deo3®0,+dfo3®05+dgo3®0g+dhoy3®o7 +
dios3®og+djo3®09g+dko3®0,;0+d1l03®01;+dmMo3®01,+dNo3®013+ae 0,00+
be04®ol+ce04®02+de04®o3+e2 os®04+efo,®05+egoy®0g+ehoy,®07 +
eioy®og+ejos®09+ekos®01p+reloy®0;;+emog®0,+enos®o3+af os®og

+

bf05®ol+cfo5®02+df05®03+efo5®64+f2o5®05+fgas®06+fho5®67+
fios®og+fjos®og+fkos®0g+flos®o+fmos®o,+fnos®o3+agog®og +
bgos®ol+cg06®02+dgos®03+eg06®o4+fgc56®o5+gz06®06+gh06®07+

giog®08+g9jos®09g+gkog®010+91log®011 +gMOg®012+gN0Og®013+aho;®0,

+

bh07®01+cho7®02+dh07®03+eho7®04+fho7®05+gh07®06+h2 07 ® 07 +
hio;®og+hjo;®09+hko;®0,0+hlo;®0;;+hmo;®0,+hno;®o3+aiog®0g+
biog®o;+ciog®o,+diog®o3+eiog®os+fiog®o5+giog®og+hiog®oy+
i205005+1J0g®09+1ikog®0190+110g®07; +imog®01,+1N0g®013+a ] 0g®0g +
bjog®o1+cjog®0,+djog®03+€J09g®0s4+fjog®05+gjog®0g+hjog®o7+
ij09®og+j2 09g®09g+Jkog®010+J1L0g®011+JMOg®01+JNOg®013+ak o19®0g +
bkojg®o,+ckog®o,+dkog®o3+ekog®o,+fkog®0s+gkop®o0g+hkog®o;+
ikopo®0g+3ko1g®0g+k?010®019g+k1010®01; +kmojg®01,+knojg®oi3+alo;®ocg+
blo;1®01+cl011®0,+d1o;;®03+elo11®04+£101:®05+910;:0806+h1o1®07+
il011003+31011®0g+k1l011®010+120110011+1lmo1;®01,+1n07;®013+amog,®0g+
bmo;;,®0;,+Ccm01,80,+dmMo1,®03+em01, 080, +fmo1,®05+gmo;,®0¢+hmo,®07 +
imo;,®0g+JmM0O1,®09g+Kkmo1,®019+ 1Mo, ®071; +m? 012 ®071, +MN 015 ® 013 +
anoj;3®0p+bnoj3®0;+cno13®0,+dno13®03+eno13®04+£fNn0138005+9gno0;3806+

hnoj3®0;+1ino013®03+jno13®09+kno3®010+1n0138011 +mnol3®012+n2 013 ® 013

By direct computation the following property of the Coproduct can be verified:

Athg) = A(h)oA(g)

where © is 14-Sets product and ¢ as the tensor product of algebras:
(@®0o)o(b®d) =(adb®(cod)

Remark 16.1: In most places < left as blank.

Let’s look at some short example:

A (oo)

Op ® O

A (aog+bog)

| 83
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(aop) ® (aop) + (aog) ® (boy) + (boy) ® (aoy) + (boy) ®(boy)

Simplify:

a? 00®00+ab00®01+ab01®00+b2 01 ® 01

Compute the Coproduct:

A (09 ©0s)

Og5 ® Og

See if it is same as this tensor product of Coproduct:

(& (o)) < (A (05))

Off[Syntax::sntxf] (% this warnning occurs but there is no error!!! x)

(0o ®0p) ¢ (05 ®05)

O5 ® 05

Do the same for this Coproduct:

A ((aop+bo;) ©(a209+b20;))

((aa2+bb2) gp) ® ((aa2+bb2) gp) + ((aa2+bb2) 0p) ® ((a2b+ab2) o;) +
((a2b+ab2) o;)®((aa2+bb2) gy) + ((a2b+ab2) 0;) ® ((a2b+ab2) o;)

(aa2+bb2)20y®00+ (a2b+ab2) (aa2+bb2) oy®0; +
(a2b+ab2) (aa2+bb2) 0;®0p+ (a2b+ab2)20,00;

It is same as this tensor product:

Off[Syntax::sntxf] (% this warnning occurs but there is no error!!! x)
Distribute[ (A (aop+b o)) ¢ (A (a20¢+b20;))]

((aoo) ® (aoo)) o ((a20p) ® (a2 0p)) + ((a o) ® (a0o)) © ((a20p) ® (b2 0y)) +
((aoo) ® (aogp)) ¢ ((b20;,) ®(a20p)) + ((adg) ®(aog)) ¢ ((b20y)®(b20y)) +
((aop) ® (boy)) ¢ ((a209) ® (a20p)) + ((adp) ® (boy)) ¢ ((a20p) ® (b2 1)) +
((aop) ®(boy)) o ((b20;,)®(a20)) + ((adp) ®(boy)) ¢ ((b201)®(b201)) +
((boy) ® (aoo)) @ ((a200) ® (a20p)) + ((boy) ® (aop)) @ ((a2 o) ® (b2 0y)) +
((bo1) ® (aogp)) ¢ ((b20;,) ®(a20)) + ((boy) ®(aop)) ¢ ((b20y) ®(b20y)) +
((bo1) ®(boy)) ¢ ((a209) ® (a20p)) + ((boy) ® (boy)) ¢ ((a20p) ® (b201)) +
((bo1) ®(boy)) ¢ ((b20,)®(a20)) + ((boy) ®(boy)) ¢ ((b201) ® (b20,))
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Simplify[(aa2o0p) ® (aa20p) + (aa20y) ® (bb2ogy) + (aa20p) ® (a2bo;) +
(aa20p) ® (ab20;) + (bb20y) ® (aa20,) + (bb20op) ® (bb2 op) +
(bb20gp) ® (a2bo;) + (bb20y) ® (ab20;) + (a2bo;) ® (aa2 ogp) +
(a2bo;)® (bb20y) + (a2bo;) ® (a2bo;) + (a2bo;) ® (ab20;) +
(ab2o;)® (aa2o0p) + (ab20o;)® (bb20g) + (ab20;)® (a2bo;) + (ab20;) ® (ab20y)]

(aa2 +bb2)2cy®0q +
(a2b+ab2) ((aa2+bb2) gg®0;+ (aa2+bb2) 00800+ (a2b+ab2) o,®0;)

Let's show A(1) = 1®1 :
N

14 Sets
Op ® O

1 © 1
14 sets 14 Sets

Op ® O

In summary, this Coproduct allows for 14-Sets algebra to become a Hopf Algebra.

| 7. 14-D Vector: Feel of the Space

The 14-Sets algebra and computations are used to model how space is felt.

Remark 17.1: Concept of Category is used by Alfred North Whitehead in place of Axioms and Defini-
tions. This forgotten approach is the most fruitful. Categories, similar to the mathematical counterpart,
are over-generalizations of ordinary concepits stretched beyond their normal meanings. For example
author used the word Here or There below, they are the here and there we feel all the time but
stretched almost to a new meaning e.g. a 14-D vector which has no reverse.

Category of Memory

Every being feels a space, even before becoming (coming to existence), during the being, while ceasing
and after cessation i.e. non-being.

Every being is a memory. When remembering and when forgetting space is felt. When space felt some-
thing was remembered or forgotten.
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Category of Existence

Feeling of the space.

There.

Here.

Organism has one vector of feeling for space. (not counting Here and There and other general vectors)
Dis-organism has multiple or infinite vectors of feelings for space.

Example: Human being is an organism, no matter how many cells it is comprised of and how many
limbs and organs it operates with, feels one locality of space thus we afford to say “l am here”. On the

contrary the electron is a Dis-organism, it passes through two slits on a metal barrier at the same time!
electron feels the space by multiple vectors.

Category of Explanation
Space is felt due to the transfer of Information or knowledge from ‘there to here’, or transfer of erasing
or forgetting of information or knowledge from there to here. Feeling of space and flux of information or

knowledge always appear as a pair.

In general, Feelings are ‘vectors’; for they feel what is there and transform it into what is here [3]. This
vector, feeling the spatial attributes, is the 14-D vector as a member of the 14-Sets algebra.

Things do not reside within some space, they feel the space and one such feeling is that of an interior
thus we say it is inside a space.

Two endpoints of the said vector are:

1) tail or ‘there’
2) head or ‘here’

all the while the vector transform what is ‘there’ into ‘here’. Just like a memory, copy from one address
to another, or copy+erase from one location to another or just erase i.e. from here to here.

‘here’ and ‘there’ cannot be erased.

One feeling of the space followed by another is the binary product in the 14-Sets algebra of two of its
vectors.

An ordered sequence of feeling vectors, finite or infinite, is called a Complex Feeling. They are felt one
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after the other, while preserving the order.

Accumulative multiplication of sequence of feelings in a Complex Feeling is called Evolution and accumu
lative vectors/feelings are said evolving.

If such an infinite sequence of Complex Feeling has an accumulative limit, we say its limit emerged, or
Complex Feeling is emergent.

Two vectors A and B are said to feel the same space if their commutator is O :
[A, Bl =0

A feeling is Persistent if it has no reverse (determinant 0). See Also: Corollary 14.1-3.

Appendix A

We assume all strings and programs are binary coded.

Definition A.1: The Kolmogorov Complexity Cq(x) of a string x with respect to a universal computer
(Turing Machine) U is defined as
Cu(x)= min Ip)
pUP) =x
the minimum length program p in U which outputs x.

Theorem A.1 (Universality of the Kolmogorov Complexity): /f U is a universal computer, then for
any other computer A and all strings x,

CuX¥) = Cax) + ca
where the constant ¢4 does not depend on x.

Cy(x) - Ca(x)

Corollary A.1: lim
I(%)

/(X —00

= 0 for any two universal computers.

Remark A.1: Therefore we drop the universal computer subscript and simply write C(x).
Theorem A.2: C(x) < Ixl + c.

A string x is called incompressible if C(x) = x .

Definition A.2: Self-delimiting string (or program) is a string or program which has its own length

encoded as a part of itself i.e. a Turing machine reading Self-delimiting string knows exactly when to
stop reading.
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Definition A.3: The Conditional or Prefix Kolmogorov Complexity of self-delimiting string x given string
yis

Kxiy)y= min lp)
PUPp, y) = x

The length of the shortest program that can compute both x and y and a way to tell them apart is

Kx, y)=min Ip)
pUP) =Xy

Remark A.2: x, y can be thought of as concatenation of the strings with additional separation informa-
tion.

Theorem A.3: K(x) < I(x)+2log I(x) + O(1), Kxilx) < Ix) + O(1).
Theorem A.4: K(x, y) <= K(x) + K(y).

Theorem A.5: K(f(x)) < K(x) + K(f) , facomputble function
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