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Abstract

A novel 14-D algebra based upon Kuratowski Monoid’s Closure and Complement operators is uncov-
ered. 14x 14 Matrix Representation, Conditions for inverse elements, 0-Commutator and Coproduct
computed using Mathematica 9.0 . Almost Random Almost Incompressible large-length coefficients are
found to have inverse. Matrix representation has the form of a Stochastic Matrix, and its infinite power
has a limit with three 1-valued eigenvalues with determinant 0. As a consequence of this algebra, a

topological (Twist on Zg) construction of the Octonions developed. An approximate Logarithmic algo-

rithm devised for mapping Kuratowski’s topological operators to 182 dimensional Lie Algebra of 14x14
Stochastic Matrices, thus a concept of pre-geometry is brought forth. De Novo semantical meanings
attributed to these 14-D vectors described, in categoreal form, borrowing from the seminal work of
Alfred North Whitehead'’s Process and Reality.

Prelude

We ‘feel’ the space. Just like we feel the cold or feel the texture of a fabric. Alfred North Whitehead
formulated these feelings as vectorial entities which also deal with the appropriation of resources for an
organism to exist (continue to exist) and Subjective Forms as ‘how’ the vector is feeling, or the process
underlying that particular feeling.

In this paper attempt is made to create an algebraic model for the concepts of feeling and in particular
the feel for space e.g. | feel | am ‘inside’ the room or | feel | am ‘inside the same’ room and so on.

Every concept is coded both symbolically and numerically in Mathematica 9.0 so the interested readers
could manipulate the algebraic expressions to better understand the concepts.

There is no way to compute almost any of the algebraic expressions below by hand, specially the Lie
Algebra of dimension 182 for the Logarithm. This algebra as well as many others are gone un-studied
due to the inability of the human researcher to perform such computations, therefore this work pioneers
an innovative new approach for such investigations.
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Theorems are discovered by using random coefficients and trying to compute many examples and look
for patterns, these patterns of symbolic and numeric computations then turned into theorems [5]:

“The creative process of mathematics, both historically and individually, may be described as a counter-
point between theorems and examples. Although it would be hazardous to claim that the creation of
significant examples is less demanding that the development of theory, we have discovered that focus-
ing on examples is a particularly expeditious means of involving undergraduate mathematics students in
actual research. Not only are examples more concrete than theorems, and thus more accessible, but
they cut across individual theories and make it both appropriate and necessary for the student to
explore the entire literature in journals as well as texts.”

Prologue

After coding and writing this work, an odd idea came to be (See Remark 9.1.1): Topological Oscillators!
These are wave forms which oscillate the Kuratowski operators and therefore the entire space, without
the need for a position coordinates nor direction of propagation. These waves could possibly be good
structures for constructing the likes of Casimir forces i.e. waves that are not made from any matter or
energy but yet they are waves of some kind.

How To Read This Document

You need to sequentially go down the sections and execute the code and check the results for yourself.

English is slim, the computations provide the affinity for the concepts, therefore the results are obtained
from the output of the computations:

http://reference.wolfram.com/mathematica/tutorial/UsingANotebookinterface.html
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Software and Symbolic Computations

Files
http://ffiles.lossofgenerality.com/14sets.nb

Package Notation is needed therefore include this on top of the code:

<< Notation™

The following Cayley table [1] is simply turned into a series of function calls:

14sets.nb
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kuraTable[] := Module[{},

{{o0, 01, 02, 03, 04, 05, Os, O7, Og, O9, 010, O11, 012, 013},
{01, 00, 04, 05, 02, O3, O3, 09, Op, O7, 012, 013, 010, O11},
{o2, 03, 02, 03, O, O7, Og, 07, O10, O11> 010> O11> 065> O7},
{o3, 02, 0s, 07, 02, O3, 010, 011, 06, O7, Op, O7, 0105 011},
{04, 05, 04, 05, Og, Og, Og, Og, O12, O13, 012, O13, Og, 09},
{05, 04, 08, O9, O4, O5, 012, O13, Og, Og, Og, Og, 012, 013},
{06, 07, Os, 07, 0105 O115 0105 0115 065 O7> Ops O7, 0105 O11},
{07, 06, 010, 0115 06> O7, 06> O7, 010> O11> O10> O11> O6» O7},
{os, 09, 0g, 09, 012, 013, 012, 013, Og, Og, Og, Og, 012, 013},
{09, 03, 012, 013, Og, Og, Og, Og, 012, O13, O12, 013, Og, 09},
{010, 011, 010> O11> 06, O75, Op> O7, 0105 0115 010> O11> 065 O7},
{011, 010, 06, O7, 010, 0115 0105 O115 06> O7, 065 O7, O105 O11} >
{012, 013, 012, 013, Og, Og, Og, Og, O12, 013, 012, 013, 08, Og},
{013, 012, Og, 09, O12, 013, O12, 013, Og, Og, Og, Og, 012, O13}}

]

(» Returns ox=cjo5 for ith row and jth column x)
kuraProd[i0_, jO_] :=Module[{M, i =10, j = jO},

M = kuraTable[];

MELE+2111000+1]1]

1

(» just returns the index number k for the oy=cjoj *)
kuraProd2[i0_, jO ] := Module[{M, i =10, j = jO, expr},
M = kuraTable[];
expr =M[[1+1]]1[[§+11];
expr = InputForm[expr];
Extract[expr, {1, 2}]
1

(» PERMUTATED TABLE: Returns oyx=ocjoj for ith row and jth column, see 1.1 )
kuraProdAUTO[i0_, jO_] := Module[{M, i =10, j = jO},
M = kuraTable[];
M=M/. {o2 -> 05, O3 -> 04, O4 -> O3, O5 => O2, Og —-> Og,
o7 -> 0g, Og -> 07, Og -> Og, O10 —-> 013, O11 —> O12, O12 -> O11, 013 —=> 010} ;

MILE+111003+1]1]
]

(» PERMUTATED TABLE: just returns the index number k for the ox=ocjo; , see 1.1 )
kuraProdAUTO2[i0_, jO_] :=Module[{M, i =10, j = jO, expr},

M = kuraTable[];

M= M/. {02 -> 05, 03 -> 04, O4 -> 03, O5 -> 02, Og —> Og,

o7 -> 0g, Og -> 07, Og -> O, O10 —-> 013, O11 —> O12, O12 -> 011, 013 —> 010} ;

expr =M[[i+1]1[[J+1]];

expr = InputForm[expr];

Extract[expr, {1, 2}]

In order to avoid function calls and attempting to use as much mathematical expressions as possible



14sets.nb 5

the following Notations are defined:

OfFf[Symbolize: :rowboxh] (* this warnning gets issued and thus suppressed x)

(* 1 is the multiplicative 1 of the 14-Sets algebra, and computed to be oy *)
14Sets

Symbolize[ 14 Sets ]

Notation[ 1 = 00]
14 Sets

(» This assumes the a b product is commutative,
so we assume at most Complex numbers for coefficients x)
(* This can be changed with some effort. We

used ** to make sure the product is non-commutative =)

Notation[ (a_oi_) #* (b_oj_) = a_b_kuraProd[i_, j_] ]

Notation[ oj **o0j_ = kuraProd[i_, j_] ]

(» use this or the other, but not at the same time,
since there is only one x* noncommutative operator in Mathematica x)

(*Notation[ (a_ oi_)#*(b_ 05_) = a_ b_ kuraProdAUTO[i_,j_] ]*)

Notation[ (a_oi_) (b_oj_) = a_b_kuraProd[i_, j_] ]

(* short-hand for testing the table and simple experssions uses x x)

Notation[ oi_oj = kuraProd[i_, j_] ]

(*» This is necessary or Mathematica does
not know how to further evaluate the expression x)

Notation[ of = kuraProd[i_, i_] ]
Notation[ (a_oi_)2 = (a_”"2) xkuraProd[i_, i_] ]
(* Matrix representation of 14-Sets Algebra =x)

MatrixRepl4Sets[cfsO ] :=
Module[{mat, a,b,c,d,e, f, g, h,i,j.,k, 1,m, n, cfs=cfs0},
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ab 0] 0 0 0 0 0 0 0]
b a 0 0 0 0 0] 0 0 0
cd a+c 0 b+d 0] 0 0 0 0
dc a+c 0 b+d 0 0 0 0
e T b+e 0] a+t 0] 0 0 0 0
fe 0 b+e 0 a+f 0 0 0 0
g h d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+1 0
mat = | p g 0 d+g+1 0 c+h+k 0 a+c+h+k 0 b+d+g+
i j F+i+n 0 e+jJ+m 0 b+e+j+m 0 a+fF+i+n 0
Ji 0 fF+i+n 0 e+jJ+m 0 bre+j+m 0 a+F+i+
k 1 h+k 0 g+l 0 d+g+1 0 c+h+k 0
1 Kk 0 h+k 0 g+l 0 d+g+1 0 c+h+k
mn j+m 0 i+n 0 f+i+n 0 e+jJ+m 0
nm 0 J+m 0 i+n 0 F+i+n 0 e+j+m

mat /. {a-»cfs[[1]], b-cfs[[2]], c-»cFs[[3]], d-»cfs[[4]],
e->cfs[[5]], Fo»cfs[[6]],9g-»cFs[[7]], h->cFs[[8]], I »cfsS[[9]],
Jj-»cfs[[10]], k»cfs[[11]], I » cfs[[12]], m->cFs[[13]], n»>cfs[[14]]}

]

$Fai | ed

Bra (| and Ket |) notations and variable generators:



Notation[ e~ = MatrixExp[x_] ]

Notation[ <X_| = id[x_] ]

(* Column use is for asthetics only,
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this however is not working with matrix multiplicaiton so commented out =)

(*Notation[ | x_ > = Column[x_] ]*)

Notation[ <X_|M_|y_> = Simplify[x_.M_.y ] ]

Notation[ _|y_> = Simplify[x_.y_] ]

Notation[ = Simplify[x_.M_] ]

Notation[ M_|y_»> = Simplify[M_.y ] ]

Notation[ | x_ > = ¥d[x_] ]
[a

Notation = ConstantArray[a_, n_] ]

Notation[ l-a_ = makeVAR[a_, n_, j_] ]

makeVAR[X_, n_, j_1 = Table[Subscript[x, i], {i, jJ, n-(1-J)}]

id[X_] I=

Stochastic Lie Algebra generators, see [2]:
Notation[ L'--J- — makeL[i_,j ,n_] ]
n_

makeL[i0_, JO_, nO_] := Module[{i =10, j =jO, n=n0, L},
Table[KroneckerDeltali, k] * KroneckerDelta[j, 1] -
KroneckerDeltal[]j, k] * KroneckerDelta[j, 1], {k, 1, n}, {I, 1, n}]

Before doing anything we need to create the Cayley table for Kuratowski Monoid [1]:

Let X be a topological space. Denote A closure of a the set Ac X and A° the Complement. A widely
known fact due to K. Kuratowski [1] states that at most 14 distinct operations can be formed by such

compositions of the two operators!
Kuratowski Operations:
oo (A) = A (The Identity), o1(A) = A® (The Complement),

o2(A) =A™ (The Closure), o3(A) = A",
oa(A)=AC, o5(A)=A°C (The Interior),

7



8 14sets.nb

ge(A) =AT", o7(A)=A"
og(A) =AT°, Tg(A)=ATC
o10(A) = AT, o121 (A) = AT,
o12(A) = AT, o13(A) = AT

Cancellation rules:

A—C— — A—C—C—C— AC—C— — AC—C—C—C—

Call the Cayley table of the above 14 generators M:

M = kuraTable[];
M // MatrixForm

O6p 01 O2 O3 04 O5 O Oy Og Og O10 O11 012 O13
01 Op ©O4 O5 O2 O3 0Og Og9g O O7 O12 013 010 O11
O O3 O2 03 0O O7 O O7 O10 O11 O10 O11 O O7
03 ©O2 O O7 Oz O3 O10 011 O O7 O O7 O10 O11
O4 Os5 O4 O5 Og Og Og Og O12 O13 O12 O13 Og Og
O ©O4 Og Og O4 O5 O12 013 Og Og Og Og O12 013
Og O7 O O7 O10 O11 O10 O11 O O7 O O7 O10 O11
07 O O10 ©O11 O O7 O O7 O10 O11 O10 O11 O O7
O0g Og Og Og O12 013 O12 013 Og Og Og Og O12 013
Og ©Og O12 O13 Og Og Og Og O12 O13 O12 O13 O Og
010 O11 010 O11 O O7 O O7 O10 O11 O10 O11 O O7
011 010 O ©O7 O10 O11 O10 O11 O O7 O O7 O10 O11
012 O13 O12 013 Og Og Og Og O12 013 O12 O13 Og Og
013 O12 O ©Og O12 013 012 O13 O Og Og Og O12 O13

Now let’s test variable generation and Bra and Ket:

(*» Make an array of 14 1"s x)

1
14

(1,1,1,1,1111111111;

(*» Make an array of 14 indexed o"s starting with 0 x)
0
140

{oo, 01, 02, 03, 04, Os, Op, O7, Og, Og9, O10, O11, O12, O13}

Ket should output vertically but Mathematica does not:



(» keep a space between | and the numbers,
better yet first do |x> then substitue for x =x)
(» FIME ME 1.1:|>
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has been commented out in the code due to some conflict in Mathematica =)

|1a
X >
X1
X2
X3
X4
X5
Xe
X7
Xsg
X9
X10
X11
X12
X13
X14

Instead Mathematica outputs both Bra and Ket horizontally:

| 1ax >

{X1, X2, X3, X4, X5, Xg, X7, Xg, Xg, X10, X11, X12, X13, X14}

<1
14

(1,1,1,1,11121111111

Inner product:

<1 | %Yx>
14

Xo + X1 + X2 + X3 +Xg +X5 +Xg +X7+Xg+Xg+ X109+ X171 +X12+X13

Let’s play around with Kuratowski Monoid:

O O5

O11

o8 O9

O9

9
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010

Check to see if the table is associative via brute force check:

res = True

assoc = Table[1f[kuraProd2[kuraProd2[i, j], k] - kuraProd2[i, kuraProd2[j, k11 # 0,
res = False], {i, 0, 13}, {j, O, 13}, {k, O, 13}1];

res

True

True

Let's work with some small dimensional Stochastic matrices generated (by exponentiation) from their
Lie Algebra, note that the columns add to O:

L2 // MatrixForm
3

1
0

00
00
00 -1

Compute the exponential of this matrices which is a Stochastic matrix, note that the columns add to 1:

1,

L1.3 -
e 3 // MatrixForm

1 0 —l(;e
01 0
00 3

Make a 3D vector

9x

{Xo, X1, X2}

Compute its linear form with all 1s for coefficients:

0
<1 X >
3 3

Xo + X1 + X2
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L1,3

Transform by the Stochastic matrix e 2 and note the linear form is preserved:

L1.3 o
<1 |e3 3X>
3
Xo + X1 + X2
<1|M =1
L1.3
<1 |e3
3
{1, 1, 13}
L3
es | Ix>
(7l+(E)X2 X2
oo CEreIxe Xy
e e

(-1+e) X,

L1,3
Note that the {Xg, X1, X} was transformed to {xo + . X1, %} by e 3 , however both

vectors lie on the plane perpendicularto {1, 1, 1} or Xg + X1 + X2 = Const . In other words the linear
form xo + X1 + X3 is preserved even if a transformation applied.

Try the other Stochastic matrices of dimension 3, again note each the linear form is preserved :

Li.2 o
<1|cze3 3X>
3
Xp + X1 + X2
L2.1
<1|e3 Ix >
3
Xo + X1 + X2
L2.3
<1|cze3 gx>
3
Xp + X1 + X2
3.1
<1|e3 Ix >
3

Xo + X1 + X2
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L3:2

<1|cxe3 9
3

3X >

Xp + X1 + X2

Replace x by a x?, the quadratic form is also preserved :

<1 Ix% >

3

L3:2
|

X20 + le + X22
Try other matrices sand same preservation:

<1 Ix? >

L2
1

e 3

X20 + X21 + X22

and so on.

1.1 Automorphism

Consider the permutation [1]:

Op O1 02 O3 04 Os5 Og O7 Og Og O10 O11 O12 O13
Op 01 Os5 O4 O3 O2 Og Og O7 O O13 O12 O11 O10

It determines the automorphism A: M—M.
Theorem 1.1: The Identity and A are the only automorphisms of M. Furthermore A is isomorphic to Z5.

Proof: Establish A as a permutation and compute its cycles:

cyc = FindPermutation[head[l1, 2, 3, 4,5, 6, 7, 8,9, 10, 11, 12, 13, 14],
head[1, 2, 6, 5, 4, 3, 10,9, 8, 7, 14, 13, 12, 11]]

Cycles[{{3, 6}, {4, 5}, {7, 10}, {8, 9}, {11, 14}, {12, 13}}]

Calculate the power 2 of the permutation:

PermutationPower[ cyc, 2]

Cycles[{}]
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Therefore the A% = Identity . For the rest of the technicalities of the proof see [1].

2' BaSIS {O_Oi Ol! 021 0_31 0_41 O_5| 061 0_71 0_81 0_91 0-101 O-1]_1 O_lZi 0_13}

Imagine o as vector basis for a vector space over a (commutative) Field e.g. R or C:

13
V=) a0 (EQ 21)
i=0

Let's define such two vectors v1 and v2 in Mathematica, and define a vector product based upon an
abstract =+ non-commutative product with distributive property:

13
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Vli=zaog+bo,+Ccory+dozs+eos+Fos+gosg+hor+iog+Jog+kKoypg+ 1011 +Mmoin+nNo3;
V2=a200+b20,+C20,+d203+€204+F205+
9206+h20'7+i208+j20'g+k20'10+I20‘11+m20'12+n20'13;

(» In Mathematica *x isS a non-commutative anstract binary operator (product) =x)
(» Distribute[ ] is a function that executes algebraic distributive law x)
Distribute[vl x* Vv2]

(aog) x% (82 0g) + (aog) »* (b2 01) + (Ao0g) ** (C2 05) + (Aog) *x (d2 03) + (A 0g) ** (€2 04) +

( (

(ao'o) * % (k2 O'lo) + (a 0'0) * % (I 20'11) + <aO'0) * % (ITQ 012) + (a Go> * % (n2 O']_S) +

(bog) »+ (a2 0g) + (b og) x+ (b2 01) + (boy) x+ (C202) + (boy) »+ (d2 03) + (b o) «+ (€2 04) +
(bop) « (f205) + (boy) xx (g2 0g) + (boy) »x (h207) + (boy) % (i20g) + (boy) «+ (j 2 09) +
(boy) % (kK2 019) + (boy) »x (12011) + (boy) % (M2 o12) + (b oy) x% (N2 013) +

(Co2) % (@2 0p) + (CO2) ** (D2 01) + (C02) #% (C202) + (C O2) »x (A2 03) + (C O2) »* (€2 04) +
(Cop) x* (f205) + (C02) x* (92 0g) + (C 02) *x* (h2 07) + (COp) ** (12 0g) + (COp) *x (J 2 09) +
(C op) *=* (k2 010) + (C O2) *=* (l 2 011) + (C0Op) % (N2 012) + (C 0O2) *x (N2 013) +

(d 03) ** (3.2 op) + (d 03) ** (b2 o1) + (d 03) ** (C2 o2) + (d 03) ** (d2 o3) + (d 03) ** (92 O4) +
(do3) x« (f205) + (do3) ** (g2 0g) + (d o3) *x (h207) + (doz) *x (i120g) + (doz) % (j 2 09) +
(d og) »* (kK2 019) + (do3) % (1 2011) + (d 03) *+ (MR 012) + (d 03) ** (N2 013) +

(€ 04) x+ (@2 0g) + (€ 04) x% (D2 01) + (€ 04) % (C202) + (€ 04) % (A2 03) + (€ 04) *x (€2 04) +
(€ 04) #% (f205) + (€ 04) x%x (g2 0g) + (€ 04) *x (h2 07) + (€ 04) »* (i 208) + (€ 04) % (j 2 0g) +
(e 0'4) * % (k2 O'lo) + (e 0'4) * % (l 2 O'll) + <e 0'4) * % (ITQ 012) + (e G4> * % (n2 O']_S) +

(f o5) »+ (a2 og) + (f o5) *x (b2 0o1) + (f 05) % (C20p) + (f 05) *» (d2 03) + (f O5) % (€2 04) +
(f o) % (f205) + (f 05) xx (g2 0g) + (f 05) »x (h2 07) + (f 05) »* (i 208) + (f 05) % (j 2 0g) +
(f og) x% (K2 019) + (f 05) % (1 2 011) + (f 05) %% (M2 012) + (f 05) *x* (N2 013) +

(g 0g) ** (@2 0p) + (g 0p) ** (b2 01) + (g 0g) ** (C202) + (g Og) ** (d2 03) + (g Op) ** (€2 04) +
(gog) % (f205) + (g 0g) *% (g2 06) + (g 06) ** (N2 07) + (g 06) »x (12 08) + (9 O6) ** (] 2 09) +
(g 0g) *+ (K2 010) + (9 0p) »* (1 2011) + (9 0p) ** (MR 012) + (g O6) * (N2 013) +

(ho7) x« (a2 09) + (ho7) x% (b2 01) + (ho7) % (C202) + (ho7) *x (d2 03) + (ho7) *x (€2 04) +
(ho7) »« (f20g5) + (ho7) x« (g2 0g) + (ho7) *x% (h207) + (ho7) % (i120g) + (ho7) % (j 2 09) +
(ho7) »% (kK2 019) + (ho7) x% (1 2011) + (ho7) x% (MR 012) + (ho7) % (N2 013) +

(i og) *+ (@2 0g) + (i o0g) % (b2 01) + (i 0g) % (C202) + (i 0g) % (d2 03) + (i Og) *x (€2 04) +
(I og) ** (f20'5> + (I og) ** (92 og) + (I og) ** (h2 o7) + (I og) ** (I 20'8) + (I og) ** (J 20’9) +
(l O'g) * % (k2 o10) + (l O'g) * * (I 20'11) + <| og) ** (ITQ 012) + (l Gg) * * <n2 013) +

(J og) #x (a2 0g) + (J 0g) *% (b2 01) + (] Og) *% (C2 02) + (] Og) »% (d2 03) + (] Og) ** (€2 04) +
(j og9) »+ (f205) + (j 09) x* (92 06) + (] Og) +x (N2 07) + (J O9) »% (12 08) + (] Og) »* (j209) +
(J 09) % (K2 010) + (j O9) ** (1 2011) + (j Og) ** (MR 012) + (] O9) ** (N2 013) +

(k 010) ** (a2 0g) + (K 019) ** (b2 01) + (K 010) ** (€2 02) + (K 019) ** (d2 03) +

(k o10) *% (€2 04) + (K 010) * (f205) + (K 010) ** (92 06) + (K 010) *x (h2 07) +

(K o10) *% (12 0g) + (Ko1g) »* (j209) + (K o10) *x* (K2 010) + (K 010) ** (I 2 011) +

(K 010) ** (M2 o12) + (K 010) *% (N2 013) + (I 011) *% (@2 0p) + (| o11) »* (b2 01) +

(I o11) *% (€2 02) + (I 011) *% (d2 03) + (I 011) % (€2 04) + (| 011) *x (f2 05) +

(I o11) *% (92 06) + (I o11) *x (h2 07) + (I o11) *% (1 2.08) + (| 011) *% (j 2 0g) +

(I o11) »% (k2 010) + (I o11) »% (1 2011) + (| o11) »* (MR o12) + (I 011) ** (N2 013) +

(Mo12) *% (@2 0p) + (Mo12) * (D2 01) + (MO12) *% (C2 02) + (MO12) *+ (d2 03) +

(Mo12) *% (€2 04) + (Mo12) *% (F2 05) + (Mo12) *% (92 0g) + (Mo12) *% (h2 07) +

(Moy2) *% (12 0g) + (Mo12) *% (] 2 09) + (Mo12) *% (K2 019) + (Mo12) »* (1 2 011) +

(Mo12) *% (MR O12) + (MO12) ** (N2 013) + (N O13) ** (A2 0g) + (N 013) *» (b2 01) +

(No13) ** (C202) + (No13) ** (A2 03) + (N 013) ** (€2 04) + (N 013) *x (f205) +

(N o013) *% (g2 06) + (N 013) ** (h2 07) + (N 013) = (i 2 0g) + (N 013) *x (j 2 0g) +

(N og3) *% (K2 0109) + (N 013) % (1 2011) + (N 0O13) % (MR 012) + (N O13) *» (N2 O13)

We need to run the output of the Distribute [] one more time to have the kuraTable figure out the
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products:

Vv1v2 = (aog) ** (a2 0p) + (A og) **x (b2 01) + (A 0g) ** (C2 00) + (A 0g) ** (d2 03) +
(aog) ** (€2 04) + (A ag) ** (F205) + (A gg) ** (g2 0g) + (A 0g) ** (N2 07) + (A 0g) ** (12 0g) +
(aog) ** (J2 09) + (Aaog) ** (K2 019) + (aog) ** (12 011) + (A 0g) ** (M2 012) +
(ao0g) ** (N2 013) + (b o1) ** (a2 0g) + (b o1) ** (b2 01) + (boy) ** (C207) +
(boy) ** (d2 03) + (b oy) ** (€2 04) + (boy) *% (F205) + (boy) ** (g2 06) + (boy) *x (h2 07) +
(boy) % (12 0g) + (boy) ** (J209) + (boy) »*x (K2 019) + (boy) ** (12 011) +
(bop) ** (M2 012) + (b o1) ** (N2 013) + (COy) ** (A2 gg) + (C o2) ** (b2 o1) +
(Coy) *% (C20,) + (C0oy) ** (2 03) + (C 0y) ** (€2 04) + (C0oz) **x (F205) + (C02) ** (g2 0p) +
(Co2) ** (h207) + (Cop) **% (12 0g) + (C0Oy) ** (J2 0g) + (C0y) *x (K2 019) +
(Coy) ** (12 011) + (C o) ** (N2 012) + (Co2) **x (N2 013) + (d o3) **x (a2 og) +
(do3) ** (b2 01) + (d o3) *% (C202) + (do3) ** (d2 03) + (d g3) ** (€2 04) + (d 03) ** (F2 05) +
(d o3) ** (g2 0g) + (d 03) ** (h2 07) + (d 03) ** (12 0g) + (d 03) ** (J2 0g) +
(d 03) ** (k2 o10) + (d 03) ** (|2 o11) + (d 03) ** (M2 015) + (d 03) ** (N2 013) +
(€ 04) ** (A2 0g) + (€ 04) **x (b2 01) + (€ 04) ** (C202) + (€ 04) **x (A2 03) + (€ 04) **x (€2 04) +
(€ 0g) *% (F2 05) + (€ 04) ** (92 0g) + (€ 04) ** (N2 07) + (€ 04) **x (12 0g) + (€ 04) ** (J2 09g) +
(€ o4) ** (k2 010) + (€ 04) ** (|2 o11) + (€ 04) ** (M2 0132) + (€ 04) ** (N2 013) +
(Fos) ** (a2 0g) + (Fos) **% (b2 01) + (Fog) *% (C20,) + (Fos) *x (d2 03) + (Fos) *x (€2 04) +
(Fos) *»x (F205) + (Fos) **% (g2 05) + (Fos) *x (h207) + (Fos) *x (12 0g) + (Fos) *x (J2 g9) +
(Fos) »x (K2 o19) + (Fos) **x (12011) + (Fog) %% (M2 012) + (Fos) *% (N2 013) +
(9 06) ** (a2 0p) + (g 06) ** (D2 01) + (g 0) ** (C202) + (9 Op) ** (2 03) + (g Op) ** (€2 04) +
(g o6) ** (F205) + (g 06) ** (92 06) + (9 06) ** (N2 07) + (g 06) ** (12 0g) + (9 0p) ** (J2 09) +
(9 o6) ** (K2 010) + (9 06) ** (12 011) + (g O6) ** (M2 012) + (g 0g) ** (N2 013) +
(ho7) ** (a2 0g) + (ho7) ** (b2 01) + (ho7) *% (C20,) + (hoy) %% (A2 03) + (hoy) **x (€2 04) +
(ho7) *% (F205) + (ho7) **x (92 0g) + (ho7) **x (h207) + (ho7) *%x (12 0g) + (ho7) ** (J2 09) +
(ho7) ** (K2 019) + (ho7) ** (12 011) + (ho7) *%x (M2 012) + (ho7) ** (N2 013) +
(1 og) ** (a2 0g) + (1 0g) ** (b2 01) + (1 0g) ** (C205) + (1 0g) ** (d203) + (1 0g) ** (€2 04) +
(1 og) % (F2 05) + (1 0g) ** (92 0g) + (1 0g) ** (h2 07) + (1 0g) ** (12 0g) + (1 0g) ** (J2 0g) +
(i og) ** (k2 o10) + (i og) ** (|2 o11) + (i og) ** (M2 015) + (i og) ** (N2 013) +
(J 09) ** (a2 0p) + (J 0g) ** (D2 01) + (J 09) ** (C2 02) + (J 09) ** (d203) + (J O9) ** (€2 04) +
(J 09) *»* (F205) + (J 09) ** (92 06) + (J 09) ** (N2 07) + (J 09) ** (12 0g) + (J 09) ** (J2 0g) +
(J 09) ** (K2 010) + (J 09) ** (12 011) + (J 09) ** (M2 012) + (J O9) ** (N2 013) +
(k o10) ** (a2 og) + (k 010) ** (b2 o1) + (k o19) ** (C2 0p) + (k O10) ** (d2 o3) +
(K 010) ** (€2 04) + (Ko1g) ** (F205) + (Koyg) ** (92 gg) + (K 0109) ** (h2 07) +
(Ko1o) ** (12 0g) + (Koi) ** (J2 09) + (Ko1p) ** (K2 019) + (Ko10) *% (12 011) +
(K o19) ** (M2 012) + (Koyg) ** (N2 013) + (1 011) ** (a2 og) + (1 o11) ** (b2 o1) +
(I o11) ** (C2 0p) + (I O11) *% (d2 o3) + (I o11) ** (€2 04) + (I O11) ** (f2 o5) +
(1 011) *% (92 06) + (N 011) ** (N2 07) + (1 011) ** (1208) + (1 011) ** (J2 09) +
(0 011) *#% (K2 019) + (1 011) ** (12 011) + (1 011) *% (M2 012) + (1 011) ** (N2 013) +
(M o12) *% (A2 0g) + (Moyo) ** (D2 01) + (Mo12) ** (C2 02) + (Moyp) ** (d2 g3) +
(M o12) **x (€2 04) + (M O12) *% (f2 o5) + (Moy12) ** (92 og) + (Mo12) ** (h2 o7) +
(Mo12) ** (12 0g) + (MoO12) ** (J2 0g) + (Mo12) ** (K2 010) + (Mo012) ** (02 011) +
(M o12) ** (M2 012) + (M o12) ** (N2 013) + (N 013) ** (A2 gg) + (N 013) **x (b2 07) +
(N 013) ** (C2 05) + (N013) ** (A2 03) + (N 013) ** (€2 04) + (N 013) ** (F2 05) +
(N o13) ** (92 06) + (N 013) *% (h207) + (N013) ** (§2 0g) + (N 013) ** (J2 09) +
(N o13) ** (K2 010) + (N 013) ** (12 011) + (N 013) ** (M2 012) + (N 013) ** (N2 013)

Kuratowski Monoid then reduces the o oj to o j in the Cayley table mentioned above:



16 14sets.nb

aa2op+bb2ocg+a2boy+ab2o;+a2co,+ac2o,+cc2o0,+b2do,+be2o,+de2os+
b2coz+a2doz+ad2o3+cd2o3+bf203+df203+bc20o4+a2e04+Cc2e€04+a€204 +
b2f o4 +e2f o4 +bd2o5+b2eocs+d2eos+a2f os+af205+f f205+c2dog+cCce2og+
a2gog+C2gog+ag2os+CQg20s+hb2hog+e2hog+g2hog+bi205+di205+09i206+
62kO'6+92k0'6+dk20'6+gk20'6+C2| og+121 og+k21 og+cnR og+hnR og+knR og +
dd207+cf207+b2907+d2907+a2h07+f2h07+ah207+ch207+hh207+bj207+
dj2o7+09j2o07+f2ko;+h2ko;+d21 o7+j21 o7+d1207+91207+1 120;,+CcNnN207+
hn2o;+kn2o7;+ee2og+c2f og+bg2og+eg2og+a2i og+c2i og+ai2og+
fi2o0g+i i20’8+b2j O'g+€2j O'8+92j og +f k2 og +1i k20’8+62m0'8+92m0'8+
emog+j Mog+mnRog+c2nog+i2nog+k2nog+d2f og+ef2 o9 +bh2og +
eh2o0g+b2i og+d2i og+a2j og+f2j og+h2j cg+aj2o9+fj209+1 j20g+
f|20’9+i |209+f2m09+h2m09+d2n09+j2n09+|2n09+en209+j n2 og +
mn209+eZg010+dg2010+gg2010+c2h010+Ci2010+hi201o+a2kolo+02kolo+
i2kopg+ak2o1g+ck2o190+hk2o0190+kk2 o019 +b21 o019 +€21 Olo+92| o190 +b N2 019 +
drr12010+grr2010+l W2010+f29011+d2h011+dh2011+gh2011+Cj2011+hj2011+
b2k011+d2k011+j2k011+a2l O'11+f2| O'11+h2| 011+al2011+CI2011+hI2011+
kI2011+bn2011+dn2011+gn2011+| N2 opq +f 920'12+82i O'12+92i O +ei2o1p+
C2j 010+12] o1p+bk201p+ek2 015 +] kK2 010 +a2maogp +€C2mMogp +12Moyp + K2 Moy +
anR op+f N2 o +i rr2012+b2n012+e2n012+92n012+rr12n012+f h2 013 +f2i1 o013+
h2i O'l3+d2j 013+ej2013+j j20’13+b|20’13+€|20’13+j |2013+b2m013+d2m013+
j2mO'13+|2m013+a2n0'13+f2n0'13+h2n0']_3+an20']_3+f N2 o33 +i N2 013 + N N2 013

Kuratowski Monoid then reduces the o o to o j in the Cayley table M mentioned above in section 1.

Collect and sort the coefficients for o :

Collect[aa2op+bb20cp+a2bo,+ab20,+a2co,+ac2o,+CCc20,+b2do,+be2o, +
de2o,+b2coz+a2doz+ad2oz3+cd2o3+bf2o3+df203+bc204+a2€04+C2€ 04+
ae2os+b2fos,+e2fos+bd2o5+b2eos+d2eos+a2fos+afl2o5+FF205+c2dog +
Cezce+azgO'6+C290'6+a9206+C920'6+b2h0'6+92h06+92h0'6+bi20‘6+di206+
gi205+62k06+g2k06+dk205+gk2cre+c2|06+i2|oe+k2|ce+cm205+hm2cre+
km2og+dd2o7+Ccf20o7+b2go7+d2go7+a2ho;+f2hoy+ah2o07+ch207+hh207 +
bj20;,+dj207+9jJj207+f2Ko7+h2ko7+d2107+j2107+d1207+g 1207+ 1 1207+
cn2o7;+hn2o;+kn2o;+ee2og+c2fog+bg2og+eg2og+a2iog+C2iog+ai2og+
Fi20g+1 i20’8+b2j 0'8+62j O'8+92j 0'8+fk20'8+ik20’8+62m08+92m0'8+
em2og+jm2og+mm2og+C2nog+i2nog+k2nog+d2fog+ef2o9+bh2og+
eh2og+b2iog+d2iog+a2Jjog+T2Jog+h2jog+aj22o9+Fj209+1 j209+
Fl209+1 |20'9+f2m0'9+h2m0'9+d2n0'9+j2nO'9+I2ﬂ0‘9+en20'9+j N2 og +
mn209+ezgO'lo+d92010+gg2010+C2h0'10+Ci2010+hi2010+a2k010+02k0'10+
i2kopg+ak2o09g+ck2og+hk20g+kk2o19+b2 1 oig+€2 1 010+92 1 010+ b M2 o9 +
dm2010+gm2010+lm2010+f29011+d2h011+dh2011+gh2011+cj2011+hj2011+
b2k011+d2k0’11+j2k0’11+a2|0'11+f2|0'11+h2|0'11+a.|20'11+C|20'11+hI20‘11+
k|2crll+bn2011+dn2011+gn2011+|n2011+f92012+e2i012+g2i012+ei2012+
C2Jjop+i2Jopp+bk20p+ek2o0+ Jk201+a2mopp+C2Mogp+ I2Mogp +K2mogs +
am2012+fm2012+im2012+b2n012+e2n012+92n012+m2n012+fh2013+f2i013+
h2i013+d2j 0'13+ej20'13+jj20'13+bI20’13+e|2013+j 12013+b2moz+d2moq3 +
j2m013+|2m0'13+a2n0'13+f2n0'13+h2n0'13+an20'13+fn20'13+in20'13+nn20'13,
{o0, 01, 02, 03, 04, O5, Og, O7, Og, Og, 0105 O115 0125, O013}]

These are the coefficients of the product:
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(aa2+bb2) op+ (a2b+ab2) o +
(a2c+ac2+cc2+b2d+be2+de2) op+ (b2c+a2d+ad2+cd2+bf2+df2) o3+
(bc2+a2e+c2e+ae2+b2f +e2f) o4+ (bd2+b2e+d2e+a2f +af2+ff2) o5+
(c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+g2h+bi2+di2+
gi2+e2k+092k+dk2+gk2+c2l +i2l +k21 +cm+hnR2+knR) og +
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+gj2-+
f2k+h2k+d21 +j21 +dl2+gl2+112+cn2+hn2+kn2) o7+
(ee2+c2f +bg2+eg2+a2i +c2i +ai2+fi2+ii2+b2j +e2j +g92j +
fk2+i k2+e2m+g2m+enm+j n2+mnm2 +c2n+i2n+k2n) og+
(d2f +ef2+bh2+eh2+b2i +d2i +a2j +f2j +h2j +aj2+fj2+ij2+
fl2+il2+f2m+h2m+d2n+j2n+12n+en2+j n2+mn2) og +
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+
hk2+kk2+b2l +e2l +g2| +bm2+dnR2+gnR+1 nR) o109 +
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a2l +f21 +
h2l +al2+cl2+hl2+kl2+bn2+dn2+gn2+1 n2) o1 +
(fg2+e2i +g2i +ei2+c2j +i2j) +bk2+ek2+j k2+a2m+c2m+
i2m+k2m+am+f m2+i nR+b2n+e2n+g2n+nm2n) o, +
(fh2+f2i +h2i +d2j +ej2+jj2+bl2+el2+j12+b2m+d2m+
j2m+l2m+a2n+f2n+h2n+an2+f n2+i n2+nn2) o3

We then turn the linear first-degree sum into a matrix multiplication form:

CoefficientArrays]|
{(@aa2+bb2) =0, (a2b+ab2) ==0, (a2c+ac2+cc2+b2d+be2+de2) =0,
(b2c+a2d+ad2+cd2+bf2+df2) =0, (bc2+a2e+c2e+ae2+b2fF+e2f) =0,
(bd2+b2e+d2e+a2f+af2+Fff2) =0, (c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+
g2h+bi2+di2+gi2+e2k+g2k+dk2+gk2+c2l+i21+k21+cm2+hm2+km2) =0,
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+g9j2+
f2k+h2k+d21+j21+d12+g12+112+cn2+hn2+kn2) =0,
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+Fi2+112+b2j+e2j+092]+
fk2+ik2+e2m+g2m+em2+Jm2+mm2+c2n+i2n+k2n) =0,
(d2f+ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+Fj2+ij2+
flI2+112+2m+h2m+d2n+j2n+12n+en2+jn2+mn2) ==0,
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2+
kk2+b21+e2l+g2l+bm2+dm2+gm2+1m2) ==0,
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a2l+f21+h21+
al2+cl2+h12+kl12+bn2+dn2+gn2+1n2) =0,
(Fg2+e2i+g2i+ei2+c2Jj+i2j+bk2+ek2+Jk2+a2m+c2m+i2m+
k2m+am2+fm2+im2+b2n+e2n+g2n+m2n) =0,
(Fh2+f21+h2i+d2j+ej2+jj2+bl12+el2+j12+b2m+d2m+j2m+
I2Zm+a2n+f2n+h2n+an2+fn2+in2+nn2) =0},
{a2, b2, c2, d2, e2, f2, g2, h2, i2, j2, k2, 12, m2, n2}]

{SparseArray[<0>, {14}], SparseArray[<84>, {14, 14}]}

coeff = Normal [%][[2]1];
coeff // MatrixForm
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ab 0 0 0 0 0 0 0 0 0 0 0 0
b a 0 0 0 o] 0 0 0 0 0 0 0 o]
cd a+c 0 b+d 0 0 0 0 0 o] 0 (o] 0
dc 0 a+c 0 b+d 0 0 0 0 0 0 0 0
e f b+e 0 a+f 0 0 0 0 o] 0 0 0 0
fe 0 b+e 0 a+f 0 0 0 0 0 0 0 0
g h d+g+1 0 c+h+k 0 a+c+h+k 0 b+d+g+1 0 d+g+1 0 c+h+k 0
h g 0 d+g+1 0 c+h+k 0 a+c+h+k 0 b+d+g+1 0 d+g+1 0 c+h+k
i j f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m 0
Jji 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m
k 1 h+k 0 g+l 0 d+g+1 0 c+h+k 0 a+c+h+k 0 b+d+g+1 0
1 k 0 h+k 0 g+l 0 d+g+1 0 c+h+k 0 a+c+h+k 0 b+d+g+l
mn j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+re+j+m 0 a+fF+i+n 0
nm 0 J+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n

Let’'s code this result into a Mathematica function:

(* ® product in 14Sets algebra x)

Notation[ X_O@Y_ = vectorProduct[x_, y_ ] ];

Notation[ (a_x )0 (b_y ) = a_xb_vectorProduct[x_, Yy ] ];

vectorProduct[x0_, yO ] :=
Module[{x = x0, y = y0, cfsx, cfsy, a, b,c,d, e, f, g, h, i, j,
k, I, m,n, a2, b2, c2, d2, e2, 2, g2, h2, i2, j2, k2, 12, m2, n2},
cfsx = Coefficient([X, {og, 01, 02, O3, O4, O5, Og, O7, 08, Og, O10, 011, O12, O13}];
cfsy = Coefficiently, {op, 01, 02, O3, 04, O5, O, O7, Og, Og, 010, O11» 012, O13}];

cfsx[[1]1];
cfsx[[2]];
cfsx[[3]];
cfsx[[4]1];
cfsx[[5]];
cfsx[[6]];
cfsx[[7]1];
cfsx[[8]];
cfsx[[9]];
= cfsx[[10]1];
= cfsx[[11]]:
= cfsx[[12]];
= cfsx[[13]1];
= cfsx[[14]1];

S S mxmemTQ =H0Q0O0T®
1

a2z =cfsy[[1]];
b2 = cfsy[[2]];
c2 =cfsy[[31];
d2 = cfsy[[41];
e2 = cfsy[[5]];
2 = cfsy[[6]1];
92 = cfsy[[71];
h2 = cfsy[[8]1;
i2=cfsy[[9]];
32 =cfsy[[10]];
k2 = cfsy[[11]];
12 = cfsy[[12]];
m2 = cfsy[[13]];
n2 = cfsy[[14]];
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Simplify[(aa2+bb2) oo+ (a2b+ab2) oy +
(a2c+ac2+cc2+b2d+be2+de2) o+ (b2c+a2d+ad2+cd2+bf2+dFf2) o3+
(bc2+a2e+c2e+ae2+b2f+e2f) o4+ (bd2+b2e+d2e+a2f+af2+fFF2) o5+
(c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+g2h+bi2+di2+
gi2z+e2k+g2k+dk2+gk2+c2l+i2l+k21+cm2+hm2+km2) og +
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+g9j2+
f2k+h2k+d21+j21+d12+g12+112+cn2+hn2+kn2) o7+
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fi2+1i12+b2j+e2j+92j+
fk2+ik2+e2m+g2m+em2+Jm2+mm2+c2n+i2n+k2n) og+
(d2f+ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+fFj2+ij2+
FI2+112+F2m+eh2m+ed2n+J2n+12n+en2+jJn2+mn2) og +
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2+
kk2+b21+e2l+g2l+bm2+dm2+gm2+1m2) o9+
(f2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a2l+f21+h21+
al2+cl2+hl12+kl12+bn2+dn2+gn2+1n2) o1 +
(Fg2+e2i+g2i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+i2m+
kZm+am2+fm2+im2+b2n+e2n+g2n+m2n) o, +
(Fh2+f2i1+h2i1+d2j+ej2+jj2+bl12+el2+j12+b2m+d2m+j2m+
I2Zm+az2n+f2n+h2n+an2+fn2+1in2+nn2) o13]

3. Matrix Representation

Using what was just computed above the matrix representation form as follows:

a b 0 0 0 0 0 0 0 0 0 0 0 0 a2
b a 0 0 0 0 0 0 0 0 0 0 0 0 b2
c d a+c 0 b+d 0 0 0 0 0 0 0 0 0 c2
d c 0 a+c 0 b+d 0 0 0 0 0 0 0 0 d2
e f b+e 0 a+f 0 0 0 0 0 0 0 0 0 e2
f e 0 b+e 0 a+f 0 0 0 0 0 0 0 0 f2
g h d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l| 0 d+g+l 0 c+h+k 0 g2
h g 0 d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l 0 d+g+l 0 c+h+k h2 g
i ] f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m 0 i2
i 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m j2
k I h+k 0 g+l 0 d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l| 0 k2
Ik 0 h+k 0 g+l 0 d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l 12
m n  j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 m2
n m 0 j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n){ n2
(EQ 3.2)

where o = [0'0, 01,02,03,04,0s5,06,07, 08, 09, 010, 011, 012, 0'13] . And let’s test make sure the
results are the same:

Collect[Expand[ (coeff. {a2, b2, c2, d2, e2, 2, g2, h2, i2, j2, k2, 12, m2, n2}).
{o0, 01, 02, 03, 04, O5, O, O7, Og, Og, 010, O11, O12, O13}],
{o0, 01, 02, 03, 04, O5, Og, O7, Og, Og, 0105, O11, O12, 013}] ===
Collect[vlv2, {og, 01, 02, O3, Oa, O5, O, O7, Og, 09, 010, 011> 012, 013} ]

True
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Corollary 3.1: Matrix representation (EQ 3.2) applies to both multiplication and addition of 14-Sets
vectors.

Remark 3.1: Stochastic Matrices (see section 4) are closed under the multiplication of (EQ3.2) represen-
tation but not addition.

4. Stochastic Matrix

This matrix representation is a Left Stochastic Matrix if:

a+b+c+d+e+f+g+h+i+j+k+l+m+n=1 (EQ4.1)
and all these coefficients are assumed greater than or equal to 0. Therefore the column sums are all 1.

Let's make functions for columns and row sums:

sumColumn[mat_] := Table[Total [mat[[All, w]]], {w, 1, 14}]
sumRow[mat_] := Table[Total [mat[[w, ALl1]1]], {w, 1, 14}]

(*» make random 14-Sets Stochastic matrices with all colums adding to 1 %)
randl4SetsStoch[] := Module[{rands, cfs},
rands = Join[Sort[ RandomReal [{O, 1}, 13], Less], {1}1;
cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]]
1

General column sum:

sumColumn[coefFf] // MatrixForm

a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+l +m+n
a+b+c+dre+f +g+h+i +j +k+l +m+n
a+b+c+d+re+f +g+h+i +j +k+l +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
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Transpose the coefficient matrix:

sumRow [Transpose[coeff]] // MatrixForm

a+b+c+d+re+f +g+h+i +j +k+l +m+n
a+b+c+d+re+f +g+h+i +j +k+l +m+n
a+b+c+d+re+f +g+h+i +j +k+l +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+e+f+g+h+i +j +k+1 +m+n
a+b+c+d+e+f +g+h+i +j +k+l +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n
a+b+c+d+re+f +g+h+i +j +k+1 +m+n
a+b+c+d+re+f +g+h+i +j +k+l +m+n
a+b+c+d+re+f +g+h+i +j +k+l +m+n
a+b+c+d+e+f +g+h+i +j +k+1 +m+n

Definition 4.1: 14-Sets representation matrix with all columns add to 1 are called 14-Sets Stochastic
Matrix.

Corollary 4.1: 14-Sets matrix representation’s column sums are constant and are the sum of all coeffi-
cients.

There are at least two non-trivial eigenvalues with value ‘1’, no assumptions on the coefficients:

Eigenvalues[coeff /. {(ns>1- (a+b+c+d+e+F+g+h+i+J+K+l+m)}]

{1, 1, a-b, a-b, a-b, a+b, a+b, a+b,

[2a+C+f_J4b2+&+4bd+4be+4de_2cf+ﬂ

2a+c+f —J4b2+cz+4bd+4be+4de—20f +f2

[2a+0+f+J4b2+¥+4bd+4be+4de—20f+f2y
[2a+c+f +J4b2+cz+4bd+4be+4de72cf +f2 ),

P NIRPNIRPNIRPN|PR

-2b-2d-2e-29g-2j -21 -2m 1-2b-2d-2e-2g-2j -21 72m}

Remark 4.1: The pair 1 eigenvaluesarenot {1, 1,1,1,1,1,1,1,1,1,1, 1, 1, 1}, for some reason
Mathematica does not issue this trivial Eigenvectors and issues one less 1 eigenvalue, therefore in
general there are 3 1-valued eigenvalues.
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Let’s calculate the determinant:

detStoch = Det[coeff /. {(n»>1- (a+b+c+d+e+F+g+h+i+J+k+1+m)}]
(a®-b?) (a®-b’+ac-bd-be-de+af +cf)2
(a®-2a’b-b*+2b*-2a°d+2b’°d-2a”e+2b’e-
2a’g+2b?g-2a%j +2b%j -2a%l +2b?l —2a2m+2b2m)2

Unlike the general case of EQ 7.1, the determinant’s Zero for the Stochastic version is only depending
on the first 6 elements, and the remaining 8 elements cannot play any role due to the 1-valued sum of
the probabilities:

Solve[detStoch = 0, a]

{{ae—b}, (a--b}, {a>-b}, {a>b}, {a-b},

1
(a-bj, {a»— (704 _Jab2.c?i4bds4besade-2¢f «f2 )}
2

[_c_f _Jab2ic?.4bds4bes+ade-2cf +f2]},

1
2
1

{;;HE [_c_f s\/ab2ic?.4bd-4bes+ade-2cf +f2]},
1
2

[—C—f s\/ab2ic?i4bd-4besade-2cf +f2]}}

Lemma 4.1: First 6 coefficients determine if the 14-Sets Stochastic matrix has an inverse. The other 8
coefficients play no role.

Let's make random positive coefficients between 0 and 1 which sum up to 1:

rands = Join[Sort[ RandomReal [{O, 1}, 13], Less], {1}1;
cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]]
Total [cfs]

{0. 0329978, 0.283497, 0.00679916, 0. 154915, 0.0678861, 0.0377381, 0. 0691335,
0.101474, 0.0728054, 0.0214534, 0. 0152676, 0. 0462279, 0. 0474148, 0. 04239}

1.

Compute the matrix representation:



Ncoeff = MatrixRepl4Sets[cfs];
Style[Ncoeff // MatrixForm, FontSize

0. 0329978
0. 283497
0. 00679916
0. 154915
0.0678861
0. 0377381
0. 0691335
0.101474
0. 0728054
0. 0214534
0. 0152676
0. 0462279
0. 0474148
0.04239

0. 283497
0.0329978
0. 154915
0.00679916
0. 0377381
0.0678861
0.101474
0691335
0214534
0728054
0462279
0152676
0. 04239

0.0474148

coeo0

0
0

0. 0397969
0

0. 351383
0

0.270276
0

0. 152933
0

0.116742
0

0. 0688681
0

0
0
0
0. 0397969
0
0. 351383
0
0.270276
0
0. 152933
0
0.116742

0
0. 0688681

0
0
0.438412
0
0. 0707359
0
0.123541
0
0. 136754
0
0.115361
0
0.115195
0

0

0

0
0. 438412

0
0.0707359

0
0.123541

0
0.136754

0
0.115361

0
0.115195

- 7]
0
0
0
0
0
0
0. 156539
0
0.420251
0
0. 270276
0
0.152933
0

Oooooooo

0. 156539
0
0.420251
0
0.270276
0
0.152933

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
0.553773 0 0.270276 0 0.123541 0

0 0.553773 0 0.270276 0 0.123541
0. 185931 0 0. 152933 0 0.136754 0

0 0.185931 0 0. 152933 0 0. 136754
0.123541 0 0. 156539 0 0. 553773 0

0 0.123541 0 0. 156539 0 0.553773
0. 136754 0 0. 420251 0 0.185931 0

0 0.136754 0 0.420251 0 0.185931

14sets.nb

Transpose this matrix to get a Right Stochastic Matrix, since Mathematica does not compute left-
eigenvalues:

transNcoefT = Transpose [Ncoeff] ;
Style[transNcoeff // MatrixForm, FontSize - 7]

Oo0oooo0ooo0oooooo

0.0329978 0.283497 0.00679916
0.283497 0.0329978

0. 154915
0 0. 0397969
0 0
0 0.438412
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

0. 154915

0

0.0397969

0
0. 438412

Ocooooooo

0.0678861 0.0377381 0.0691335

0.351383
0
0.0707359
0

coocoooooo

0
0.351383
0
0. 0707359
0

©oOo0oooooo

0

0

°©

=}

°©

0.00679916 0.0377381 0.0678861 0.101474
0

270276
0

123541
0

156539
0

5563773
0

. 270276

0
123541
0

0.101474 0.0728054 0.0214534 0.0152676 0.0462279 0.0474148
0.0691335 0.0214534 0.0728054 0.0462279 0.0152676

0
0.270276
0
0.123541
0
0. 156539
0
0.553773
0
0.270276
0
0.123541

0.152933
0

0. 136754
0

0.420251
0

0.185931
0

0.152933
0

0.136754
0

0

0

=}

o

o

o

0
152933
0
136754
0

. 420251

0

. 185931

0

. 152933

0

. 136754

0.116742
0
0.115361
0
0.270276
0
0.123541
0
0. 156539
0
0.553773
0

Sum up the rows make sure they add up to 1 and calculate the determinant:

sumRow [transNcoeff]

Det[Ncoeff]
(., 1.,1.,1.,1.,12.,12.,121.,12.,1.,1.,1., 1., 1.}

~7.9892 x10 11

0

0

=

°©

=

0
116742
0
115361
0
270276
0
123541
0
156539
0
553773

0. 04239
0. 0688681
0
0.115195
0
0. 152933
0
0.136754
0
0.420251
0
0.185931
0

0.04239
0. 0474148
0
0.0688681
0
0. 115195
0
0.152933
0
0.136754
0
0.420251
0
0.185931

Remark 4.2: Due to the nature of combinatorics multiplication of a 14 dimensional determinant, and
entries between 0 and 1, the determinants in order of 101! to 10-1° are not 0, they are non-zero
determinants.

5. Powers of 14-Sets Stochastic Matrices

23
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(» use a large power, 16 should do, the Limit did not work in

infPower = Chop [MatrixPower [transNcoeff, 100]1];

Style[infPower // MatrixForm, FontSize -» 10]

0
0
0

000O0OOOO
000O0OO0OO
000O0OO0OO
000O0O0CO
000O0OO0OO
000O0OO
000O0OOOO
000O0O0CO
000O0OO0OO
000O0OO0O
000O0OO0OO
000O0OO
000O0OOOO
000O0O0CO

121885 0.148933
148933 0.121885
270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

103147 0.126036
126036 0.103147
229182 0

0 0.229182

. 229182 0

0 0. 229182

. 229182 0

0 0. 229182

. 229182 0

0 0.229182

. 229182 0

0 0. 229182

. 229182 0

0 0. 229182

0
0
0

121885 0.148933
148933 0.121885
270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 103147
. 126036
. 229182

0

. 229182

0

. 229182

0

. 229182

0

. 229182

0

. 229182

0

Mathematica =*)

0. 126036
0. 103147
0
0. 229182
0
0. 229182
0
0. 229182
0
0. 229182
0
0. 229182
0
0. 229182

Note that the power matrix is also Right Stochastic, however for large powers its determinant

approaches 0:

sumRow [ infPower]

Det[infPower]

{.,1,1.,1,1,1,1,1,1,1.,1.,1.,1., 1.}

0.

This infinite power matrix is obviously ldempotent:

Style[Chop[infPower.infPower] // MatrixForm, FontSize -» 10]

000O0OO0OO
000O0OOO
000O0OOO0OO
000O0O0CO
000O0OO0OO
000O0O0O
000O0OO0OO
000O0OO
000O0OOO
000O0O0CO
000O0OO0OO
000O0O0O
000O0OO0OO
000O0O0OO

121885 0.148933
148933 0.121885
270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 103147 0.126036
. 126036
. 229182 0

0. 103147

0 0. 229182

. 229182 0

0 0. 229182

. 229182 0

0 0. 229182

. 229182 0

0 0. 229182

. 229182 0

0 0. 229182

. 229182 0

0 0. 229182

Let's calculate the eigenvalues and eigenvectors:

. 121885 0.148933
. 148933 0.121885
. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0. 270818

. 270818 0

0 0.270818

0
0
0

103147

126036

229182
0

. 229182

0

. 229182

0

. 229182

0

. 229182

0

. 229182

0

0. 126036
0. 103147
0
0. 229182
0
0. 229182
0
0. 229182
0
0. 229182
0
0. 229182
0
0. 229182
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Eigenvalues[infPower]
eigenv = Chop[Eigenvectors[infPower] ]

{1., 1., 4.45671x107"7, 1.30687 x10° "/,
-8.65344x107'%, -8.65344x10'%, 0., 0., 0., 0., 0., 0., 0., 0.}

{{0.176462, 0.21562, 0.392082, 0, 0.392082,

0, 0.392082, 0, 0.392082, 0, 0.392082, 0, 0.392082, 0},
{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,

-0. 392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0. 392859},
{-0.248588, -0.124294, 0.295199, -0.482485, 0.295199, -0.482485, -0.177999,

0. 280815, 0.228096, -0.331622, -0.0372807, -0.0588287, 0.026294, 0. 0693067},
{0. 898695, 0.359478, 0. 0680094, 0.0412316, 0.0680094, 0. 0412316, 0. 0595218,

0. 00170567, 0.115174, 0.0168121, -0. 00661464, -0. 0352167, -0.177693, 0. 0227868},
{0. 552263, 0.297365, -0.346495, 0.252642, -0. 346495, 0.252642, 0. 25542,

25

0.0517482, -0.138013, -0.0162059, -0.0802833, 0. 0349794, -0.0689406, -0. 0862774},

{0, 0.0416355, 0. 143577, -0.157279, 0.143577, -0.157279, -0.0245231,
-0. 138085, 0.0162562, 0. 0488765, 0.073074, 0.0739753, -0. 0736272, 0.0268794},

{¢&., o, 0, 0, 0, 0, O, O, O, O, O, O, O, O}, (O, 1., 0, 0,0,0,00 00,0 0,0, 03,
{0, 01.,0000000 0000} (,o00401,000000 00003},
{0, 0, 0,01, 000000 o0 o0 o0} (0,000011,0000 00 0 03,
{0, 0, 0, 0, 0, 0, -0.841016, 0, 0.312353, 0, 0.312353, 0, 0.312353, 0},

{0, 0, 0,0 0,0 0,0,0,0,0,0,0, 0}

Two 1-valued eigenvalues are computer and their corresponding eigenvectors:

infPower._eigenv[[1]]
eigenv[[1]]

{0.176462, 0.21562, 0.392082, 0., 0.392082, 0.,
0. 392082, 0., 0.392082, 0., 0.392082, 0., 0.392082, 0.}

{0. 176462, 0.21562, 0.392082, 0, 0.392082,
0, 0.392082, 0, 0.392082, 0, 0.392082, 0, 0.392082, 0}

infPower._eigenv[[2]]
eigenv[[2]]

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0. 392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0. 392859}

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0. 392859}

In Bra and Ket notations above commutations just showed:

1. Infinite power of a 14-Sets Stochastic matrix is Stochastic
2. 14-Sets Stochastic matrix has all 1 Eigenvectors with 1-valued eigenvalue
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infPower | 1 >
14

(., 1.,1.,1,1,1,1,1.,1.,1.,1.,1.,1., 1.}

3. 14-Sets Stochastic matrix has 2 more 1-valued eigenvectors

infPower | eigenv[[1]] >

{0.176462, 0.21562, 0.392082, 0., 0.392082, 0.,
0.392082, 0., 0.392082, 0., 0.392082, 0., 0.392082, 0.}

eigenv[[1]]

{0. 176462, 0. 21562, 0.392082, 0, 0.392082,
0, 0.392082, 0, 0.392082, 0, 0.392082, 0, 0.392082, 0}

infPower | eigenv[[2]] >

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859}

eigenv[[2]]

{-0.210174, -0.169634, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512,
-0.392859, 0.0130512, -0.392859, 0.0130512, -0.392859, 0.0130512, -0. 392859}

Summarize in a Theorem, note that the conditions for the coefficients could be relaxed:

Theorem 5.1: Infinite power of a 14-Sets Stochastic matrix with all positive entries and non-zero first 6
coefficients, has a limit which is Stochastic, with three 1-valued Eigenvalues with one Eigenvector
{1,1,1,1,1,1,1,1,1,1,1,1, 1, 1}. Moreover all 6 coefficients for the infinite power limit are 0. Conse-
guently the determinant of the infinite power limit is 0 (no assumption for the determinant of the original
matrix).

Corollary 5.1: Given the first 6 non-zero coefficients, the characteristic polynomial of infinite power is
A2 -1)>%

Make a random set of coefficients with the first 6 coefficients non-zero and make sure the columns sum
up to 1:



rands = Join[Sort[ RandomReal [{O, 1}, 13], Less], {1}1;
cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]11;
Total [cfs]
Ncoeff2 = MatrixRepl4Sets[cfs];
Style[Chop [Ncoeff2] // MatrixForm, FontSize - 9]
transNcoeff2 = Transpose [Ncoeff2] ;

14sets.nb

1.
0.0242291 0.0493424 0 0 0 0 0 0 0 0
0. 0493424 0.0242291 0 0 0 0 0 0 0 0
0. 0680045 0.0215485 0.0922335 0 0. 0708909 0 0 0 0 0
0. 0215485 0.0680045 0 0. 0922335 0 0. 0708909 0 0 0 0
0. 0854014 0.0505312 0.134744 0 0. 0747603 0 0 0 0 0
0.0505312 0. 0854014 0 0.134744 0 0. 0747603 0 0 0 0
0. 00696923 0.111031 0.0361729 0 0. 248439 0 0.272668 0 0. 0855153 0
0.111031 0.00696923 0 0. 0361729 0 0.248439 0 0.272668 0 0. 0855153
0. 179087 0.118048 0.370594 0 0.271223 0 0. 320565 0 0. 394823 0
0.118048 0. 179087 0 0. 370594 0 0.271223 0 0. 320565 0 0. 394823
0.0694041 0.00765518 0. 180435 0 0.0146244 0 0.0361729 0 0. 248439 0
0. 00765518 0.0694041 0 0. 180435 0 0. 0146244 0 0. 0361729 0 0. 248439
0.0677732 0.140975 0.185821 0 0. 320062 0 0. 370594 0 0.271223 0
0. 140975 0.0677732 0 0. 185821 0 0. 320062 0 0. 370594 0 0.271223
Compute the infinite power:
infPower2 = Chop [MatrixPower [transNcoeff2, 200]1];
Style[Chop[Transpose[infPower2]] // MatrixForm, FontSize - 9]
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0. 0835766 0.0793101 0.162887 0 0. 162887 0 0. 162887 0 0. 162887 0 0. 162887
0. 0793101 0. 0835766 0 0. 162887 0 0. 162887 0 0. 162887 0 0. 162887 0
0.172972 0.164142 0.337113 0 0. 337113 0 0. 337113 0 0. 337113 0 0. 337113
0.164142 0.172972 0 0.337113 0 0. 337113 0 0.337113 0 0.337113 0
0. 0835766 0.0793101 0.162887 0 0. 162887 0 0. 162887 0 0. 162887 0 0. 162887
0. 0793101 0. 0835766 0 0. 162887 0 0. 162887 0 0. 162887 0 0.162887 0
0.172972 0.164142 0.337113 0 0.337113 0 0. 337113 0 0.337113 0 0. 337113
0.164142 0.172972 0 0. 337113 0 0. 337113 0 0. 337113 0 0. 337113 0

Compute the characteristic polynomial:

Simplify[Chop[CharacteristicPolynomial [infPower2, A]11]

12 (1. -2 Amz)

6. Roots of +1 and -1

o O o oo

0
0.0361729
0
0. 370594
0
0.272668
0
0. 320565
0

O OO0 OO0 OoOOo

0. 162887
0
0.337113
0
0. 162887
0
0.337113

27
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Lets reach an element of 14-Sets algebra to power 2:

vVli=zaog+boj+Ccoy+doz+eos+Fos+gog+hos+1og+Jog+Kog+ 1 o1 +Moip +Noiz;
vipower = viovl
(a2+b2) oo+2abol+(2ac+cz+bd+be+de) oo+ (b(c+f)+d (2a+c+f)) o3+
(b(c+f)+e (2a+c+f)) og+(de+b(d+e)+f (2a+f)) o5+
(2ag+bh+eh+gh+bi +di +gi +dk+ek+2gk+i | +kl +hm+km+c (d+e+2g+1 +m))
06+(d2+bg+2ah+f h+h?+bj +gj +f k+hk+
gl +j1 +12+d (g+j +21)+hn+kn=+c (f+h+|"l))07+
(ez+bg+2ai +fi+i?2+bj+gj +fk+i k+gm+j menf+e (g+j +2m) +
in+kn+c (f +i +n)) og+ (bh+bi +2aj +2fj +hj +ij +fl +
il +fmihm+2jn+l n+mn+e (f +h+n) +d (f +i +n)) og +
(g2+ch+ci +hi+2ak+2ck+hk+i k+k®>+bl +gl +e (g+l)+bm+gm+| m+d (g+m))
010 +
(gh+cj +hj +bk+j k+2al +cl +2hl +kl +f (g+l)+bn+gn+l n+d (2h+k+n)) o1 +
(gi +cj +ij+bk+jk+2am+cm+2i mikm+f (g+m +bn+gn+mn+e (2i +k+n)) o+

(dj +ej +j%+bl +el +j 1 +bmsdm+j m+l me2an+i n+n+h (i +n)+f (h+i +2n)) 013

Because of the first term (a? + b?) there are only Complex solutions for -1 roots, therefore no Real
roots.

So far the author has found 7 roots of +1:

rootsl =
Solve [(COGﬁiCient[leOW@r, {00, 01, 02, O3, O4, O5, Og, O7, Og, Og, O10, O11, O12, O13}] /-
{d-0,e-0,9g-0,h-0,i-0,j-0,k-0,1-0,m>0,n-0}) =
{1, o,0,0,0,0,0,0,0,0,0,0,0, 0}, {a,b,c, f}]

{{a- -1, b-0,¢c-0,f =2}, {a--1, b>0,c->2, f >0},
{a-0,b--1,¢c~»0,f -0}, {a-»0,b->1, ¢c->0,f -0}, {a>1, b>0,c~>-2,f >0},
{fa-1, b-0,¢c-0, f~>-2}, {a--1, b0, ¢c->0,f >0}, {a>1, b->0,c—->0, f->0}}
(01) © (01)

oo

(mop+2%03) ® (-0g+2*03)

0o

(0o -2%05) © (0g - 2 * 05)

0o

(00—2*0’7)@(00—2*0’7)

Oo
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(oo -2 % 0g) © (0g - 2 * 0g)

Oo

(00 - 2% 0109) © (0p - 2 * 010)

0o

(00 -2 % 013) ® (0p - 2 % 013)

oo

7. Inverse Elements

EQ 3.2 renders a 14x14 matrix representation for v1 as left-hand multiplicand in vector product viv2 .
In order for this product to allow for inverses the determinant of the representing matrix must be non-
zero. Following Mathematica code calculates the hairy determinant formula and its zeros:

det = Det[coeff]

(a®-b?) (a®*-b’+ac-bd-be-de~+af +cf)2
((e+j +m (-(a+c+h+k) (-bc+ae-bh+aj -bk+am) +
(d+g+1) ((d+g+l) (e+j +m - (c+h+k) (f +i +n)) +
(b+d+g+1) (-(d+g+l) (b+re+j +m +(@+c+h+k) (f +i +n))) -
(f+i +n) ((b+d+g+1) (rad+bf -ag+bi -al +bn) +
(c+h+k) ((d+g+1) (e+j +m - (c+h+k) (f +i +n)) -
(a+c+h+k) ((b+d+g+l) (e+j +m - (c+h+k) (a+f +i +n))) +
(a+f +i +n) ((d+g+1) (-ad+bf -ag+bi -al +bn) -
(c+h+k) (-(d+g+l) (bre+j+m +@+c+h+k) (f+i +n)) +
(a+c+h+k) (-(b+d+g+l) (b+e+j +m + (@a+c+h+k) (a+f +i +n))) -
(b+e+j +m (-(c+h+k) (-bc+ae-bh+aj -bk+am +
(d+g+l) ((b+d+g+1) (e+]j +m - (c+h+k) (a+f +i +n)) +
(b+d+g+l) (-(b+d+g+l) (b+e+j +m + (@a+c+h+k) (@a+f +i +n))))?

General criteria for zeros:

(*» Mathematica Warning: Solve::svars:
"Equations may not give solutions for all \"solve\" variables. ")
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Solve[det == 0, {a, b,c,d,e, F,g,h,1i,j,k,I,n}]

~a?+b?2_-ac+bd+be+de
{{befa}, (b>aj}, {f 5 . }
N

(n--a-b-c-d-e-f-g-h-i -j -k-I -mj,

in--a+b-c+d+e-f+g-h-i +j -k+l +m}, {c>-a, d--b}, {c > -a, EA—b}}

Solve for variable ‘a’ in terms of the others :

Solve[det = 0, a]

{{a—> _b}, {a— -b}, {a— —b}, {a—> b}, {a— b}, {a= b},

a_>§ —c—f—\/4b2+c +4bd+4be+4de—-2cf +f2

il )
{"“%( c-f-Vab?+c?+abd+abe+dde- 2cf+f2)}
{aﬁi( c—f+V4ab?+c?+abd+abe+dde- 20f+f2)}
| )

aﬁ%(_ Cof+Vab2+c?+abd+4be+ade—2cf +f2

fa»-b-c-d-e-f-g-h-i-j—-k-l-m-nj},
fa»>-b-c-d-e-f-g-h-i-j-k-l-m-nj,
{

a-b-c+d+e-f+g-h-i+j-k+l+m-n}, {a—>b—c+d+e—f+g—h—i+j—k+|+m—n}}

EQ 7.1

{a— —b} means if a = —b then the determinant has zero solution. Therefore EQ 7.1 issues exact criteria

for when the determinant is 0.

Let’s repeat the same calculations for v2 in product viv2 :
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CoefficientArrays|[
{(aa2+bb2) =0, (a2b+ab2) =0, (a2c+ac2+cc2+b2d+be2+de2) ==0,

(b2c+a2d+ad2+cd2+bf2+df2) =0, (bc2+a2e+c2e+ae2+b2F+e2f) =0,
(bd2+b2e+d2e+a2f+af2+ff2) =0, (c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+
g2h+bi2+di2+gi2+e2k+g2k+dk2+gk2+c2l+i2l1+k2l+cm2+hm2+km2) =0,
(dd2+cf2+b2g+d2g+a2h+f2h+ah2+ch2+hh2+bj2+dj2+gj2+
f2k+h2k+d21+j21+d12+gl12+112+cn2+hn2+kn2) =0,
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fFi2+i112+b2j+e2j+092j+
fk2+ik2+e2m+g2m+em2+Jm2+mm2+c2n+i2n+k2n) =0,
d2f+ef2+bh2+eh2+b21+d21+a2j+Ff2j+h2j+aj2+Fj2+1 j2+
fl2+112+2m+h2m+d2n+j2n+12n+en2+jn2+mn2) =0,
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2+
kk2+b21+e2l+g2l+bm2+dm2+gm2+1m2) ==0,
(F2g+d2h+dh2+gh2+cj2+hj2+b2k+d2k+j2k+a2l+f21+h21+
al2z+cl2+h12+kl12+bn2+dn2+gn2+1n2) =0,
(Fog2+e2i+092i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+i2m+
kKZm+am2+fm2+im2+b2n+e2n+g2n+m2n) =0,
(Fh2+f2i+h2i+d2Jj+ej2+Jj2+b12+el2+J12+D2m+d2m+J2m+12m+a2n+
f2n+h2n+an2+fn2+in2+nn2) ==0}, {a, b,c,d,e, f,g,h, i, j,k,1,m, n}]

{SparseArray [<0>, {14}], SparseArray[<84>, {14, 14}]}

coeffRIGHT = Normal [%][[2]];
coeffRIGHT // MatrixForm

a2 b2 0 0 0 0 0 0 0 0 o 0 0 0

b2 a2 0 o 0 0 0 0 o 0 o 0 0 0

c2 e2 a2+c2 b2 +e2 0 0 0 0 0 0 o 0 0 0

d2 f2 b2 + d2 a2+ f2 0 0 0 0 o 0 o 0 0 0

e2 c2 o] o a2+c2 b2 +e2 ) 0 o 0 o 0 0 0

f2 d2 0 0 b2 +d2 a2+ f2 0 0 o 0 o o 0 o

g2 2 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 €2+92+m2 c2+i2+k2 0 0

h2 j2 f2+h24+n2 d2+j2+12 0 0 b2+d2+j2+12 a2+f2+h2+n2 o 0 f2+h2+n2 d2+j2+12 0 0

i2 g2 0 0 e2+g2+m2 c2+i2+k2 0 0 a2+c2+12+k2 b2+e2+9g2+m2 o 0 e2+g2+m2 c2+12+k2
j2 h2 o] 0 f2+h2+n2 d2+j2+12 0 0 b2+d2+j2+12 a2+f2+h2+n2 o 0 f2+h2+n2 d2+j2+12
k2 m2 i2+k2 g2 +m2 0 0 €2+g2+m2 c2+i2+k2 0 0 a2+C2+12+k2 b2+e2+9g2+m2 0 0

12 n2 J2+12 h2 +n2 0 0 f2+h2+n2 d2+j2+ 12 o 0 b2+d2+j2+12 a2+f2+h2+n2 0 0

m2 k2 0 [ i2+k2 g2 +m2 0 0 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2
n2 12 0 0 j2+12 h2 +n2 0 0 2+h2+n2 d2+j2+12 0 0 b2+d2+j2+12 a2+f2+h2+n2
a2 b2 0 0 0 0 0 0 0 0 0 0 0 0 al
b2 a2 0 0 0 0 0 0 0 0 0 0 0 0 bl
c2 e2 az+c2 b2 +e2 0 0 0 0 0 0 0 0 0 0 cl
d2 f2 b2 +d2 a2 +12 0 0 0 0 0 0 0 0 0 0 di
e2 c2 0 0 a2 +c2 b2 +e2 0 0 0 0 0 0 0 0 el
2 d2 0 0 b2 +d2 az2+f2 0 0 0 0 0 0 0 0 f1
g2 2 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 €2 +9g2+m2 €2 +i2 +k2 0 0 gl o
h2 j2 f2+h2+n2 d2+j2+I12 0 0 b2+d2+j2+12 a2+f2+h2+n2 0 0 2+h2+n2 d2+j2+12 0 0 h1
i2 g2 0 0 e2+0g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 0 0 e2+g2+m2 c2+i2+k2 i1
2 h2 0 0 f2+h2+n2 d2+j2+I12 0 0 b2+d2+j2+12 a2+f2+h2+n2 0 0 f2+h2+n2 d2+j2+12 it
k2 m2 i2+k2 92 +m2 0 0 e2+g2+m2 c2+i2 +k2 0 0 a2+c2+i2+k2 b2+e2+92+m2 0 0 k1l
2 n2 2+12 h2 +n2 0 0 2+ h2+n2 d2+j2+12 0 0 b2+d2+j2+12 a2+f2+h2+n2 0 0 1L
m2 k2 0 0 i2+k2 g2+ m2 0 0 e2+g2+m2 c2+i2+k2 0 0 a2+c2+i2+k2 b2+e2+g2+m2 (| ml
n2 12 0 0 2+12 h2 +n2 0 0 f2+h2 +n2 d2 +j2 +12 0 0 b2+d2+j2+12 a2+f2+h2+n2 ni

EQ7.2
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detRIGHT = Det[coeffRIGHT]

(a2? -b2?) (a2?-b2%+a2c2-b2d2-b2e2-d2e2+a2f2+c2f2)’

((d2+j2+12) (-(a2+c2+i2+k2) (-b2c2+a2d2-b2i2+a2j2-b2k2+a2l2) +
(e2+92+nR2) ((d2+j2+12) (e2+g2+nm2) - (c2+i2+k2) (f2+h2+n2)) + (b2 +e2 +
g2+nm) (-(b2+d2+j2+12) (e2+9g2+nR) + (a2+c2+i2+k2) (f2+h2+n2))) -
(f2+h2+n2) ((b2+e2+g2+nR) (-a2e2+b2f2-a2g2+b2h2-a2nm +b2n2) +
(C2+i12+k2) ((d2+j2+12) (e2+g2+nm2) - (c2+i2+k2) (f2+h2+n2)) - (a2 +c2 +
i2+k2) ((d2+j2+12) (b2+e2+g2+nm2) - (c2+i2+k2) (a2+f2+h2+n2))) +
(a2 +f2+h2+n2) ((e2+g2+nR) (-a2e2+b2f2-a2g2+b2h2-a2nm +b2n2) -
(c2+i2+k2) (-(b2+d2+j2+12) (e2+92+nR) + (a2 +c2+i2+k2) (f2+h2+n2)) +
(a2 +c2+i2+k2)
(-(b2+d2+j2+12) (b2+€2+g2+m2) + (a2+c2+i2+k2) (a2+f2+h2+n2))) -
(b2 +d2+j2+12) (-(c2+i2+k2) (-b2c2+a2d2-b2i2+a2j2-b2k2+a2l12)+
(e2+g2+nmR) ((d2+j2+12) (b2+e2+g2+nR) - (c2+i2+k2) (a2+f2+h2+n2)) +
(b2 +e2+g2 +nR)

(-(b2+d2+j2+12) (b2+e2+g2+nR) + (a2+C2+i2+k2) (a2+f2+h2+n2))))?

Solve[detRIGHT = 0, {a2, b2, c2, d2, e2, 2, g2, h2, i2, j2, k2, 12, n2}]
—a22+b22 _-a2c2+b2d2+b2e2+d2e2

a2 +c2 }
{n2>-a2-b2-c2-d2-e2-f2-92-h2-i2-j2-k2-12-n2},
(N2> -a2+b2-c2+d2+e2-f2+092-h2-i2+j2-k2+12+n2},

(c2 > -a2, d2 - -b2}, {c2 - -a2, e2+—b2}}

{{bz > -a2}, {b2 a2}, {fz 5

Solve[detRIGHT = 0, a2]

{{a2 - —b2}, {a2 - -b2}, {a2 - -b2}, {a2 —» b2}, {a2 — b2}, {a2 - b2},

{a2 >-b2-c2-d2-e2-f2-g2-h2-i2-j2-k2-12-m2 - n2},
{a2>-b2-c2-d2-e2-f2-g2-h2-i2-j2-k2-12-m2 -n2},
{a2->b2-c2+d2+e2-f2+g2-h2-i2+j2-k2 +12+ m2 - n2},
{a2—>b2—02+d2+e2—f2+92—h2—i2+j2—k2+|2+m2—n2}}

EQ7.3

From EQ 7.1 and 7.2 we can conclude:

Lemma 7.1: The conditions allowing for the inverse element, either from left or right is the same.
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1 in this algebra has representation of l14 414 Or the identity matrix:

one=coeff/. {a->1,b-0,c-0,d-0,e-0,
f-0,9-0,h-0,1-0,jJ-0,k-0,1-0,m->0,n-0};
one // MatrixForm

1000000O0O0OO0OO0OOO0O
010000O0OO0OO0OO0OO0COO0O
0010000O0O0OO0OO0CO0OO0CO
0001000OO0OO0OO0OO0COO0CO
0000O100O0OO0OO0OO0COO0O
0000OO0O100O0OO0OO0COO0CO
000O0O0OO0OO10O0O0OO0OO0OO0OO
000O0OO0OOO100O0OO0OO0O
000O0O0OO0OOOO10O0O0OO0O
000O0O0OOOOOO1O0O0OO0O
000O0O0OO0OOOOOO10O0O
0O000O0OOOOOOOO1O0O
000O0O0OO0OOOOOOOOT1IO
0000OO0OOOOOOOOO1

The products vlvi~ and vi~* vl must give unique inverses for both right and left since the determinate
is non-zero (EQ 7.1, 7.3), therefore :

Lemma 7.2: The left and right inverses are identical (assuming EQ 7.1, 7.3).

In general violation of EQ 7.1, 7.3 could cause no inverse or non-unique inverse.

And since the matrix multiplication of these matrix representations are associative therefore this algebra
is also associative, let’s call this algebra 14-Sets:

Theorem 7.1: 14-Sets algebra is associative, given constraints of EQ 7.1, 7.3 then this algebra forms a
group.

In general 14-Sets algebra is not commutative.

8. Random Coefficients Theorem

Theorem 8.1: Elements of 14-Sets algebra with (almost-incompressible) almost-random coefficients
have inverse.
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Proof: We model the concept of randomness by Kolmogorov complexity (Appendix A). By Theorem 1
and constraints of EQ 7.1, 7.3 an irreversible element has to have a pattern to its coefficients i.e. con-
straints EQ 7.1, 7.3 and therefore could not be as random as possible since its Kolmogorov complexity
will be considerably less than the length of strings of its coefficients, recall Theorem A.2 and C(x) = X if
X (concatenated coefficients) were incompressible . Therefore all random or incompressible vectors
have inverse.

Remark 8.1 : What this theorem indicates is that the randomness in the universe is the backbone for all
the algebras we understand and compute with! It is the reverse of what we have learned at school and
against our contemporary understanding.

Keep running the few lines below and you see the random matrix representations always have non-zero
determinant:

v = MatrixRepl4Sets[RandomReal [{5, -5}, 14]11;
Style[v // MatrixForm, FontSize » 7]

Det[v]

-3.30809 -3.4264 0 0 0 0 0 0 0 0 0 0 0 0
-3.4264 -3. 30809 0 0 0 0 0 0 0 0 0 0 0 0

-0.144406 4.31252 -3.45249 0 0.886118 0 0 0 0 0 0 0 0 0
4.31252 -0. 144406 0 -3.45249 0 0.886118 0 0 0 0 0 0 0 0
-1.53178 -0.557539 -4.95818 0 -3.86563 0 0 0 0 0 0 0 0 0

-0.557539 -1.53178 0 -4. 95818 0 -3. 86563 0 0 0 0 0 0 0 0

-2. 44593 1.39232 1.9833 0 3.42784 0 0.119753 0 -1.4431 0 1.9833 0 3.42784 0
1.39232 2.44593 0 1.9833 0 3.42784 0 0. 119753 0 1.4431 0 1.9833 0 3.42784
2.26295 4.76527 -1.32898 0 0. 753287 0 -2.67312 0 -4.63707 0 -1.32898 0 0. 753287 0
4.76527 2.26295 0 -1.32898 0 0. 753287 0 -2.67312 0 -4. 63707 0 -1.32898 0 0. 753287
2.17993 0.116716 3.57225 0 -2.32922 0 1.9833 0 3.42784 0 0. 119753 0 -1.4431 0
0.116716  2.17993 0 3.57225 0 -2.32922 0 1.9833 0 3.42784 0 0.119753 0 -1.4431
-2.4802 -3.03439 2.28507 0 -0.771444 0 -1.32898 0 0.753287 0 -2.67312 0 -4.63707 0
-3.03439 -2.4802 0 2.28507 0 -0.771444 0 -1.32898 0 0. 753287 0 -2.67312 0 -4.63707

-154. 889

9. Meaning of Coefficients

Probabilities

One of the most natural interpretations of the 14-Sets Stochastic matrix representation is of course that
of probabilities of states summing up to 1. This is a well studied and understood interpretation: i, j
entries contains the probability of going from the state j to state i. In case of the 14-Sets matrix represen-
tations, one possible related interpretation: m;, 4 j,1 = probability or frequency of a given Kuratowski

operator o to switch to another o, we show the latter by o-;— o . In general let’s use the notations:

O'i—>0'j
n
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where P is the probability of going/switching from o to o; after n steps, # in place of P means non-zero
probability.

Example 9.1: Probabilities along the columns add to 1:

Style[Ncoeff // MatrixForm, FontSize -» 7]

0.0329978  0.283497 0 0 0 0 0 0 0 0 0 0 0 0
0.283497  0.0329978 0 0 0 0 0 0 0 0 0 0 0 0
0.00679916 0.154915 0.0397969 0 0. 438412 0 0 0 0 0 0 0 0 0
0.154915 0.00679916 0 0. 0397969 0 0. 438412 0 0 0 0 0 0 0 0
0.0678861 0.0377381 0.351383 0 0.0707359 0 0 0 0 0 0 0 0 0
0.0377381 0.0678861 0 0. 351383 0 0.0707359 0 0 0 0 0 0 0 0
0.0691335 0.101474  0.270276 0 0.123541 0 0. 156539 0 0.553773 0 0.270276 0 0.123541 0
0.101474  0.0691335 0 0. 270276 0 0.123541 0 0. 156539 0 0.553773 0 0. 270276 0 0. 123541
0.0728054 0.0214534 0.152933 0 0.136754 0 0.420251 0 0.185931 0 0. 152933 0 0.136754 0
0.0214534 0.0728054 0 0. 152933 0 0.136754 0 0.420251 0 0.185931 0 0. 152933 0 0.136754
0.0152676 0.0462279 0.116742 0 0.115361 0 0.270276 0 0.123541 0 0. 156539 0 0. 553773 0
0. 0462279 0.0152676 0 0.116742 0 0.115361 0 0.270276 0 0.123541 0 0. 156539 0 0. 553773
0.0474148 0.04239 0.0688681 0 0.115195 0 0. 152933 0 0. 136754 0 0. 420251 0 0.185931 0
0.04239 0.0474148 0 0. 0688681 0 0.115195 0 0.152933 0 0.136754 0 0.420251 0 0.185931

Therefore the following computation explain such a probabilistic Subjective Form:
< 1 [ Ncoeff
14

(., 1.,1.,1,1,1,1,1.,1.,1.,1.,1.,1., 1.}

Imagine a machine which has large array of sensors sensing the space around an area (object). Each
sensor can sense the Kuratowski's operators in action:

o sensor senses the individual points in space or on a surface

01 Sensor senses its location has no points from a specified area

0, sensor senses the boundary of an object e.g. edge of a table, skin of an apple
05 Sensor senses an interior of some object

The sensor is in an infinite-loop, continually sensing the space and objects, but each time triggered it
might sense the action of a different Kuratowski's operator e.g. it could be sensing o this moment and
next moment 5. This could be due to the motion in space or objects changing shapes or the space
itself changing configuration.

Let's code a function that does the Adjacency Graph of a Stochastic 14-Sets vector:
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(» Self-Loops are removed =)

graphl4Sets [cfsO_, scaleO_] :=
Module[{cfs = cfsO, matREP, matREP2, matREP3, matREP4, g, gPower, scale = scale0},

matREP = MatrixRepl4Sets[cfs];
matREP2 = Table[Boole[matREP[[u]][[w]] # 0], {u, 1, 14}, {w, 1, 143}];

g = GraphPlot[Transpose [matREP2], DirectedEdges -» {True, "ArrowheadsSize" - 0.01},
MultiedgeStyle -» 2, SelfLoopStyle -» False, VertexRenderingFunction -»
({EdgeForm[Black], Yellow, Disk[#1, scale«0.18], Black, Text[owo1), #1]1} &) 1];

matREP3 = Chop [N[MatrixPower [matREP, 200]], 107-9];
matREP4 = Table[Boole[matREP3[[u]][[w]] # 0], {u, 1, 14}, {w, 1, 143}1];

gPower = GraphPlot[Transpose[matREP4],
DirectedEdges » {True, "ArrowheadsSize" -» 0.01}, MultiedgeStyle » 1,
SelfLoopStyle -» False, VertexRenderingFunction -» ({EdgeForm[Black],
Yellow, Disk[#1, scalex0.15/ 2], Black, Text[op-1), #1]} &) 1;

(*» matREP = matrix representation, matREP2 the boolean,
matREP3 infinite power, matREP4 boolean of the infinite power,

g graph of the first stochastic matrix,
gPower the graph of the infinite power stochastic matrix =)
{matREP, matREP2, matREP3, matREP4, g, gPower}

Example 9.2: Start with a Stochastic 14-Sets vector v = (é) oo+ (%) o1+ (é) 0>, the following is the

Adjacency Graph of this vector:

(» recall self-loops are removed =)
res = graphl4Sets [{1/3,1/3,1/3, 0, 0,0, 0,0, 0,0, 0,0,0,0}, 17;

res[[5]]

Look at its matrix representation (call it m) below and by graph above you can see there ismg; = %

probability to go from ogto oy , My 4 = % probability to go from o3 to o3 i.e. stays in o3 state or next

trigger of the sensor will be again the action of o3, there are no arrow from o to o4 i.e. probability
ms7= 0, orifin state og No way to go to o4 or if the sensor is sensing the action of os_next trigger

cannot be o4, while there is an arrow from o4 to o i.e. probability m; 5 = é
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Style[res[[1]] // MatrixForm, FontSize -» 7]
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For v to stay as v i.e. sensors triggered for the second time yet again the sensors sensed
(%) frequency for oo — o¢ and (%) frequency for oo— 01 and (%) frequency for oo — 0, the correspond-

ing vector to the last statement is v2 (matrix power), and for next set of triggers to get the same frequen-
cies corresponding 14-Sets vector is v3and so on.

Remark 9.1: (vMT = (vT)n , therefore we need not to transpose v.

Therefore to have the same frequencies for the Kuratowski's operators, the corresponding vector (after
infinite amount of triggers):

v® = Lim v" EQ9.1

N—o0
By v it is meant the stable state of such probabilities staying fixed:
=v® EQ9.2

where (vV®)i,1 j+1 = probability to go from ¢ to o in infinite steps .
The following is the Adjacency Graph for v* for the above v:

res[[6]]
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Style[res[[3]] // MatrixForm, FontSize - 7]

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 [ 0 0 0 0 0 0 0

0 0 0 0 0 0 [ 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0.222222 0.111111 0.333333 0 0.333333 0 0. 333333 0 0. 333333 0 0. 333333 0 0. 333333 0
0.111111 0.222222 0 0. 333333 0 0. 333333 0 0.333333 0 0. 333333 0 0. 333333 0 0.333333
0.111111 0.0555556 0.166667 0 0. 166667 0 0. 166667 0 0. 166667 0 0.166667 0 0. 166667 0
0.0555556 0.111111 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0.166667 0 0. 166667
0.222222 0.111111 0.333333 0 0.333333 0 0. 333333 0 0. 333333 0 0. 333333 0 0. 333333 0
0.111111  0.222222 0 0. 333333 0 0. 333333 0 0.333333 0 0. 333333 0 0. 333333 0 0.333333
0.111111 0.0555556 0.166667 0 0. 166667 0 0. 166667 0 0. 166667 0 0.166667 0 0.166667 0
0.0555556 0.111111 0 0.166667 0 0.166667 0 0. 166667 0 0.166667 0 0.166667 0 0. 166667

This graph shows us:

0.0555556 . 0 .
og——— 09 While o9— 0 as an example by in general:
(o8] (o8]

%0

ci—oj , 1=0t02, j=7t013
while
50y , i=0t013, j=0t05

In other words the probabilities from o , 071 to o5 , after infinite steps, got ‘drained’ and re-distributed
amongst og t003 .
1 1

Lim ((E)a'o +(§)0'1 +(§)az)" = 022222206+ 0.11111107 + 0.111111 0 +

0.055556 0 + 0.222222 010 + 0.111111 04 + 0.111111 04, + 0.055556 013

Example 9.3: Start with a Stochastic 14-Sets vector v = (i) oo+ (%) o1, corresponding to general

discrete topological spaces, the following is the Adjacency Graph of this vector:

(» recall self-loops are removed =x)

(» set MultiedgeStyle-0 x)

res = graph14Sets [{1/2,1/2, 0,0, 0,0, 0,0, 0,0, 0,0,0,0}, 171;
res[[5]]
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Infinite power produces the same! There is no ‘draining’ as in the other case.

res[[6]]
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Lm ((3) oo+ (5) o) = (5) oo+ (5)

These meanings are called Subjective Form [3] : How a 14-Sets vector goes from one state to
another, or How points from one space to another, or How projects from one realm to another, or How
copies from location to another and so on.

Preserved Linear Form

We can go further and explain other Subjective Forms:

<1 | Ncoeff | Qx>
14

1. Xo+1. Xy +1. Xo+1. Xg+1. Xq4+1. X5+
1. Xg+1. Xx7+1. Xxg+1. Xg+1. X0+1. X917 +1. X920+ 1. Xi3

The coefficients for the Kuratowski operators preserve a linear form or preserve a hyperplane perpendic-
ularto{1,1,1,1,1,1,1,1,1,1,1,1, 1, 1}.

Preserved Quadratic Form
Replacing x by a square x? :

<1 | Ncoeff | 9 x2>
14

1. X20 +1. X21 +1. X22 + 1. X23 +1. X24 +1. X25 +

2 2 2

1. X26+1- X7+ 1. x°g+1. x99+ 1. X210+1. X211+1. X212+1. X213

9.1 Source and Sinks

In investigating the stable vectors of EQ 9.1:

v® = Lim v"

N—oo

Random such vectors reach stability by draining (zeroing) their first 6 coefficients!

Make a 14-Sets stochastic vector with random coefficients:
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cfs = randl4SetsStoch[]
Total [cfs]

{0. 0306064, 0.0405948, 0.128805, 0. 0457791, 0.0398854, 0.00137605, 0.101888,
0. 148462, 0.0635421, 0. 149689, 0.100425, 0. 00260541, 0.00371443, 0. 142628}

1

Look at the first column where the coefficients reside, all random:

res = graphl4Sets[cfs, 1];

(*» v the 14-Sets vector with cfs coefficients x)
v=res[[1]];

Style[v // MatrixForm, FontSize -» 7]

0.0306064 0.0405948 0 0 0 0 0 0 0 0 0 0 0 0
0. 0405948 0.0306064 0 0 0 0 0 0 0 0 0 0 0 0
0.128805 0.0457791 0.159411 0 0. 0863738 0 0 0 0 0 0 0 0 0
0. 0457791 0.128805 0 0.159411 0 0. 0863738 0 0 0 0 0 0 0 0
0.0398854 0.00137605 0.0804802 0 0. 0319824 0 0 0 0 0 0 0 0 0
0.00137605 0.0398854 0 0. 0804802 0 0. 0319824 0 0 0 0 0 0 0 0
0.101888 0. 148462 0. 150273 0 0.377691 0 0. 408298 0 0. 190868 0 0.150273 0 0.377691 0
0.148462 0.101888 0 0.150273 0 0.377691 0 0. 408298 0 0.190868 0 0.150273 0 0.377691
0. 0635421 0. 149689 0. 207546 0 0.193288 0 0. 233883 0 0. 238153 0 0. 207546 0 0. 193288 0
0. 149689 0. 0635421 0 0. 207546 0 0. 193288 0 0.233883 0 0.238153 0 0.207546 0 0. 193288
0.100425 0.00260541 0.248887 0 0. 104494 0 0. 150273 0 0.377691 0 0. 408298 0 0. 190868 0
0.00260541 0.100425 0 0.248887 0 0. 104494 0 0. 150273 0 0.377691 0 0.408298 0 0. 190868
0.00371443 0.142628 0. 153403 0 0.20617 0 0.207546 0 0.193288 0 0. 233883 0 0. 238153 0
0.142628 0.00371443 0 0. 153403 0 0.20617 0 0. 207546 0 0.193288 0 0. 233883 0 0. 238153
Stochastic requirement checked for all columns:
Total [Vv]
{1.,1.,212.,12.,121,1,1.,1,1.,1.,1.,1.,1.,1.}
Square the vector v and notice the first 6 coefficients in column 1 drop in value:
v2 = Chop [N[MatrixPower[v, 2]], 107°-9];
Style[v2 // MatrixForm, FontSize » 7]
sumColumn[v2]
0. 00258469 0.00248492 0 0 0 0 0 0 0 0 0 0 0 0
0. 00248492 0.00258469 0 0 0 0 0 0 0 0 0 0 0 0
0.0297786 0.0140465 0.0323633 0 0.0165314 0 0 0 0 0 0 0 0 0
0.0140465 0.0297786 0 0. 0323633 0 0.0165314 0 0 0 0 0 0 0 0
0.0129185 0.00538957 0.0154034 0 0. 00797426 0 0 0 0 0 0 0 0 0
0. 00538957 0.0129185 0 0. 0154034 0 0.00797426 0 0 0 0 0 0 0 0
0.113788 0. 159527 0. 250662 0 0. 309733 0 0.312318 0 0. 253147 0 0. 250662 0 0. 309733 0
0. 159527 0.113788 0 0. 250662 0 0.309733 0 0.312318 0 0.253147 0 0. 250662 0 0. 309733
0.102987 0.115409 0.214522 0 0.220014 0 0. 222499 0 0.217106 0 0.214522 0 0.220014 0
0.115409 0.102987 0 0.214522 0 0.220014 0 0. 222499 0 0.217106 0 0.214522 0 0. 220014
0. 120428 0. 122827 0. 279955 0 0. 236615 0 0. 250662 0 0. 309733 0 0. 312318 0 0. 253147 0
0.122827 0.120428 0 0. 279955 0 0.236615 0 0. 250662 0 0.309733 0 0.312318 0 0. 253147
0.0916867 0.106145 0. 207095 0 0.209132 0 0. 214522 0 0.220014 0 0.222499 0 0.217106 0
0.106145 0.0916867 0 0.207095 0 0.209132 0 0. 214522 0 0.220014 0 0.222499 0 0.217106

{.,1.,1,1,1,1,1,1.,1.,1.,1.,1.,1., 1.}

Reach to the power 4, serious drop in the value of the first 6 coefficients:
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v4 = Chop[N[MatrixPower[v, 4]], 107~-97];
Style[v4 // MatrixForm, FontSize - 7]
sumColumn[v4]

0.13235

148588
103467
115006
133253
146789
103139
114525

eooeoo0e

0.0000128554 0.0000128455
0.0000128455 0.0000128554
0.00128917
0. 00065399
0. 000608489
0. 000305373

0. 00065399
0. 00128917

0.148588
0.13235
115006
103467
146789
133253
114525
103139

ceoeoo0Q

0

0
0.00130202

0

0. 000305373 0. 000621335
0. 000608489

0
0. 279793
0
0.218298
0
0.281841
0
0.218145
0

0
0
0
0. 00130202
0
0. 000621335
0
0.279793
0
0.218298
0
0.281841
0
0.218145

0

0
0. 000666836

0 0.

0.000318228

0 0.
0.28313

0
0.218753

0
0.279139

0
0.217992

0

{.,1.,1,1,1,1,1,1.,1.,1.,1., 1.,

Reach to the power 8, almost all 6 coefficients 0:

v8 = Chop [N[MatrixPower[v, 8]], 10™-9];
Style[v8 // MatrixForm, FontSize » 7]
sumColumn[v8]

0
0

0.133446
0. 14802
0.10361
0.114922
0. 13345
0.148016
0.10361
0.114921

2.10926 x10°° 1.
1.08011x10°® 2.10926x10°°
1.00639x10°® 5.
5.15267 x10° 7 1.00639 x10°®

0 0 0
0 0 0
08011 x107° 2.10959 x10°° 0
0 2.10959 x 106
15267 x 1077 1. 00672 x10°° 0
0 1.00672x10°¢
0. 14802 0.281463 0
0. 133446 0 0.281463
0.114922 0.218531 0
0. 10361 0 0.218531
0.148016 0.281471 0
0.13345 0 0.281471
0.114921 0.218532 0
0.10361 0 0. 218532

0
0
1.08044 x 10
0
5.15598 x 107
0
0.281473
0
0.218533
0
0. 281462
0
0.218531
0

(., 1.,1.,1,1,1.,1.,1.,1.,1.,1.,1., 1., 1.}

Reach to the power 16, very close the infinite power limit, all 6 first coefficients 0 valued:

v16 = Chop[N[MatrixPower[v, 16]1], 107~-9];
Style[v16 // MatrixForm, FontSize - 7]
sumColumn[v16]

o oo oo

0

0.114922

0.114922

o oo oo

0

0. 10

0. 10

o oo oo

0

0.133449 0.148019 0.281468
0.148019 0.133449 0
0.10361 0.114922 0.218532

361 0

0.133449 0.148019 0.281468
0. 148019 0.133449 0
0.10361 0.114922 0.218532

361 0

cocoocoooo

0
0.281468
0
0.218532
0
0.281468
0
0.218532

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0
0.281468 0 0.281468

0 0.281468 0
0. 218532 0 0.218532

0 0.218532 0
0.281468 0 0.281468

0 0.281468 0
0.218532 0 0.218532

0 0.218532 0

i,1.,1,1,1,1,1,1,1., 1.,

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
000666836 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
000318228 0 0 0 0 0 0 0 0
0 0.283143 0 0. 279806 0 0.279793 0 0.28313 0
0.28313 0 0.283143 0 0. 279806 0 0.279793 0 0.28313
0 0.218766 0 0.218311 0 0.218298 0 0.218753 0
0. 218753 0 0.218766 0 0.218311 0 0.218298 0 0.218753
0 0.279793 0 0.28313 0 0.283143 0 0. 279806 0
0.279139 0 0.279793 0 0.28313 0 0.283143 0 0. 279806
0 0.218298 0 0.218753 0 0.218766 0 0.218311 0
0.217992 0 0.218298 0 0.218753 0 0.218766 0 0.218311
1., 1.}
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1.08044 x10°° 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
5.15598 x 1077 0 0 0 0 0 0 0 0
0 0.281473 0 0.281463 0 0.281463 0 0.281473 0
0.281473 0 0.281473 0 0.281463 0 0.281463 0 0.2814.
0 0.218533 0 0.218531 0 0.218531 0 0.218533 0
0.218533 0 0.218533 0 0.218531 0 0.218531 0 0.2185¢
0 0.281463 0 0.281473 0 0.281473 0 0.281463 0
0.281462 0 0.281463 0 0.281473 0 0.281473 0 0.2814¢
0 0.218531 0 0.218533 0 0.218533 0 0.218531 0
0.218531 0 0.218531 0 0.218533 0 0. 218533 0 0. 2185¢
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0.281468 0 0.281468 0 0. 281468 0
0. 281468 0 0. 281468 0 0. 281468 0 0. 281468
0 0.218532 0 0.218532 0 0.218532 0
0.218532 0 0.218532 0 0.218532 0 0.218532
0 0.281468 0 0.281468 0 0.281468 0
0. 281468 0 0. 281468 0 0. 281468 0 0. 281468
0 0.218532 0 0.218532 0 0.218532 0
0.218532 0 0.218532 0 0.218532 0 0.218532

1., 1., 1., 1.}
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Note that though the first 6 coefficients were drained to 0, the remaining 8 got larger at each stage due
to the stochastic requirement that each column must always add to 1.

res[[6]]

More and more such trials indicated that is a pattern for such random vectors. But further examination
showed that always the remaining non-zero 8 coefficients (See first column) are grouped as two identi-
cal 4 Real numbers!

It is as though these two groups of 4 Reals serve as two sinks for the source which comprised of the
first (non-zero) 6 coefficients.

This ‘current’ of probability distributions drains the 6 coefficient in speedy fashion i.e. v® is a very close
approximation to v=. Multiplication after multiplication the first 6 coefficients diminish and the last 8
increase, and split into the said 2 groups of 4 identical coefficients (still sum up to 1).

Remark 9.1.1: An odd thought occurred to the author that in this case v is not a space we are accus-
tomed to i.e. with missing Complement and Closure operators, and since the limit approaches very fast
therefore there has to be mechanism to reset v back to original v. This gave birth to the idea of a
Topological Oscillator or Topological Pump.

Counterexample 9.1.1: Following gives a counterexample i.e. some 0s in the first 6 coefficients, where
the last 8 coefficients are not bundled in two the 2 identical groups:

cfs=_;
cfs=¢1,0,1,0,0,1,0,0,0,0,0, 0,0, 0};
cfs = cfs/ Total [cfs]
Total [cfs]
1 1

{5, 0, 5 0, 0, i 0,0, 0, 0,0, 0,0, o}

1
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cyl = graphl4Sets[cfs, 1];
Style[cyl[[1]] // MatrixForm, FontSize -» 9]
Style[cyl[[3]] // MatrixForm, FontSize - 9]
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10. Subjective Form: SO (7)

In previous explanation for Subjective Form < 1 | Ncoeff | 24 x2 > we assumed that x? is any Real
14

variable. What if we assumed x? has to be a square in the 14-Sets algebra, thus limiting the domain for
x, for that matter we note that there are only 7 such idempotent squares residing on the diagonal of the
Cayley table:

oo
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Osg

2
910

010

2
o013

013

And replace x? :

0 2
14 X

2 2 2 2 2 2 2 2 2 2 2 2 2 2
{X?0, X?1, X%, X%3, X%4, X%5, X%, X°7, X%g, X%9, X*10, X°11, X°12, X’13}

By the said squares in 14-Sets algebra:

2 2 2 2 2 2 2
()'0 (7'1 2 (7'3 ()'4 2 (1'6 (7'7 (78 U'g ()'10 ()'11 (1'12 (1'13
Sq“ares={? 292 339 50 3 30 2 3 3 —}

The following quadratic form is obtained:

<1 | Ncoeff | squares >
14

1. Oo+1. 02+1. O5+l. C57+1. 08+1. Olo+1. 013

Note that each term is a square (Mathematica simplifies). Or:

0'02+0'22+O'52+O'72+O'82+0'102+0'132



46 14sets.nb

Preservation of this quadratic form is a rotation in 7 dimensions however the rotation is non-linear. We
can map this non-linear rotation to a linear one in SO (7).

11. Subjective Form: O (7 -1,1), O (14-1,1) Lorenz Group

As in the case of SO (7), given 7 squares in 14-Sets algebra, generalized Lorenz Group can form
explanations for the Subjective
Form:

2 2 2 2 2 2 2 2 2 2 2 2
9o 71 2 g3 T4 2 T6 g7 Jg UJg 910 T11 T12 0'13}

squaresZ:{—?,—— 05, -2, -2, gt -2, -, -2, T T Tk

<1 | Ncoeff | squares2 >
14

-1. 0071. Ozfl. 0571. 0771. ngl. 010+1. 013

Note that each term is a square (Mathematica simplifies). Or:
2 2 2 2 2 2 2
—0g —02 —0s5 —07 —0g —010 013

Similar computation would result to O (14 - 1, 1) as well.

12. Subjective Form: Aff (14 - 1, R)

[2] Stochastic matrices in general belong to the Lie Group M (n, R) or in our case M (14, R) which is
isomorphic to the Affine group n — 1 or 14 — 1 dimensions (consisting of the general linear group and
translations i.e. Geometric contraction, expansion, dilation, reflection, rotation, shear, similarity transfor-
mations, spiral similarities, and translation are all affine transformations, as are their combinations. In
general, an affine transformation is a composition of rotations, translations, dilations, and shears.)

This follows from the result earlier [2] that M (14, R) consists of linear transformations in GL (14, R)

i.e.

which are restricted to the transformations in the hyperplane perpendicular to <1
14

<1 ’Ncoeff| 0,x>=1.x%+1.x% +1.x% + L.x%3 + 1.x% +
14

1.x%5+ 1. X% +1.X%7 +1.x% + 1. X% + 1. X% 0+ 1. X% + L. X% + 1. X%
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The actual isomorphism can be implemented by a coordinate transformation, which rotates x,3 into the

vector <1 after which 142 — 14 linear transformations which were previously in the hyperplane now

14
become linear transformations on the subspace xg X; ... X1» , leaving the x,3 axis invariant.

13. Construct: Octonions

By simply looking at the top left corner of the Kuratowski Monoid’s Cayley table, we find Z,:

M = kuraTable[];
™M // MatrixForm

Op O1 ©O2 03 O4 O5 O O7 Og Og O10 O11 O12 O13
01 Op ©O4 O5 O2 O3 0O Og O O7 O12 013 O10 O11
02 O3 O2 03 0O O7 O O7 O10 O11 O10 O11 O O7
03 ©O2 0O O7 ©O2 O3 O10 011 O O7 O O7 O10 O11
O4 Os5 O4 O5 Og Og Og Og O12 O13 012 O13 O Og
Os5 04 Og O9g O4 O O12 013 Og Og Og Og O12 013
O O7 O Oy O1p0 O11 O10 O11 O O7 O O7 O10 O11
07 O O10 O11 O Oy O O7 O10 O11 010 O11 O O7
Og Og O Og O12 013 012 013 Og Og Og Og O12 013
Og 0Og O12 013 Og Og9g Og Og O12 013 O12 013 O Og
010 O11 O10 011 O O7 O O7 O10 O11 O10 O11 O O7
011 O10 O ©O7 O10 O11 O10 O11 O ©O7 O O7 O10 O11
012 O13 O12 013 Og Og Og Og O12 013 O12 O13 Og Og
013 O12 Og Og O12 013 O12 O13 O Og Og Og O12 O13

Corollary 13.1: Z, is an invariant of all topological spaces! a subgroup of 14-Sets algebra.

This simple fact is actually an important discovery since no matter what Kuratowski operators we
choose on no matter what topological space, we shall always uncover Z, as an algebra to compute with
or construct larger algebras. In many constructions of Octonions Z, is used but no one cares to explain
where it originates from. This overlooked fact is worthy of great concern.

Equipped with Z, and the following ingredients obtained from the topological spaces and 14-Sets
algebra, we can build the Octonions:

1. Topological spaces

2. Z, which is found as an invariant of any topological space (see Theorem 1.1 as well)

3. Product of topological spaces (which is again a topological space), Z, being a discrete topology
therefor we can construct Z,%and 7Z,%x7,°

4. |dentification or gluing for topological spaces by identifying points to be the same (glued)

5. Reflections as members of Subjective Form Aff (14 - 1, R)
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Zz:

1 el
1 1 el
el el 1

Z,°= {1, el, e2, e3, e4, e5, €6, e7} with the following Cayley table:

1 el e2 e3 e4 e5 e6 e’
1 1 el e2 e3 e4 e5 e6 e’
el el 1 e3 e2 e5 e4 e7 e6
e2 e2 e3 1 el e6 e’ e4 e5
e3 e3 e2 el 1 e7 e6 e5 e4
e4 e4 e5 €6 e7 1 el e2 e3
e5 e5 e4 e7 e6 el 1 e3 e2
e6 e6 e7 e4 e5 e2 e3 1 el
e7 e7 e6 e5 e4 e3 e2 el 1

This table is actually a subset or discrete subspace of discrete topological space (223 sz3)><Zz3 .

Remark 13.1: We can take the latter and the other product spaces and map them to other spaces e.g.
(G, x G,)x G,. Basically we took the Cayley table and mapped it into an arbitrary topological space.

We then add the Twist to this table i.e. multiply some elements of the table by -1. We model this Twist
as follows:

(2,°x2,%)x(2,° x Aff(14 - 1, R)) EQ13.1

which the entire product itself is a topological space, however we select a finite discrete subspace
comprised of either Identity matrix or Reflection transformation matrix.

Remark 13.1: Instead of the Cartesian products above, in particular the product of Aff(14-1, R) perhaps
the topological identification would be more fitting and intuitive. Basically we are gluing the entries of the

table to Z,3x 7, and glue to the Twist to the entry which is an element of Z,3.
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A sample point in this finite discrete topological space looks
like:

(el, el, elxel, Ref), algebraic expression extracted (elxel)qyst = €l+xelxDet(Ref) = -1

where (elxel)ryist IS the product obtained by a twisti.e. ixi = —1, indeed Ref is a reflection matrix with
determinant -1:
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r=._;

(*» ¥ ={ro,r1,r2,r3,ry,rs,rg,r7,rg,rg,rp,r,ro,rs}
perpendicular to the plane of reflection x)

(* Assume r is unit x)

rcoors = 3, r;

Element[rcoors, Reals];

ref = Simplify[ReflectionMatrix[rcoors]];

Ref = ref /. {Abs[ro]?+Abs[r;]? + Abs[r;]% + Abs[r3]? + Abs[r]% + Abs[rs]% + Abs[re]” +
Abs[r;]12 + Abs[rg]? + Abs[rg]? + Abs[rig]? + Abs[ry11]12 + Abs[ri2]% + Abs[ri3]? > 1,
1/Abs[ro]? +Abs[ri1% + Abs[rp]1% + Abs[r3]? + Abs[rs]1? + Abs[rs]? + Abs[rg]? +
Abs[r;]12 + Abs[rg]? + Abs[rg]2 + Abs[rig]? + Abs[ri1]12 + Abs[ri2]2 + Abs[ri3]2 » 1,
Conjugate[rg] - rg,

Conjugate[r;] -» ry,
Conjugate[ry] -y,
Conjugate[rs] -» rs,
Conjugate[rg] - r4,
Conjugate[rs] - rs,
Conjugate[rg] - rg,
Conjugate[r;y] -» ro,
Conjugate[rg] - rg,
Conjugate[rg] - rg,

Conjugate[rig] » rig,
Conjugate[rii] » ri1,
Conjugate[ris] » rio,
Conjugate[riz] - ris,
Abs[rg] » rg,

Abs[ri] » rq,
Abs[r;] -,
Abs[ri] » r3,
Abs[rs] » r4,
Abs[rs] - rs,
Abs[rg] - rg,
Abs[r7] » ro,
Abs[rg] » rg,
Abs[rg] - rg,

Abs[rip] - rig,
Abs[ri;] - ria,
Abs[riz] - rio,
Abs[riz] - riz};

Style[Ref // MatrixForm, FontSize - 8]
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1-2r3 -2rgry -2rorp -2rgrg -2rors -2rgfs -2fglg -2fgl7 -2fgfg -2rfglg -2Tgl1g -2Tgf11 -2Tgf1p -2Tgl13
-2rory 1—2r§ -2ryrp, -2ryrg -2ryrg4 -2rqrs -2rqreg -2rqr7 -2rqrg -2rqrg -2rpfqe -2rgrq; -2ryrgp -2rpras
-2rgry -2rqir; l—2r§ -2rpr3 -2rprg -2rprs -2rprg -2rpr7 -2rarg -2rarg -2rargg -2rprgy -2raryp -2rar3
-2rorg -2ri3rz -2rarg 1—2r§ -2r3rg -2r3rs -2rgrg -2rgry -2rgrg -2rgrg -2r3ryg -2rgry; -2r3rg; -2r3rag
—2rofrg -2r3rg -2rary -2r3ry 1—2r§ —2T4fs5 -2T4fg -2rg4f7 -2rafg -2rafg -2T4T19 -2T4F11 -2TF4T12 -2T74013
-2rofs -2ryrs -2rars -2r3rs -2T4r5s 1—2r§ -2rsrg -2rsr7 -2rsrg -2rgrg -2rs5rqg -2rgrfy; -2rgfip -2rs5l13
-2rgre -2rirg -2rprg -2rgrg -2rarg -2rsrg 1—2r§ -2rgr7 -2rgrg -2rgrg -2rgrqg -2rgrfy; -2rgf1a -2rgla3
-2ror7 -2ryr7 -2rar7 -2rgr7 -2rar7 -2rsr7 -2rgry 1—2r§ -2r7rg -2rgrg -2r7rq9 -2r7rq; -2r7rigp -2r7ra3
-2rorg -2rirg -2rprg -2r3rg -2r4rg -2rsrg -2rgrg -2r7rlg 1—2r§ -2rgrg -2rgryg -2rgry; -2rgrip -2rgfas
~2rolfg -2rifg -2rprg -2T3fg -2r4lg -2Tglg -2rglg -2r7lg -2rglfg 1-2r3 -2rgryg -2rglfy -2fgf1p -2Tgl13
~2rgly0 -2r1T1 -2TpT10 -2T3f10 -2T4T10 -2F5l10 -2Tgl1 -2F7F10 -2Tgl1g ~2rglyo 1-2r%, -2riory -2r1pf1p -2r10013
“2rgry -2ryfyy -2rpfyy -2rgfyy -2T4Tyy -20s5fyy —2Tgfyy -2070yy -2rglyy -2Tglyy -2rqofyy 1-2r% -2ryir;; -2ryprg

2
“2Toliz 2Tyl -2T2T1p -2F3l1p -2T4T1p -2¥s5F1p -2Tgl1p 277712 -2Tgl1p -2Fgl12 -2T30T12 -2T11F12 1-2r3; -2T12013

~2rgl1g -2r1T13 -2rpl13 -2r3f13 -2074013 -2F5f13 -2Tgl13 -2F7013 -2Tgl13 -2Tgf13 -2T1ol13 -2T11f13 -2T1p013 1-2r1%;

rcoors was the coordinates of:

0
14 ¥

{ro, ra, o, I3, Iy, s, g, Iz, rg, fo, 1o, M1, 12, r13}

which is also the normal vector to the plane of reflection in 14-D space.

Therefore if we apply the Reflection transformation i.e. multiply its matrix multiplication to r, we should
get-r:

Simplify[Ref.rcoors] /.
[2r5+2rf+205+420r5+20r5+20r8+205+215+2r54215+2r55+213;+213,+2r5; > 2}

{-ro, -1, -Tp, -3, —-ly4, -rs5, -re, -7, -Tg, -Tg, -T10, -F11, -T12, -T13}

Compute the determinant of the Reflection matrix and you see its value being -1:

Det [Ref] /.
{-2r§-2ri-2r5-2r5-2r;-2rf-2rf-2r5-2r3-2r§-2r5,-2r; -2rf,-2r%; > -2}

-1

Twist
Where is the Twist in all these?

Imagine the Cayley table was placed in front of a mirror and at each entry of the table we placed a
ribbon or the equivalent of a theoretical physicist standing up.

Stretch the ribbon and place it just touching the mirror, it is as though you stretched it all the way to the
entry inside the mirror (reflection) but twisted it a half-turn.

Or stretch the right arm of the theoretical physicist at the entry in the Cayley table to the right arm of his
reflection inside the mirror, and do the same for his left arm, you introduce a twist (criss-cross of the
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arms).

¥

i

Physclips www.animat'lnn-s.ph'.rsichs.unsw.edu.au

Warning: Do not attempt this experiment at home, the person in the image is a highly trained theoreti-
cal physicist with many years of engrossing training.
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Physclips www.animations.physics.unsw.edu.au

If the fellow and his reflection shook hands, then there is a twist like this:



54 14sets.nb

That is why all the fuss was made for the discrete topological subspace specifications as above, we can
map them into other familiar topological spaces, but the twist stays the same nonetheless! topologically
speaking.

And this twist can accurately be modelled as the determinant of the said reflection matrix.

The final result will be two copies of the table below:



1 el e2 e3 e4 e5 e6 e7
1 1 el e2 e3 e4 e5 e6 e7
el el 1 e3 e2 e5 e4 e7 e6
e2 e2 e3 1 el e6 e7 e4 e5
e3 e3 e2 el 1 e7 e6 e5 e4
e4 e4 e5 e6 e’ 1 el e2 e3
e5 e5 e4 e7 e6 el 1 e3 e2
e6 e6 e7 e4 e5 e2 e3 1 el
e’ e7 e6 e5 e4 e3 e2 el 1
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The two copies are connected (ldentified) by twisting something at the entries e.g. a guy standing up or
a ribbon, but we can model those things by Reflection matrices and multiply the determinant which is -1
if the matrix is of type Reflection +1 if identity matrix:

1 el e2 e3 e4 e5 e6 e’
1 1 el e2 e3 e4 e5 €6 e7
el el -1 e3 -e2 e5 -e4 -e7 e6
e2 e2 -e3 -1 el e6 e7 -e4 -e5
e3 e3 e2 -el -1 e7 -e6 e5 -e4
e4 e4 -e5 -e6 -e7 -1 el e2 e3
e5 e5 e4 -e7 e6 -el -1 -e3 e2
e6 e6 e7 e4 -e5 -e2 e3 -1 -el
e’ e7 -e6 e5 e4 -e3 -e2 el -1

Remark 13.2: Instead of using Aff(14-1, R) we could use a Braid group which is proven to be linear i.e.
it has matrix representation in GL(14, R) .
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14. Commutator

In general the Commutator is non-zero:

04 O — Opg O4g

08 — 010

commute = Table[SameQ[oj oj - 0j i, 0], {i, 0, 13}, {j, O, 13}];
commute // MatrixForm

True
True
True
True
True
True
True
True
True
True
True
True
True
True

Therefore the algebra is also non-commutative.

True
True
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se
Fal se

True
Fal se
Tr ue
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se

True
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se

Compute the Commutator:

True True
Fal se Fal se
Fal se Fal se
Fal se Fal se
True False
Fal se True
Fal se Fal se
Fal se Fal se
True False
Fal se True
Fal se Fal se
Fal se Fal se
True False
Fal se True

True
Fal se
Tr ue
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se

Distribute[Vvl xx v2] - Distribute[v2 %% V1]

True
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se

True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se

True
Fal se
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True

True
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se

True
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se

True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se
Fal se
Fal se
True
Fal se

(aog) «x (a2 0g) + (a0p) «* (b2 01) + (A 0g) «* (C202) + (A 0p) +x (d2 03) + (A 0p) % (€2 04) +

(aog) *x (f205) + (@a0p) ** (g2 06) + (A 0g) ** (h207) + (A 0g) ** (I 2 0g) +
aog) «x (K2 019) + (@ 0g) *» (I 2 011) + (& 0g) ** (MR 012) + (A 0p) ** (N2 013

aog) ** (j 209) +

(
( )
(a2 0p) ** (a0g) - (a2 0p) ** (b oy) - (22 0p) % (C 02) - (A2 0p) ** (d 03) - (A2 0p) ** (€ 04) -
(a2 0p) ** (f 05) - (a2 0p) % (g 0) - (22 0p) *x» (ho7) - (22 0p) %+ (i Og) - (@2 0p) ** (j Og) -
(a2 og) ** (K 019) - (@2 0g) *x (I o011) - (A2 0g) ** (Mo1p) - (A2 Og) ** (N O13) +
(bog) »+« (a2 0g) + (b og) x+ (b2 01) + (boy) x+ (C207) + (boy) % (d2 03) + (boy) «x (€2 04) +
(bop) »« (f205) + (boy) xx (92 06) + (D o1) +x (N2 07) + (boy) »x (i1208) + (Do1) *% (jJ209) +
(bop) »+ (K2 019) + (bop) *% (1 2011) + (bo1) x+ (MR o12) + (b o1) *% (N2 013) -
(b2 01) *x (ao0g) - (b2 01) »* (boy) - (b2 01) *% (C0p) - (b2 0y) % (doz) - (b2 01) ** (€ 04) -
(b2 01) % (f o5) - (b2 0y1) *% (Qog) - (b2 0y) *+ (ho7) - (b2 0y) % (i 0g) - (b2 01) x% (j o9) -
(b2 01) x% (Ko1o) = (b2 01) *x (I o11) - (P2 01) *% (Mo12) - (D2 01) ** (N 0O13) +
(Coz2) ** (a2 09) + (C0z) ** (D2 01) + (C O2) ** (C202) + (COz) ** (d2 03) + (C Oz) *x (€2 04) +
(Co2) #x (f205) + (C0O2) %% (g2 06) + (C 02) »x (N2 07) + (C 02) »% (12 08) + (C 02) »% (] 2 09) +
(Co2) % (K2 010) + (CO2) % (I 2011) + (C 02) x* (M2 012) + (C 02) *x (N2 013) -
(C202) *xx (2a0g) - (C202) *x (Doy) - (C202) % (C0O2) - (C202) x» (do3) - (C202) xx (€ 04) -
(C202) xx (f 05) - (C202) % (g 06) - (C202) xx (ho7) - (C202) xx (i 0g) - (C202) * (j Og) -
(€2 07) *x (Ko1g) - (C202) *x (I 017) - (C2 0p) % (Mo1p) - (C2 0p) *x* (N O13) +
(d o3) x% (a2 0g) + (d o3) % (b2 01) + (do3) *% (C202) + (doz) % (d2 03) + (d o3) *x (€2 04) +
(dog) =« (f205) + (doz) x (92 06) + (d 03) +* (N2 07) + (d0z) »x (i 208) + (doz) ** (j209) +



doz) x% (k2 019) + (d o3) % (1 2 011) + (dog) %% (MR 015) + (d 03) *x* (N2 013
d2 o3) «* (@ 0g) - (d2 03) ** (b o1) - (d2 03) ** (C 02) - (d2 03) ** (d 03) -
d2 o3) *x (f 05) - (d2 03) ** (Q 0g) - (d2 03) ** (ho7) - (d2 03) ** (i 0g) -
d2 o3) ** (K 019) - (d2 03) ** (I o011) - (d2 03) ** (Moy2) - (d2 03) ** (N 013

)

(

(

)

(

(

)

(

(

)

f og) x+ (@2 0g) + (f o5) »x (b2 01) + (f 05) x% (C2 02) + (f 05) % (d2 03) + (
f og) »x (f205) + (f o) »» (92 0g) + (f o5) *» (h2 07) + (f o5) ** (i 2 0g) + (
f og) % (k2 o19) + (f 05) x% (1 2 017) + (f 05) »x (MR 012) + (f 05) ** (N2 013)
f205) *x (@aog) - (f205) *+ (boy) - (f205) »% (Cop) - (f205) x+ (do3z) - (
f205) »x (f o5) - (f205) xx (Qog) - (f205) x« (hoy) - (f205) x+ (I 0g) - (
f205) »x (Koyg) - (f2o05) % (I 017) - (f205) x« (Mo1p) - (F205) % (N 013)
gog) ** (a2 0g) + (g gg) ** (b2 01) + (g 0g) ** (C202) + (g 0g) *x* (d2 03) + (
gog) ** (F205) + (g og) ** (g2 0p) + (g 06) ** (N2 07) + (g op) ** (i 208) + (
gop) ** (k2 0109) + (9 0g) ** (1 2011) + (g 0p) ** (M2 012) + (g 0s) ** (N2 O13)
g2 0p) ** (a0g) - (92 06) ** (b o1) - (92 06) ** (C 02) - (92 0p) * (d 03) ~ (
g2 0g) ** (f 05) - (92 06) ** (g 06) - (92 06) ** (ho7) -~ (92 06) * (i 0g) - (
92 06) ** (K o10) - (92 0p) ** (I 011) - (92 06) ** (MoO12) ~ (92 Op) ** (N O13)
ho7) *x (@2 gg) + (ho7) »* (b2 01) + (ho7) *x (C20p) + (ho7) x+ (d2 03) + (
ho7) »x (f205) + (ho7) »x (g2 0g) + (ho7) »* (h207) + (ho7) ** (i 2 0g) + (
ho7) «x (k2 019) + (ho7) % (1 2011) + (ho7) x« (MR 012) + (h o7) »x (N2 013)
h2 o7) »+ (aog) - (h207) xx (bo1) - (h207) x+ (C o) - (h2 07) *x (d o3) - (
h2 o7) x% (f 05) - (h2 07) x% (g og) - (h2 07) * (ho7) - (h2 07) =+ (i og) - (
h2 o7) *% (k 019) - (h2 07) % (I o011) - (h2 07) ** (Mo1y) - (h2 07) ** (N 013)
i og) ** (a.2 op) + (I og) ** (b2 o1) + (l og) ** (C2 o2) + (l og) ** (d2 o3) + (
i og) »x (f205) + (I 0g) *x* (92 0g) + (I 0g) x* (h207) + (i og) ** (i 20g) + (
i og) »x (K2019) + (I o0g) ** (120711) + (i 0g) x* (M2 012) + (i 0g) ** (N2 013)
(

(

)

(

(

)

(

(

)

)

)

i20g) % (a0g) - (i20g) »x (boy) - (i20g) % (Cop) - (i20g) »x (doz) - (i 2 0g
i20g) »« (f 05) - (i20g) x» (Qog) - (i20g) «» (hoy) - (i 208) »x (i 0g) - (i 2 08
i20g) x (Kojg) - (i20g) =+ (I 011) - (12 0g) **x (Mo12) - (i 2 0g) % (N 013) +

j o9) xx (a2 00) + (] 0g) x* (b2 01) + (] O9) *x (C2 02) + (J Og) »+ (d2 03) +
j 09) xx (f205) + (j 09) *+ (92 06) + (] 09) *x (h207) + (j Og) ** (i 2 0g) +
j 09) x% (K2 010) + (j 09) ** (I 2011) + (J 09) ** (MR 012) + (j O9) ** (N2 O13

j209) xx (@a0g) - (j209) x» (bo1) - (j209) x* (C0O2) - (j209) «» (d 0o3) - (j 2 09)
j209) xx (f 05) = (j 2 09) *% (QOs) - (j 209) x* (ho7) - (j209) x (I og) - (j 2
j209) #x (Ko1g) - (j209) *% (I 011) - (j209) »* (Mo12) - (j 2 09) ** (N O13) +

k 010) ** (a2 0g) + (K 019) ** (b2 01) + (K 019) ** (C2 02) + (K 019) ** (d2 03) +

K 010) ** (€2 04) + (K 019) »* (f205) + (K 019) ** (92 0g) + (K 019) ** (h2 07) +

K 010) ** (12 0g) + (K 019) ** (J 2 09) + (K 019) »* (K2 010) + (K 010) ** (1 2 011) +

K 010) % (M2 012) + (K 019) ** (N2 013) - (K2 010) »* (& 09) - (K2 019) ** (b o1) -
k2 019) ** (C 02) - (k2 019) ** (d 03) - (K2 019) * (€ 04) - (K2 019) ** (f 05) -

k2 o19) ** (g 0g) - (k2 010) ** (ho7) - (K2 010) #* (i 0g) - (K2 010) ** (] O9) -

k2 o10) #x (K 010) - (K2 010) #* (I 011) - (K2 010) ** (MO12) - (K2 010) % (N O13) +
| 011) *#% (a2 og) + (I o011) *% (b2 o1) + (I o011) *% (C209) + (| 017) ** (d2 o3) +

| o11) x% (€2 04) + (I 011) *» (F205) + (I 011) »% (92 0g) + (I O11) ** (h207) +

I 011) »% (12 0g) + (I 011) *»* (j209) + (I 011) »* (K2 010) + (I 011) »* (I 2 011)

I 011) »% (M2 o12) + (I 011) *»* (N2 013) - (12 011) #x (@ 0p) - (1 2011) »% (bo1) -
12011) *x (Cop) - (1 2017) % (doz) - (1 2011) ** (€ 04) - (1 2011) »% (f 05) -

12 011) % (§og) - (1 2011) »% (ho7) - (12011) #% (i 0g) - (1 2011) * (j O9) -

12 011) %% (Koig) - (12 011) *% (I 011) - (1 2 011) % (Mo12) - (1 2 011) % (NO13) +
Mo12) ** (22 0p) + (Mo12) *x (D2 01) + (Mo12) *x (C2 02) + (Moy2) *x (d2 o3) +
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( * (€2 04) + (Mo12) * (F2 05) + (MO12) *% (92 0g) + (Mo12) ** (h2 07) +

( * (i 208) + (Mo12) ** (j 209) + (MO12) *» (K2 019) + (MO12) *» (1 2 011) +
( * (M2 012) + (Mo12) ** (N2 013) - (M 012) ** (@ 0p) - (M 012) *»* (boy) -
( #% (Co2) - (M o12) *x (do3) - (MR O12) *% (€ 04) - (MR O12) »* (f 05) -
(M2 012) *% (g 0p) - (M2 012) *x (ho7) - (M o12) *x (i o) - (M O12) ** (J Og) -
(M2 o12) *x (K o19) - (M o12) ** (I 011) — (M O12) ** (Mo12) - (MR O12) ** (N O13) +
(n 013) x% (@2 0g) + (No013) ** (b2 01) + (N 013) ** (C2 0p) + (NO13) *x (d2 o3) +

( * (€2 04) + (N0O13) *x (f205) + (No13) ** (g2 0g) + (N 013) ** (h2 o7) +
(n 013> *% (i 208) + (No1g) *% (j209) + (No13) »* (K2 010) + (NO13) *% (1 2011) +
( * (M2 012) + (N 013) ** (N2 013) - (N2 013) ** (& 0p) - (N2 013) =% (b o1) -
(n2 013) #% (C 02) - (N2 013) % (d 03) - (N2 013) % (€ 04) - (N2 013) *= (f 05) -
(N2 013) % (g 0p) - (N2 013) ** (ho7) - (N2 013) *% (i 0g) - (N2 013) »* (J Og) -
(N2 013) ** (K 019) - (N2 013) ** (| 011) - (N2 013) ** (MOy2) - (N2 013) ** (N O13)

We need to run the output of the Distribute [ ] one more time to have the kuraTable figure out the
products:

(ao0p) ** (a2 0g) + (A og) ** (b2 01) + (A 0g) ** (C20,) + (A 0g) ** (A2 03) + (A 0g) ** (€2 04) +
(aog) ** (F205) + (ao0g) ** (g2 0g) + (A 0g) **x (h207) + (Aog) **x (12 0g) + (A 0g) ** (J2 0g) +
(aog) ** (K2 019) + (A og) ** (12 011) + (A 0g) ** (N2 012) + (A gg) ** (N2 013) -

(a2 og) ** (A og) - (A2 og) ** (b o1) - (22 gg) ** (Cop) - (a2 og) *=* (d 03) - (a2 0g) ** (€ 04) -
(a2 op) ** (Fos) - (82 0g) ** (g o) - (82 0g) ** (ho7) - (82 0g) ** (1 0g) - (82 og) ** (J 09) -
(a2 gg) ** (Koyg) - (82 0g) ** (1 011) - (82 0g) ** (M o12) - (A2 0g) ** (N 013) +
(boy) ** (a2 0g) + (b oy) ** (b2 01) + (boy) **x (C205) + (boy) **x (d2 03) + (boy) ** (€2 04) +
(boy) *% (F205) + (boy) ** (g2 0g) + (boy) ** (h207) + (boy) ** (120g) + (boy) **x (J2 og) +
(b o) ** (k2 o10) + (b O1) *%* (|2 o11) + (b 01) ** (N2 012) + (b o01) ** (N2 013) -
(b2 01) ** (aog) - (b2 01) ** (boy) - (b2 01) **x (Con) - (b2 01) ** (do3) - (b2 01) ** (€ 04) -
(b2 01) *% (Fos) - (b2 01) ** (g og) - (b2 01) ** (ho7) - (b2 01) ** (i og) - (b2 01) ** (J o9) -
(b2 O1) *% (k o10) - (b2 O1) ** (I o11) - (b2 01) *% (Moy2) - (b2 o1) ** (N o13) +
(Co2) ** (a2 0g) + (Cop) ** (b2 01) + (C0Oy) ** (C20,) + (C o) *%x (A2 03) + (C 02) **x (€2 04) +
(Cop) % (F205) + (Cop) ** (g2 0g) + (Coz) **x (h207) + (C o) *%x (12 0g) + (C o) **x (J2 0g) +
(Cop) *% (K2 019) + (Co2) **x (12 011) + (C02) ** (N2 012) + (C0p) ** (N2 013) -
(C2 0p) *%x (A 0g) - (C20) *x% (b 01) - (C203) ** (Cop) - (C207) *=* (d 03) - (C2 07) ** (€ 04) -
(C203) *x (Fos) - (C207) ** (g og) - (C207) ** (hoy) - (C203) ** (1 0g) - (C207) ** (J 09) -
(C2 05) *x (Koyg) - (C207) ** (1 011) - (C2 02) ** (Mo12) - (C2 02) ** (N 013) +
(d o3) ** (a2 0g) + (d o3) ** (b2 01) + (d g3) ** (C20,) + (d 03) ** (d2 03) + (d 03) ** (€2 04) +
(do3) *% (F2 05) + (d 03) ** (g2 0g) + (d 03) ** (h2 07) + (d 03) ** (12 0g) + (d 03) ** (J2 09) +
(d o3) ** (k2 o10) + (d 03) ** (|2 o11) + (d 03) ** (N2 012) + (d 03) ** (N2 013) -
(d2 03) ** (aog) - (d2 03) ** (boy) - (d2 03) ** (Co2) - (A2 03) ** (d o3) - (d2 03) ** (€ 04) -
(d2 03) ** (Fos) - (d2 03) ** (g o) - (d2 03) ** (ho7) - (d2 03) ** (i 0g) - (d2 03) ** (J O9) -
(d2 03) *%* (k o10) - (d2 03) ** (I o11) - (d2 03) ** (Moy2) - (d2 o3) ** (N o13) +
(€ 04) ** (22 0g) + (€ 04) ** (D2 01) + (€ 04) *#* (C20,) + (€ 04) *%x (A2 03) + (€ 04) **x (€2 04) +
(€ 04) *% (F205) + (€ 04) ** (g2 0g) + (€ 04) **x (N2 07) + (€ 04) **x (12 0g) + (€ 04) **x (J2 09) +
(e 04) *% (K2 019) + (€ 04) **x (12 011) + (€ 04) ** (N2 012) + (€ 04) ** (N2 013) -
(€2 04) *%x (A 0g) - (€2 04) *% (b 01) - (€2 04) ** (C0p) - (€2 04) ** (d 03) - (€2 04) ** (€ 04) -
(€2 04) *x (Fos) - (€2 04) **x (g og) - (€2 04) **x (hoy) - (€2 04) *% (1 0g) - (€2 04) ** (J O9) -
(€2 ag4) *x (Koyg) - (€2 04) ** (1 011) - (€2 04) ** (Mo12) - (€2 04) ** (N 013) +
(Fos) *% (a2 0g) + (Fos) *% (b2 01) + (Fog) *% (C20,) + (Fog) % (d2 03) + (Fog) »*x (€2 04) +
(Fos) *% (F205) + (Fos) *x (g2 0g) + (Fos) *x (h207) + (Fos) ** (120g) + (Fos) **x (J2 09) +
(Fos) % (K2 019) + (Fos) *x (12 011) + (Fos) *x (M2 012) + (Fos) %% (N2 013) -
(F2 05) *%x (aog) - (F205) ** (boy) - (F205) *%x (Cop) - (F205) ** (do3) - (F205) ** (€ 04) -
(F2 05) *% (Fos) - (F205) ** (gog) - (F205) ** (ho7) - (F205) ** (i og) - (F205) ** (J o9) -
(f2 O5) *% (k o10) - (f2 O5) ** (I o11) - (f2 o5) *% (Moy2) - (f2 o5) ** (N o13) +
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(g og) ** (A2 0g) + (g og) ** (b2 01) + (g og) ** (C20,) + (g og) ** (A2 03) + (g o) ** (€2 04) +
(9 o6) ** (F205) + (g 06) ** (2 06) + (g 0s) ** (N2 07) + (9 06) ** (12 0g) + (g O6) ** (J2 0g) +
(9 o6) ** (K2 010) + (g 06) ** (12 011) + (g 06) ** (M2 012) + (g Op) ** (N2 013) -

(92 0g) ** (A 0g) - (02 gg) ** (b o1) - (92 06) ** (C 02) - (92 0p) ** (d 03) - (92 0p) ** (€ 04) -
(92 06) ** (Fos) - (92 06) ** (g 06) - (92 06) ** (ho7) - (92 06) ** (i 0g) - (92 06) ** (J O9) -
(92 0g) ** (Ko10) - (92 06) ** (1 011) - (92 06) ** (M 012) - (92 O6) ** (N 013) +

(ho7) ** (a2 0g) + (ho7) ** (b201) + (ho7) ** (C202) + (ho7) **x (d2 03) + (ho7) ** (€2 04) +
(ho7) *% (F205) + (ho7) ** (g2 0g) + (ho7) ** (h207) + (ho7) ** (12 0g) + (ho7) *x (J2 og) +
(h o7) ** (k2 o10) + (h o7) ** (|2 o11) + (h o7) ** (m2 o12) + (h o7) ** (n2 013) -

(h2 07) ** (aog) - (h207) ** (boy) - (h207) *%x (Con) - (h207) ** (do3) - (h207) *% (€ 04) -
(h2 67) *x (Fos) - (h2 07) ** (g og) - (h2 07) **x (hoy) - (h207) ** (1 0g) - (h2 07) ** (J o9) -
(h2 o7) ** (Koyg) - (h207) ** (1 011) - (h2 07) ** (Mo12) - (h2 07) *% (N o13) +

(1 og) ** (a2 0g) + (1 og) ** (b2 01) + (1 0g) ** (C20,) + (1 0g) ** (d2 03) + (1 0g) ** (€2 04) +
(1 og) % (F205) + (1 0g) ** (g2 0g) + (1 0g) **x (h2 07) + (1 0g) ** (12 0g) + (M 0g) ** (J2 0og) +
(1 og) ** (K2 019) + (1 0g) ** (012 011) + (1 0g) **x (M2 012) + (1 0g) ** (N2 013) -

(12 0g) ** (aog) - (12 0g) **x (boy) - (120g) ** (Coy) - (i20g) ** (d g3) - (12 0g) ** (€ 04) -
(i2crg) * % (f0'5) - (i208) * % (g 0'6) - (iZGg) * % (h 0'7) - (i208) * % (i 0'8) - (i208) *%* (j O'g) -
(12 0g) **x (Koyg) - (120g) **x (1 011) - (12 0g) ** (Mo12) - (12 0g) ** (N 013) +

(J 09) ** (82 0g) + (J 09) ** (b2 01) + (J 09) ** (C20,) + (J 09) ** (d2 03) + (J O9) ** (€2 04) +
(J 09) *#* (F205) + (J 09) ** (92 06) + (J 09) ** (N2 07) + (J 09) ** (12 0g) + (J Og) ** (J2 09) +
(J 09) ** (K2 010) + (J 09) ** (02 011) + (J 09) ** (M2 012) + (J O9) ** (N2 013) -

(J2 09) ** (a0g) - (J209) ** (bo1) - (J209) ** (Co2) - (J209) ** (do3) - (J2 09) ** (€ 04) -
(J2 09) *x (Fos) - (J209) ** (g o) - (J209) ** (ho7) - (J2 09) ** (1 0g) - (J2 09) ** (J 09) -
(J2 09) ** (Ko1o) - (J209) ** (1 011) - (J2 09) ** (Mo12) - (J2 09) ** (N 013) +

(k 010) ** (a2 op) + (k 010) ** (b2 o) + (k O10) ** (C2 o2) + (k 010) ** (d2 o3) +

(K o19) ** (€2 04) + (Ko1g) ** (F2 05) + (Ko1g) ** (g2 0g) + (Ko1g) **x (h2 07) +

(k O10) ** (i2 og) + (k o10) ** (j2 og) + (k 010) ** (k2 o10) + (k 010) ** (|2 o11) +

(K o10) ** (M2 012) + (Ko10) *#* (N2 013) - (K2 019) ** (A 0p) - (K2 010) ** (D oy) -

(k2 010) ** (C O2) - (k2 O10) ** (d o3) - (k2 010) ** (€ 04) - (k2 O10) ** (f o5) -

(k2 019) *#* (g 06) - (K2 010) ** (ho7) - (K2 010) ** (1 0g) - (K2 010) ** (J 09) -

(k2 019) ** (kK o10) - (k2 010) ** (D 011) - (K2 010) ** (M 012) - (K2 010) ** (N 013) +

(0 o11) ** (a2 0g) + (1 011) ** (b2 0y) + (1 011) ** (C202) + (1 011) ** (d2 03) +

(I O11) *%* (82 o4) + (I O11) *%* (f2 o5) + (I O11) ** (92 og) + (I 011) *% (h2 o7) +

(0 o11) % (12 0g) + (1 011) ** (J209) + (1 011) ** (K2 019) + (0 011) ** (02 011) +

(D o11) % (M2 012) + (D o11) **% (N2 013) - (12 011) ** (A 0p) - (12 011) ** (boy) -

(012 011) ** (C o) - (12 011) ** (do3) - (12 011) ** (e 04) - (02 011) ** (Fo5) -

(12 011) %% (g o6) - (012 011) *% (ho7) - (12 011) ** (1 0g) - (12 011) ** (J 09) -

(02 011) #% (Ko1p) - (012 011) #*#% (1 011) - (02 011) *% (Mo12) - (12 011) ** (N o13) +

(M o1p) ** (A2 og) + (Moy2) ** (b2 01) + (Mo12) *%x (C205) + (Mo1p) ** (A2 03) +

(M o12) *% (€2 04) + (Mo12) ** (F2 05) + (Mo12) ** (92 0g) + (M o12) *x (h2 o7) +

(M o12) ** (i2 og) + (M o12) ** (j2 og) + (Mo12) ** (k2 o10) + (MoO12) ** (|2 o11) +

(M o12) *% (M2 012) + (M O12) ** (N2 013) - (M2 012) ** (A 0p) - (M2 012) ** (D oy) -

(M2 012) ** (Co02) - (M2 012) ** (d 03) - (M2 012) ** (€ 04) - (M2 012) ** (Fos) -

(M2 012) ** (g 0g) - (M2 012) ** (ho7) - (M2 012) ** (i 0g) - (M2 012) ** (J Og) -

(M2 012) ** (Kow) - (M2 012) *#% (1 011) - (M2 012) ** (M O12) - (M2 012) ** (N O13) +

(N o13) ** (a2 gg) + (N o13) ** (b2 01) + (N 013) ** (C2 02) + (N 013) ** (d2 03) +

(N o13) ** (€2 04) + (N 013) ** (f2 o5) + (N o13) ** (gZ og) + (N o13) ** (h2 o7) +

(N o13) ** (12 0g) + (N 013) ** (J2 0g) + (N 013) ** (K2 010) + (N 013) ** (12 011) +

(N o13) *% (M2 012) + (N013) ** (N2 013) - (N2 013) ** (A 0p) - (N2 013) ** (b o1) -

(N2 013) ** (C 02) - (N2 013) ** (d 03) - (N2 013) ** (€ 04) - (N2 013) ** (Fo5) -

(N2 013) *#* (g 06) - (N2 013) ** (ho7) - (N2 013) ** (1 0g) - (N2 013) ** (J o9) -

(N2 013) ** (Ko1o) - (N2 013) ** (1 011) - (N2 013) ** (M 012) - (N2 013) ** (N 013)

And we get:
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b2do,-bd2o0,-b2eor-d2eoc,+be2o,+de2o,+b2co3-bc2o3-c2doz+cd2o3-
b2fo3-d2Fo3+bf2o3+df203-b2Ccos+bc2o4+C2€04-Cc€204+b2F0s+e2F 0, -
bf2o,-€ef204-b2dos+bd2o5+b2eos5+d2eo5-be2os-de2os5+c2dog-cd2og -
02606+06206+b2h06+62h06+g2h06—bh206—eh206—gh206—b2i06—d2i06—
92i0'6+bi20'6+di206+gi20’6—d2k0'6+62k06+dk20’6—ek20'6+C2I06+i2|0'6+
k2log-cl2o0s-1120-kl1205-C2mog-h2mog-k2mog+Ccm2og+hm2og +
km2og-c2fo;+cf2o7+b2go7+d2go7-bg2o7-dg207-c2ho7+f2ho7+ch2o07 -
fh20'7—b2j O'7—d2j 07—92j 0'7+bj20’7+dj207+gj20'7+f2k0'7+h2k07—fk20'7—
hk20’7—92|O'7+j2|07+g|20'7—j 120;,-c2no;-h2no;-k2no;+cn2o07+hn2 o7 +
kn2o7+c2fog-cf2o3-b2gog-e2gog+bg2o5+eg2og+c2iog-f2iog-Cci20g+
FTi203+b2Jjog+e2Jjog+Qg2Jjog-bj20og-€ej203-gjJj2o03-F2kog-12kog+Tk2og+
ik2og+02mog-j2mog-gm2og+ jm2og+C2nog+i2nog+k2nog-cn2og-
in2og-kn2og+d2fog-e2fog-df2og+ef2o9-b2hog-e2hog+bh2og+eh2og+
b2iog+d2i09-bi209-di209+h2Jog-12Jog-hj209+ 1 J20o9-F20109-121 09+
Fl2o9+1 1209+ f2mog+h2mog-fm2og-hm2og+d2nog-€2nog+ 12N og -
m2Nnog-dn2ocg+en2og-1nNn2ocg+mn2og-d2goig+€2gop+dg2oi0-€g2 o019+
c2hopp-ch2og-c2io9g-h21og+Ci209g+hi200-h2Kog+i2koig+hk2 o9 -
ik2opp+b2log+e2lop+g2log-bl2og-e1200-9g12010-b2mop-d2moyg -
gzmclo—|2m010+bm2010+dm20'10+gm20'10+lm20'10+f290’11—f920'11—92h0'11+
gh20'11—C2j 0'11—h2j 0'11+Cj20'11+hj20'11+b2kO'll+d2k011+j2k011—bk2011—
dk2011—j k2o -c2lop 1 +f2lop1-k21lopp+c 12011 -Fl201, +k 12011 -b2n oy -
d2ncll—92ncll—|2n011+bn2011+dn2011+gn2011+|n2011—f29012+fg2012+
92i0'12—gi20'12+C2j 012+i2j 012—Cj2012—ij2012—b2k012—€2k012—j2k012+
bk2012+ek2012+j k2012+02m012—f2m012+k2m012—Cm2012+fm2012—km2012+
b2n012+e2n012+92n012+m2nclz—bn2012—en2012—gn2012—mn2012—f2hal3+
fh2o,3+f21013+h2i1013-Fi2013-hi2013+d2Jo13-€2Joi3-dj2013+€ 2013~
b2l0'13—92l0'13—j2|013+b|2013+e|2013+j I2013+b2m013+d2m013+j2m013+
I2mcl3—bm2013—dm2013—jm2013-lm2013+h2nc713—i2n013—hn2013+in2013

Collect and organize the coefficients:
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Collect[b2do,-bd20,-b2eo,-d2eo,+be2o,+de2o,+b2Cco3-bc2o3-c2dos+

cd2o3-b2FfFo3-d2Fo3+bf2o3+df203-b2Ccos+bc20o4+Cc2€04-Cc€204+b2F 04+
e2fo,-bf2o4-ef204-b2dos+bd2os+b2eos+d2eos-be2os-de2os+c2dog -
Cd20’6—C2€0‘6+C620'6+b2h0'6+62h0'5+gzhO‘G—thUG—ehZGG—thO‘G—bZi0’6—
d2i06—92i0'6+bi20'6+di206+gi20’6—d2k0'6+92k06+dk20'6—ek20'6+C2I06+
i2log+k2log-cl2o05-11205-kl120-C2mog-h2mog-k2mog+Ccm2og+hm2og +
km2og-c2FfFo;+cf2o7+b2go7+d2go7-bg207-dg207-c2ho7+f2ho7;+Cch207 -
fh20’7—b2j 0'7—d2j 0'7—92j 0'7+bj20'7+dj20'7+gj20'7+f2k0'7+h2k0'7—fk20'7—
hk207—92|O'7+j2|0'7+g|207—j 120;-c2no7-h2no;-k2no7;+cn2o0;+hn2o;7+
kn2o7+c2fog-cf2og-b2gog-e2gog+bg2o3+eg2og+Cc2iog-F2Hog-Ci20g+
Ti203+b2 Jog+e2Jog+02Jog-bj2og-ej203-9gjJj205-F2Kog-i12kog+Fk2og+

ik2og+02mog-j2mog-gm2og+ Jm2og+C2nog+ i2Nog+k2nog-cn2og-

in2og-kn2og+d2fog-e2fog-df2og+ef209-b2hog-e2hog+bh2og+eh2og+
b2iO’g+d2idg—bi20’9—di209+h2j Gg—izj 09—hj209+ij209—f2lO'g—i2|09+

Fl209+11209+f2mog+h2mog-fm2og-hm2og+d2nog-e2nog+ 12nog -
m2nog-dn2og+en2og-1Nn2og+mn2og-d2goig+€2goyg+dg2oi0-€g2o0+
c2hoypg-ch2o0p-c2iog-h2iog+Cci209g+hi200-h2Kkog+i2Kog+hk2 o9 -
ik20’10+b2|010+62|0'10+92|010—b|20'10—9|20'10—g|20'10—b2m010—d2m010—
meO']_o—|2m0'10+bm20'10+dm20'10+gm2010+lm2010+f29011—f92011—g2hG11+
gh20'11—02j oll—h2j 0'11+Cj2011+hj2011+b2k011+d2k0'11+j2k0'11—bk20'11—
dk2011-j k2o -c2loy1+f21 o011 -k21bVoyp+c 12011 -Fl201 +k 12011 -b2n oy -
d2noll—92n011—|2n011+bn2011+dn2c711+gn2011+|n2c711—f29012+f92012+
92i012—9i2012+02j O'12+i2j 0'12—Cj20'12—ij20’12—b2k0'12—82k0'12—j2k0'12+
bk2012+ek2012+j k2012+02m012—f2m012+k2molz—cm2012+fm2012—km2012+
b2n012+82nc712+92n012+m2n012-bn2012-en2012-gn2c712-mn2012—f2h013+
fh20'13+f2i013+h2i0'13—fi20'13—hi20'13+d2j 0'13—62j 0'13—dj20'13+e_i20'13—
b2|0'13—82|0'13—j2|013+b|20’13+8|20’13+j I2013+b2m013+d2m013+j2m013+
I2m013—bm2013—dm2013—j m2013—lm2013+h2n013—i2n013—hn2013+in2013,
{00, 01, 02, 03, 04, O5, Og, O7, Og, 09, 0105 O11, 0125 O13}]

Here are the coefficients per Kuratowski operators:
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(b2d-bd2-b2e-d2e+be2+de2) o+ (b2c-bc2-c2d+cd2-b2f -d2f +bf2+df2) o3+
(-b2c+bc2+c2e-ce2+b2f +e2f -bf2-ef2) o4+
(-b2d+bd2+b2e+d2e-be2-de2) o5+
(c2d-cd2-c2e+ce2+b2h+e2h+g2h-bh2-eh2-gh2-

b2i -d2i -g2i +bi2+di2+gi2-d2k+e2k+dk2-ek2+c2l +

i21 +k21 -cl2-il12-kl2-c2m-h2m-k2m+cn2+hn2 +knR) og +
(-c2f +cf2+b2g+d2g-bg2-dg2-c2h+f2h+ch2-f h2-b2j -

d2j -g2j +bj2+dj2+gj2+f2k+h2k-f k2-hk2-9g21 +

j21 +gl2-jl12-c2n-h2n-k2n+cn2+hn2+kn2) o7+
(c2f ~—cf2-b2g-e2g+bg2+eg2+c2i - f2i -ci2+fi2+b2j +e2j +92j -bj2-ej2-

gj2-f2k-i2k+fk2+i k2+g2m-j2m-gn2+j n2+c2n+i2n+k2n-cn2-i n2-kn2)
og+ (d2f -e2f -df2+ef2-b2h-e2h+bh2+eh2+b2i +d2i -bi2-

di2+h2j -i2j-hj2+ij2-f21 -i2l +fl12+il2+f2m+h2m-

fnm2-hn2+d2n-e2n+12n-mMn-dn2+en2-1 n2+mn2) og +
(-d2g+e2g+dg2-eg2+c2h-ch2-c2i -h2i +ci2+hi2-h2k+i2k+hk2-i k2 +

b2l +e2l +g2l -bl2-el2-gl2-b2m-d2m-g2m-I12m+bnm+dnm2+gnm+| n2) o0 +
(f2g-fg2-g2h+gh2-c2j -h2j +cj2+hj2+b2k+d2k+j2k-bk2-dk2-j k2 -

c2l +f21 -k21 +cl2-fl2+kl2-b2n-d2n-g2n-12n+bn2+dn2+gn2+| n2) o1 +
(-f2g+fg2+92i -gi2+c2j +i2j -cj2-ij2-b2k-e2k-j2k+bk2+ek2+j k2 +

c2m-f2m+k2m-cnm2+f mM2-knm2+b2n+e2n+g2n+n2n-bn2-en2-gn2-mn2) o +
(-f2h+f h2+f2i +h2i -fi2-hi2+d2j -e2j -dj2+ej2-b2l -e2l -j21 +bl2+

el2+jl2+b2m+d2m+j2m+12m-bm-dnm2-j n2-1 n2+h2n-i2n-hn2+i n2) o3

Set all coefficients equal to zero and solve:

Solve[{b2d-bd2-b2e-d2e+be2+de2,b2c-bc2-c2d+cd2-b2f-d2Ff+bf2+dT¥F2,
-b2c+bc2+c2e-ce2+b2f+e2f-bf2-ef2, -b2d+bd2+b2e+d2e-be2-de2,
c2d-cd2-c2e+ce2+b2h+e2h+g2h-bh2-eh2-gh2-

b2i-d2i-g2i+bi2+di2+gi2-d2k+e2k+dk2-ek2+c21l+
iI21+k201-cl2-112-kl12-c2m-h2m-k2m+cm2+hm2+km2,
-c2f+cf2+b2g+d2g-bg2-dg2-c2h+f2h+ch2-fh2-b2j-d2j-g2J+bj2+dj2+
gj2+f2k+h2k-fk2-hk2-g21+j21l+gl2-jl2-c2n-h2n-k2n+cn2+hn2+kn2,
c2f-cf2-b2g-e2g+bg2+eg2+c2i-f2i-ci2+Fi2+b2j+e2j+g2j-bj2-ej2-
gj2-f2k-12k+fk2+ik2+g2m-j2m-gm2+jm2+c2n+i2n+k2n-cn2-in2-kn2,
d2f-e2f-df2+ef2-b2h-e2h+bh2+eh2+b2i+d2i-bi2-di2+
h2j-i2j-hj2+ij2-f21-i21+F12+i12+f2m+h2m-
fm2-hm2+d2n-e2n+12n-m2n-dn2+en2-1In2+mn2,
-d2g+e2g+dg2-eg2+c2h-ch2-c2i-h2i+ci2+hi2-h2k+i2k+hk2-1k2+
b21+e2l1+g21-bl2-el2-gl2-b2m-d2m-g2m-12m+bm2+dm2+gm2+1m2,
f2g-fg2-g2h+gh2-c2j-h2j+cj2+hj2+b2k+d2k+j2k-bk2-dk2-jk2-
ccl+f21-kK1+cl2-Fl12+kl12-b2n-d2n-g2n-12n+bn2+dn2+gn2+1n2,
-f2g+fg2+092i-gi2+c2j+i2j-cj2-i1j2-b2k-e2k-j2k+bk2+ek2+jk2+
c2m-f2m+k2m-cm2+fm2-km2+b2n+e2n+g2n+m2n-bn2-en2-gn2-mn2,
-f2h+fh2+f2i+h2i-Fi2-hi2+d2j-e2j-dj2+ej2-b2l-e2l-j21+bl2+
el2+jl2+b2m+d2m+j2m+I12m-bm2-dm2-jm2-0Im2+h2n-i2n-hn2+1in2} ==
ConstantArray[0, 12], {b2, c2, d2, e2, f2, g2, h2, i2, jJ2, k2, 12, m2, n2}]
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d2 (-b-e) b2 (d-e) b2 (c-f d2 (c-f)
{{ezaf\ifi,waczfiﬁ e
b+d b+d b+d b+d

j2-og2+ (i2(-(c+h+k)2+(b+d+g+1)?) (-(g-j) (b+d+g+1)+(c+h+k) (c-f+k-n)))/
(((c+h+k)2-(b+d+g+1)2) ((-c-i -k) (b+d+g+1)-(c+h+k) (-b-e-g-m)) -
(c2(dg-eg-ch+fh+ci -fi-dj +ej -hk+ik+gl -jl -gm+jm+hn-i n))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -
(k2 (dg-eg-ch+fh+ci -fi-dj +ej -hk+ik+gl -jl -gm+jm+hn-i n))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -
(h2 (¢?-cf -bg-eg-g®+ci -fi +bj +ej +gj +2ck-fk+ik+k!-gmsjm-cn-in-kn))/

(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km),
i2 (- (c+hek) 2+ (bedegsl )?)

|29—b27d27§2* (-c-i -k) (b+d+g+l)-(c+h+k) (-b-e-g-m) - <h2 (== 1 7k> (C+h+k) i (b+d+g+l) (7bieigim>))/

. c2 (- (h-i) (c+h+k)+(b+d+g+l) (d-e+l -m)) k2 (- (h-i) (c+h+k)+ (b+d+g+l) (d-e+l -m))
((c-i-k)y(rdrgel)-(crh+k) (-b-e-g-m) - (“c-i k) (bedrgel)-(cihik) (begm (i k) (brdsgil) (cthik) (begm
b2 (be)  d2 (be) ) c+hak

nﬂﬁfo o fnglz(b+d+g+l7<(7(C+h+k)2+(b+d+g+|)2) hb—e—g—m))/

((b+d+g+1) ((-c-i -k) (b+d+g+1)-(c+h+k) (—bfe—gfm))))f

hz(’c’i’kf((fpcfifk) (c+h+k)+ (b+d+g+l)(-b-e-g-m) (-b-e-g-m)/
bedsg-l

((b+d+g+1) ((-c-i -k) (b+d+g+1)-(c+h+k) (—bfe—gfm))))f

62 (i (((h-i) (c+h+k)+ (brdegsl) @-e+l -m) (-b-e-g-m)/
b+dsg-l
((b+d+g+1) ((-c-i -k) (b+d+g+1)-(c+h+k) (7bfefgfm))))f
k2 ( M ((~th-i)(c+h+k)+(bsd+g+l)(d-e+l -m) (-b-e-g-m)/
b+dsg-l
((b+d+g+1) ((-c-i -k) (b+d+g+1)-(c+h+k) (7bfefgfm)))),
n29—b2;’:”7%—<i2(bc+cd—bf—dfffg—gh+cj+hj+bk+dk+jk+c|7fl+klfbn—dn—gnfln))/

(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -
(h2 (-bc-ce+bf +ef +fg+gi -cj -ij-bk-ek-j k—cm+fm—km+bn+en+gn+mn)>/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -
(k2 (-df +ef +bh+eh-bi -di +hj -ij-fl -il +fm+hm-dn+en-|I n+mn>)/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -
(c2(cd-ce-df +ef ~-gh+gi +hsj -ij+dk-ek+cl -fl +kl ~cm+fm-km-dn+en-| n+mn))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +klI —cm—hm—km)}}

(EQ14. 1)

Let’s test the solutions to see if we get 0 commutation, ul an arbitrary set of coefficients while u2 con-
strained as the latter solution EQ 14.1:

ul = coeff;
u2 = coeff/. {a»a2,b-b2,c-»c2,d-»d2, e-»e2,
f-f2,9-02,h->h2,i-51i2,j-J2,k->k2, 1512, m>m2, n-n2};

d2 (-b-e) b2 (d-e) b2 (c-f) d2(c-¥)
u2=u2/.{e2->- - ,f25c2- -
b+d b+d b+d b+d

(i2 (-(c+h+k)?+ (b+d+g+1)?) (-(g-J) (b+d+g+1) + (c+h+k) (c-F+k-n)))/
(((c+h+k)?- (b+d+g+1)?) ((-c-i-k) (b+d+g+1)-(c+h+k) (-b-e-g-m))) -
(c2(dg-eg-ch+fh+ci-fi-dj+ej-hk+ik+gl-jl-gm+jm+hn-in))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -

(k2 (dg-eg-ch+fh+ci-fi-dj+ej-hk+ik+gl-jl-gm+jm+hn-in))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -

(h2 (c>-cf-bg-eg-g°+ci-fi+bj+rej+gj+2ck-

, J2-502+
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fk+ik+k?-gm+jm-cn-in-kn))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km),

i2 (-(c+h+k)?+ (b+d+g+1)?)

125 -b2-d2-9g2- -
(-c-i-k) (b+d+g+1)-(c+h+k) (-b-e-g-m)

(h2 (-(-c-1-k) (c+h+k) + (b+d+g+1) (-b-e-g-m))) /

((-c-1-K) (b+rd+g+1)-(c+h+k) (-b-e-g-m)) -

c2(-(h-1) (c+h+k) + (b+d+g+1) (d-e+1-m))

(-c-1-k) (b+d+g+1)-(c+h+k) (-b-e-g-m)

k2 (-(h-1) (c+h+K)+ (b+d+g+1) (d-e+1-m)) 5 b2 (b +e)
m2 -» - ————— -

(-C-i-K) (b+d+g+1)-(C+h+Kk) (-b-e-g-m) b+d

d2 (b+e) c+h+k

— _g2-i2|————— _((-(c+h+Kk)2+ (b+d 1)2) (-b-e-g-m
b+d J b+d+g+l (( (Crhiei)me (brdrgs ))( g ))/

((b+d+g+1) ((-c-1-K) (b+d+g+1)-(c+h+k) (—b-e—g—m)))] -

-c-1-Kk
h2[————————((—pc—i—k)(c+h+k)+(b+d+g+l)(—b—e—g—mn (-b-e-g-
b+d+g+1
my)/ ((b+d+g+1) ((-c-1-k) (b+d+g+1) - (c+h+k) (—b—e—g—m)))] -
h-i
c2 [—— ((-(h-1) (c+h+k) + (b+d+g+1) (d-e+01-m)) (-b-e-g-m)) /
b+d+g+1

((b+d+g+1) ((-c-i-K) (b+d+g+1)-(c+h+k) (-b-e-g-m)))] -

h-i

—— - ((-(h-1) (c+h+k) + (b+d+g+1) (d-e+1-m)) (-b-e-g-m)) /
b+d+g+1

<

((b+d+g+1) ((-c-1-K) (b+d+g+1)-(c+h+k) (—b—e—g—m)))],

b2 (-c+f) d2(-c+T¥T)

b+d b+d
hj+bk+dk+jk+cl-Fl+kl-bn-dn-gn-1n))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(h2 (-bc-ce+bf+ef+Ffg+gi-cj-i1J-bk-ek-
Jk-cm+fm-km+bn+en+gn+mn)) /
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(k2 (-df+ef+bh+eh-bi-di+hj-ij-Ffl-il+fm+hm-dn+en-In+mn))/
(cd-ce-bh-eh-gh+bi+di+gi+dk-ek+cl+il+kl-cm-hm-km) -
(c2(cd-ce-df+ef-gh+gi+hj-ij+dk-ek+cl-
fl+kl-cm+fm-km-dn+en-In+mn)) /

(cd—ce—bh—eh—gh+bi+di+gi+dk—ek+cl+iI+kl—cm—hm—kmﬁ;

-(i2 (bc+cd-bf-df-fg-gh+cj+

n2 » -

Simplify[Expand[u2.ul -ul.u2]] // MatrixForm
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By the above computation one can easily convince:

Lemma 14.1: Commutator for a 14-Sets vector representing a discrete topological space i.e. first two

coefficients not zero followed by all 0 coefficients, again has to be discrete.

Proof: modify the first two lines of the above code as follows:

coeff = MatrixRepl4Sets[{a, b, c, d
ul = MatrixRepl4Sets[{a, b, 0, 0, O,
And you get these as the first 2 columns of u2:
{a2,b2,0,0,0,0,0,0,0,0,0,0,0,0}
{b2,a2,0,0,0,0,0,0,0,0,0,0,0,0}

In other words the Commutator solution is another discrete space.
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By definition in section 17, feeling the same space requires the corresponding 14-Sets vectors to com-

mute or:

Corollary 14.1: Discrete topological spaces have the same feeling for space.

By Lemma 14.1 a natural conclusion:

Corollary 14.2: Discrete and non-discrete spaces do not have the same feel.

By similar simple calculations:

Corollary 14.3: Assuming Vv is a stochastic 14-Sets vector, v* and v commute. Therefore v® and v feel

the same space!
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15. Pre-Geometry: Lie Algebra and Logarithm
Lie group M (n, R)is endowed with the Lie Algebra [2]:

L\ = Gix 05— 61k 61 EQ15.1

Or all members of M(14, R) can be written as the exponential sum:
eZinoit g e RorC EQ15.2

We omit the k, | subscripts and indeed place an integer underneath the symbol to indicate the dimen-
sion n:

L2 /7 MatrixForm
14

1

|
[EY

[eNeoNeoNelolNolNololNolNolNolNolNolNol
[eNeNeNeolNolNolNololNolNololNolNolNe]
[eNeoNeoNelolNolNolNolNolNolNoelNolNolNol
[cNeoNeoNeoNolNolNolNoNolNolNolNoNolNo]
[eNeoNeoNeoNoNolNoNoNoNoNoNoNoNe]
[eNeoNeoNelolNolNololNolNolNolNolNolNol
[cNeoNeNeolNolNolNolNolNolNolNolNolNolNol
[eNeoNeNeoNoNolNoNoNolNolNoNoNoNe]
[eNeNeoNelNolNolNololNolNolNolNolNolNo]
[cNeoNeoNelolNolNololNolNolNoelNolNolNol
[eNeoNeoNeoNoNolNoNoNoNolNoNoNoNo]
[eNeNeNeolNolNolNololNolNololNolNolNe]
[eNeoNeoNelolNolNolNolNolNolNoelNolNolNol

[eNeolNeolNeolNolNolNolololNolNolNo)

Note that L"' = 0 matrix:
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L2-2 /7 MatrixForm

14

000O0OO0O0O0O0OOO0OO0OOOO0OO
000O0O0O0O0OO0OO0OO0OOOOO
0000O0O0O0OOO0OOOOOO
00000O0O0OOO0OO0OOOO0OO
0000OO0OO0OOO0OOOOOO
000O0OOOOOOOOOOO
000O0OOOOOOOOOOO
000O0O0OOOOOOOOOOO
000O0OO0OOOOOOOOOO

000O0OO0OOOOOOOOOO
000OO0OO0OOOOOOOOOO
000O0OO0OOOOOOOOOO
0O000OO0OO0OOOOOOOCOOO
000O0OO0OOOOOOOCOOO

L3 // MatrixForm

14

00 1 00O0OO0OO0OO0OO0OCOOO0CDO
00 0 OOOOOOOOOOCDO

00

-1 000000O0O0OO0CO0CO

00 0 0O0OOOOOOOOOO
00 0 0O0OOOOOOOOOO
00 0 0O0OOOOOOOOOO
00 0 OOOOOOOOOODO

00 0 OOOOOOOOOODO
00 0 OOOOOOOOOODO
00 0 OOOOOOOOOODO
00 0 OOOOOOOOOOO

00 0 OOOOOOOOOOO

00 0 OOOOOOOOOODO

00 0 OOOOOOOOOODO

Lemma 15.1: Sum of the columns of the Lie Algebra elements add up to O:

]

1.3
{0, 0,0, 0,0,0,0,0,0,0,0,0,0, 0}

14

sumColumn [L

The dimension of this Lie Algebra is:

EQ15.3

n°-n

For the case n = 14, the dimension is 142 — 14 = 14x13 = 182. Therefore this dimension is quite large

in comparison to dimension n of M(n, R) i.e. 14.
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By fixing the index j for a particular column and varying i we can generate any column of numbers we
wish, by solving for individual entries (i, j) at each row i:

1
14 @

{on, az, o3, 04, as, 0@, 07, Qg, Og, 010, O11, 012, 13, 014}

Their linear combination in the Lie Algebra:

Style[

(al*Ll’1+a2* L2’1+c13~kL3’l +a4*L4'1+a5*L5'1+a6*L6’1+a7*L7'1+a8*L8’1+a9*L9’1+
14 14 14 14 14 14 14 14 14

aqp * L10-1 4 ag] * L1, aio * L2-1, a3 * L1814 a14 * L14-1 // MatrixForm, FontSize - 9]
14 14 14 14 14

—02 -03 - 04 - Q5 -~ Qs — Q7 — Qg — Qg — Q10 — 011 — Q12 — 013 — Q14
a2

[« elNelNeNeNeNeNeNeoNeNe Ne Ne e

[=NeleleNelNeNeNe e No oo Ne Nl
OO0 0000000000 OoOOo
[=NelelNeNelNeNeNe e No oo Ne Nl
[=NelelelNelNeNeNe oo oo NeNe}
[=NelelNelNelNeNeNeNe oo Neo Ne Nl
[=NeelelNelNeNeNe oo oo Ne Nl
O OO0 000000000 OoOOo
[=NelelelNelNeNeNe e oo o Ne Nl
[=NeleleNelNeNeNe e No oo Ne Nl
[=NelelelelNeNelNe oo oo NeNa}
[=NelelNelNelNeNeNeNe oo Neo Ne Nl

0
0
0
0
0
0
0
ag 0
0
0
0
0
0
0

Exponentiate to get the counterpart in Lie Group:



mat =

( arxL T x L2 thag L3 thag s L Lhas L L rag xS L rar x L7 Lrag*
14 14 14 14 14 14 14

Style[mat // MatrixForm, FontSize -» 7]

@2 013 ~014 ~05 -0 ~07 ~0g ~Gig ~04 0 ~01g 1 0y 0y 314

270370 %5 107 % 09 10711 712713 14 | 1,% "% "4 "5 %6 07 0 *I9 910 711 *012 713014 | o,

1 4015 +04 0 401 +007 +g +01g +0y 0 +0y 1 +0y 9 40y g 40y 4
&727374 75706707 70879 71107 11 "M127M18 714 (147277374 05 706 107 T8 79 TM10 7111 T2 718714 | g

(g 401 401 0t + 1 07 +01g g 01y ) +00g 1 +01g 9 +0Ug 3101y 4

& 727737947957 % "7 7987797910 71177127 7137714 (-1.¢72773774 75796 77 "8 *P9 110 7111 T 127113714 | oy

1y +01g 414 +0lg + g +07 +0g +aig +0y 0 +0ly 1 +0y 9 +0y 3 Ty 4

7277374757607 71879 "0 711 712713714 (1,72 77374 M5 706 107 T8 T9 TM10 7M1 T2 71374 | o

iy +01g +1 +0lg +g +07 +0g g +0iy  +0ly 1 +0y 9 +y 3 Ty 4
12703704~ 16 =77 -0 09 710711 12713 14 | 1,%2°%3*%4 5% 07 75 *T9 10 711 *12 713014 | o

(y +0g +04 +ag +1g +007 +ag g +0g 0 +0q 1 +0y 2 +0y g +01 4
e 7279379 %5706 07 %8779 010 111271314 (1,72 737741951 %6 177 198 9 1910 1711 "12 1713714 | o,

Gy <01+ +0tg +g 07 +0g g +0iy  +0ly 1 Ty 9 +0y 3 Ty 4
o134 505 17 0g 99 010 011 U1p 013014 (1,¢% %8 % % %6 %7 %8 %9 %10 %11 12713 14 | o

y <01+ +0tg +ag +07 +0g g +01g  +0lq 1 +0y 9 +0y 3 +y 4
o 713704 5 "0 17 05 9 01011 “C1p 013014 (1,c% %8 %4 % %6 107 08 %9 %10 %11 12713 14 | o

g 01+ +0tg + g 07 +0g g +01g  +00q 1 +0y 9 +0y 3 +0g 4
772703704 05 g 17 ~0g 09 010011 012 013 %04 (1,203 %4 "5 "G 07 009 *010 011 01501314 | o

g 01+ +0tg +ag 07 +g +ig +01g  +00g 1 +0g 9 +0y 30 4
727030~ 5 17 0509 010011 012 013 %14 (1.2 703 %4 "5 "6 07 0 09 *010 %11 012013 W14 | o

g 01 414 +0tg +ag 07 +0g +ig +01g  +00g 1 +0g 9+ 30y 4
727030~ 96 17 05 %9 010011 %12 13 %04 (1,203 "% "5 "6 %7 % 09 *010 %11 712913 714 | o)

(1 401 +0,4 +a 401 +007 +g +(1g +0y 0 +0q 1 +0y 9 40y g 400y 4
e 72793774795 %6797 787997710 711 71279137714 (1,723 74 "5 "6 197 T8 199 T P10 T11 17127913714 | oy

(g +01g +0,4 Qg +(1g +007 +g g +0y 0 +0y 1 +0y 9 40y g +0ig 4
e 72793774795 %6 " 97 "8 7997710 71177127913 7714 (1,723 774 T05 U6 197 T8 199 T 0 TU11 *P12 79137714 | oy

1y +01g 414 +0lg + g +07 +0g +aig +0y 0 +0ly 1 +0y 9 +0y 3 Ty 4

L8’1+a9*L9’
14 14

1+a10*L10'1 +a11*L11'1+a12*L12’ 1
14 14 14

L13’1+a14*L14'1)
14 14
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Set g™ %277 ®m @07~ ComM0—tn~ 120137 — gymU and therefore the other entries become:

sumU
(1_e—sumU) !

aj = @ i+1 EQ154

Repeat this for all the remaining columns to get all ¢; per 14 columns and form a matrix:

cfs = {a, b, c,d, e, f, g, h, i, j, k, I, m, n};

matREP = MatrixRepl4Sets[cfs];
Style[matREP // MatrixForm, FontSize -» 7]

ab 0 0 0 0 0 0 0 0 0

b a 0 0 0 0 0 0 0 0 0
cd a+c 0 b+d 0 0 0 0 0 0

d c 0 a+c 0 b+d 0 0 0 0 0

e f b+e 0 a+f 0 0 0 0 0 0

f e 0 b+e 0 a~+f 0 0 0 0 0

g h d+g+l 0 c+h+k o] a+c+h+k 0 b+d+g+l 0 d+g+l
h g 0 d+g-+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l 0

i j f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n
joi 0 f+i+n 0 e+j +m 0 b+e+j+m 0 a+f +i+n 0
k1 h+k 0 g+l 0 d+g+l o] c+h+k 0 a+c+h+k
Ik 0 h+k 0 g+l 0 d+g+l 0 c+h+k 0
mn j+m 0 i+n 0 f+i+n 0 e+j +m 0 b+e+j+m
n m 0 j+m 0 i+n 0 f+i+n 0 e+j+m 0

0
0
0
0
0
0
0
d+g+l

0
f+i+n
0
a+c+h+k
0
b+e+j+m

e+j+m
0

b+d+g+l
0

a+f +i +n
0
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Llist=_;
Llist[u_] :=Table[LW-“, {w, 1, 14}] ;
14

logMat = {};
Table]

sumU = -Log[matREP[[u]l]l[[ull]l;

logMat = Insert[logMat,

Table[1f[w # u, matREP[[w]][[u]] *sumU/ (-matREP[[u]][[u]l] +1), O],
{w, 1, 1431, u], {u, 1, 14}];

Style[logMat // MatrixForm, FontSize -» 5] ;
vsum = ConstantArray[0, {14, 14}];
Table[vsum = vsum + (logMat[[u]]-Llist[u]), {u, 1, 14}]1;

Style[vsum // MatrixForm, FontSize -» 5]

blogfa] clogfa] dlogla] elogia] fLlogla] glogla] hlogia] i Logla] jLogla] kLlogla] | Logla] mLog[a] nLog[a] blog(a]

1a 1a 1a 1a 1a 1a 1a 1-a 1a 1a 1-a 1a 1a 1a
blog(a] blogla] clogia] dlLog(a] elog[a] flogia] glogfa] hlog[a] i Logla] | Log
1a 1a 1a 1-a 1a 1a 1a 1a 1a 1a

clogla] dlogra]
1a 1-a

dLog[a] clogia)
1a 1-a

elog(a] fLogia)
1-a 1-a

f Log[a)] elogia)
1a 1-a

glog(a) hLogra)
1a 1-a

hLog[a] glogra]
1-a 1-a

i Log[a) j Logia)
1-a 1-a

j Logla] i Logra)
1a 1-a

kLog[a] | Logra]
1a 1-a

I Log[a] kLoga]
1-a 1-a

mLog[a] nlogra)
1a 1-a

nLogla) mLog(a]
1a 1-a

Columns add to 0 so belongs to the Lie Algebra:

Simplify[sumColumn[vsum]]

{0, 0, 0, 0,00 0,0 0,0 0,00, 0}

The above matrix serves as an approximation for Logarithm of a 14-Sets algebra member.
Example 15.1:

Get a set of 14 random coefficient member of the 14-Sets algebra and compute its matrix
representation.



rands = Join[Sort[ RandomReal [{0, 1}, 13], Less], {1}1;
cfs = Join[{rands[[1]]}, Table[rands[[w]] -rands[[w-1]], {w, 2, 14}]]:

matREP = MatrixRepl4Sets[cfs];

sumColumn [matREP]

Style[matREP // MatrixForm, FontSize -» 7]
sumCollumn [matREP]

Norm[matREP]

1., 1.,1.,1,1.,1,1,1.,11,1.,1.,1.,1.,1.}
0.10016 0.100453 0 0 0 0 0 0 0 0
0. 100453 0.10016 0 0 0 0 0 0 0 0
0.0147574 0.0379001 0.114918 0 0.138353 0 0 0 0 0
0.0379001 0.0147574 0 0.114918 0 0.138353 0 0 0 0
0.236013  0.0410796 0. 336465 0 0.14124 0 0 0 0 0
0.0410796  0.236013 0 0. 336465 0 0.14124 0 0 0 0
0. 0454851 0.00374176 0.109013 0 0.0487453 0 0. 148905 0 0.209465 0
0.00374176 0.0454851 0 0.109013 0 0.0487453 0 0. 148905 0 0. 209465
0.156704  0.0272065 0.248862 0 0.392768 0 0. 49322 0 0. 349022 0
0.0272065 0.156704 0 0.248862 0 0. 392768 0 0. 49322 0 0. 349022
0.0302462 0.0256277 0.0339879 0 0.0711127 0 0.109013 0 0.0487453 0
0. 0256277 0.0302462 0 0. 0339879 0 0.0711127 0 0.109013 0 0. 0487453
0.129548  0.0510777 0. 156755 0 0.207782 0 0. 248862 0 0.392768 0
0.0510777  0.129548 0 0. 156755 0 0.207782 0 0. 248862 0 0.392768
1., 1.,1.,1,1.,1,1,1.,11,1.,1.,1.,1,1.}

1.28014

LIiSt:_;
Llist[u_] :=Table[LW'“, w, 1, 14}] .
14

logMat = {};
Table]
sumU = -Log[matREP[[u]l][[ull];

logMat = Insert[logMat,

coocoo

0
0.109013
0
0. 248862
0
0. 148905
0
0.49322
0

14sets.nb

Table[1f[w # u, matREP[[w]][[u]] *sumU/ (-matREP[[u]][[u]l] +1), O],

{w, 1, 1431, ul, {u, 1, 14}];
Style[logMat // MatrixForm, FontSize -» 5] ;
vsum = ConstantArray[0, {14, 14}];
Table[vsum = vsum + (logMat[[u]]-Llist[u]),
final = N[eV®"", 100];

Style[final // MatrixForm, FontSize -» 7]
sumColumn[final]
Norm[matREP - Final] / Norm[matREP]

{u, 1, 14}];

0.103483 0.0260118 0. 0. 0. 0. 0. 0. 0. 0.
0.0260118 0.103483 0. 0. 0. 0. 0. 0. 0. 0.
0.0173233 0.0144825 0.131252 0. 0. 0420062 0. 0. 0. 0. 0.
0.0144825 0.0173233 0. 0.131252 0. 0. 0420062 0. 0. 0. 0.
0.0799697 0.0272139 0.109563 0. 0.158727 0. 0. 0. 0. 0.
0.0272139 0.0799697 0. 0. 109563 0. 0.158727 0. 0. 0. 0.
0.0562262 0.0181639 0.0929437 0. 0. 0798615 0. 0.213732 0. 0.1076 0.
0.0181639 0. 0562262 0. 0. 0929437 0. 0.0798615 0. 0.213732 0. 0.1076
0.229101 0.0764875 0.333692 0. 0.360723 0. 0. 391005 0. 0.510317 0.
0.0764875 0.229101 0. 0. 333692 0. 0.360723 0. 0. 391005 0. 0.510317
0. 0506246 0.0236815 0.0666162 0. 0. 0744944 0. 0. 0872154 0. 0.0681712 0.
0.0236815 0.0506246 0. 0. 0666162 0. 0.0744944 0. 0.0872154 0. 0.0681712
0.198504 0.0787265 0.265933 0. 0.284188 0. 0. 308048 0. 0.313911 0.
0.0787265 0.198504 0. 0. 265933 0. 0.284188 0. 0. 308048 0. 0.313911
1., 1.,1.,1,1,1,1,1.,11,1.,1.,1.,1.,1.}

0. 279809

oo o000

0.

0. 0872154
0.
0.308048
0.
0.213732
0.

0. 391005
0.

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0. 0487453 0
0.109013 0 0.0487453
0 0.392768 0
0.248862 0 0. 392768
0 0. 209465 0
0. 148905 0 0. 209465
0 0. 349022 0
0. 49322 0 0. 349022
0. 0. 0.
0. 0. 0.
0. 0. 0.
0. 0. 0.
0. 0. 0.
0. 0. 0.
0. 0. 0681712 0.
0.0872154 0. 0.0681712
0. 0.313911 0.

0. 308048 0. 0.313911
0. 0.1076 0.
0.213732 0. 0.1076
0. 0.510317 0.

0. 391005 0. 0.510317

71
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We obtain a Logarithm with error about 0.3%.

The above performs better than the regular Taylor Series expansions:

X=.,
y=-;

series = Series[Log[y +1], {y, 0, 100}]

y3
+

4 5

y* oy
LA A
4 5
y19 y20
AN
19 20
y34 y35
A
34 35
y48 y49
r .
48 49
y62 y63
LA A
62 63
y76 y77
oo
76 77
y90 y9l
AN A
90 91

y9

9
y23
23
y38
38
y52
52
y 66

ylo y
Ly oy
10 11
y24 y25
24 25
y39 y40
LYY
39 40
y53 y54
IR A
53 54
y67 y68
A
67 68
y81 y82
y©m oy oy
81 82
y95 y96
95 96

10

11

y12

12
y26
- — 4
26
y4l
s
41
y55
s _
55
y69
s
69

y13 yl4
S
27 28
y42 y43

42 a3
y56 y57
56 57
y70 y71
70 71
y84 y85
84 85
y98 y99
98 99

y15 y16
+ — - — +
15 16
A e
29 30 31
y44 y45
- s
44 45
y58 y59
58 59
y72 y73
72 73
y86 y87
- s
86 87
100
L O[y ] 101



i y?2 Y3
series=y- —+ —
2 3
yl7 y18 y19
17 18 19
31 y32 y33
31 32 33
45 y46 y47
45 46 47
59 yGO y61
59 60 61
73 y74 y75
73 74 75
87 y88 y89
87 88 89

yt oy
"2
y20 y21
20 21
y34 y35
34 35
y48 y49
48 49
y62 y63
62 63
y76 y77
76 77
y90 y91
90 o1

ys oy’

.Y
6 7

y22 y23
y .-
2 2
y36 y37
AN A
36 37
y50 y51
LA A
50 51
y64 y65
y
64 65
y78 y79
y X
78 79
y92 y93
LA A
92 93

X = matREP - ldentityMatrix[14];
log = N[series /. {y » X}, 100];

Style[MatrixExp[log] // MatrixForm, FontSize - 7]

Norm[MatrixExp[log] - matREP] / Norm[matREP]

sumColumn[log]

sumColumn[MatrixExp[log]]

0.10062  0.00960215 0.

0.00960215 0. 10062 0.
0.00340771 0.0044596 0.117241
0. 0044596 0.00340771 0.
0.0260149 0.00664335 0.0372475
0.00664335 0.0260149 0.
0.0108511 0.00248078 0.021288
0.00248078 0.0108511 0.
0. 0460842 0.0123927 0.0708486
0.0123927 0. 0460842 0.
0.00905782 0.00504355 0.0118504
0.00504355 0.00905782 0.
0.0396147  0.015532 0. 0530502

0.015532  0.0396147 0

0. 601914

0
0

0
0

0
0

0. 0.0166418 0.

0.117241

0

0.0166418

0. 0.143728 0

0.0372475

0

0.143728

0 0.0171187 0

0.021288

0

0.0171187

0 0. 0956991 0

0.0708486

0

0. 0956991

0 0.0176941 0

0.0118504

0

0.0176941

0 0.0677391 0

0. 0530502

0

0. 0677391

o000

0
0. 159959
0
0.111619
0
0. 0235558
0
0.0781642
0

ocooo0o0o

0

0. 159959
0

0.111619
0

0. 0235558
0

0. 0781642

eooeo

0

0. 049553
0

0. 382769
0

0. 0228599
0

0.129547
0
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12 13 14 15 16
y y y y y
-t -+ - +
12 13 14 15 16
27 28 29 30
y y y y
—_—_— ¢ — - — 4
27 28 29 30
41 42 43 44
y y
e
41 42 43 44
55 56 57 58
y y
—_— -+ - +
55 56 57 58
69 70 71 72
y y
—_—_—— ¢ — - — 4
69 70 71 72
83 84 85 86
y y
—_——_-— — - — %
83 84 85 86
97 98 99 100
y y
—_—— f — - —
97 98 99 100
0. 0. 0. 0. 0
0. 0. 0. 0. 0
0. 0. 0. 0. 0
0. 0. 0. 0. 0
0. 0. 0. 0. 0
0. 0. 0. 0. 0
0. 0. 0235558 0. 0. 0228599 0.
0. 049553 0. 0. 0235558 0. 0. 0228599
0. 0. 0781642 0. 0.129547 0.
0. 382769 0. 0.0781642 0. 0. 129547
0. 0. 159959 0. 0. 049553 0
0. 0228599 0. 0. 159959 0. 0. 049553
0. 0.111619 0. 0.382769 0
0.129547 0. 0.111619 0. 0. 382769

{-1.45389, -1.45389, -1.36877, -1.36877, -1.19134, -1.19134, -1.17781
-1.17781, -0.483555, -0.483555, -1.17781, -1.17781, -0.483555, -0.483555}

{0. 291804, 0.291804, 0.311525, 0.311525, 0. 358621, 0.358621, 0. 373298,
0. 373298, 0.584729, 0.584729, 0.373298, 0.373298, 0.584729, 0.584729}

We obtain a Logarithm with error about 0.6%.

Remark 15.1: Taylor series expansion also fails to produce a member of Lie Algebra since the column
sums are not 0. Therefore the subsequent exponentiation does not have the column sums of 1.

Logarithm of Closure Operator
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We obtain an approximation of the Boundary Operator’s Logarithm in terms of a variable z and then
take the limit of the z approaching Infinity and thus obtain a Logarithm as a limit process:

cfs = (0,0, 2,0,0,0,0,0,0,0,0,0, 0, 0};
matREP = MatrixRepl4Sets[cfs];

sumColumn [matREP]

Style[matREP // MatrixForm, FontSize - 9]

{z,z,2,2,2,2,62,2,2,2, 2,2 2, 2}

OO0 00000000 ONOO
OO0 000000 O0OONOOO
OO0 O0OO0OO0OO0OO0OO0O0OO0OONOOoO
OO0 000000 O0OONOOO
OO0 O0OO0OO0OO0OONOODOOOO
OO O0OO0OO0OONOODOOOOO
OO0 O0OO0OO0OO0OONOODOOOO
OO O0OO0OO0OONOODODOOOO
OO ONOOOODOOOOOOo
OONOOODOOOOOOOoOOoO
OO ONOOOODOOOOOoOOo
OONOOODOODOOOOOoOOo
OO O0OO0OO0OO0OONOOOOOO
OO0 O0OO0OO0OONOOODOOOO

Approximate the Logarithm:
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Llist=_;
Llist[u_] :=Table[LW-“, {w, 1, 14}] ;
14

LIistHOLD[u_] :=
Table[Superscript[”L", ToString[w] <>"," <> ToString[u]], {w, 1, 14}] ;

logMat = {};

Table]
sumU = -Log[matREP[[u]]l[[u]ll]l;
logMat = Insert[logMat, Table[If[w # u, matREP[[w]][[ul]l, O], {w, 1, 14}1, u]l,
{u, 1, 14}71;

vsum = ConstantArray[0, {14, 14}];

VSUmHOLD = O;

Table[vsum = vsum + (logMat[[u]]-Llist[u]), {u, 1, 14}];
Table[vsumHOLD = vsumHOLD + (logMat[[u]]-LlistHOLD[u]), {u, 1, 14}1;

vsumHOLD

final = eV5'";

Style[Ffinal // MatrixForm, FontSize - 8]
Simplify[sumColumn[final]]

zZ W0,z 1210, 7213,z 14 2,217 Bz L5218 286

e’ 0 0o 0 0 00 0 0 0o 0 0
0 e? 00 0 0 00 0 0 00 0 0
e? (-l1+e?) 0 10 0 0 00 0 0 00 0 0
0 e? (-1+e?) 0 1 0 0 00 0 0 00 0 0
0 0 00 e’ 0 00 0 0 00 0 0
0 0 0o 0 e’ 00 0 0 0o 0 0
0 0 00 e? (-1l+e?) 0 10 0 0 00 e? (-l+e?) 0
0 0 00 0 e? (-1+e?) 0 1 0 0 00 0 e? (~1+e?)
0 0 00 0 0 00 e? 0 00 0 0
0 0 00 0 0 00 0 e? 00 0 0
0 0 0o 0 0 00 e? (-1+e?) 0 10 0 0
0 0 00 0 0 00 0 e? (-1+e?) 0 1 0 0
0 0 00 0 0 00 0 0 00 e’ 0
0 0 00 0 0 00 0 0 00 0 e’
{1, 1, 1,1,1,11,11,11,11,1}

The Boundary Operator Logarithm is the 8 element linear combination while z approaches Infinity:

11,9 12,140 3,1 4,2 7,13 7.5 B,Lld B, G
zL " v 2L szL” szl e 2L’ tzL "+ z2zL" 2L

Remark 15.2: This version of the algorithm is based upon the fact from EQ 15.4
Lim =™ __1  EQ155

sumU—0 (1-e7™)

Take the limit:
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lim=Limit[Final, z » Infinity];
Style[lim // MatrixForm, FontSize -» 10]

(*{0,0,1,0,0,0,0,05010101
MatrixRepl4Sets[{0, O, 1,

o

,0,0} is the Closure operator x)
0,0,0,0,0,0,0,0,0,0}] === lim

o

o
o
o
o
o
o

OO0 O0OO0OO0OO0OFr O0OO0O0OO0OO0oOOo
O OPFrPr OO0 0000000 OoOo
(=Nl e NeNeNeNe o NeNo o Neo]
O O0OPFRP OO0OO0OO0O0OO0OO0OO0OO0OOoOOo
OO0 O0OO0OO0OO0OFr O0OO0O0OO0OO0oOOo

O OO0 00000000 r oo
O 0O O0OO0OO0OO0ODO0O0OO0O0Okr OO0 o
OO0 O0OO0OO0OO0OO0OkFr OO0O0OO0OO0oOOo

O 0O O0OO0OO0OO0OO00O0OO0OOoOkr o
[elelelelNeNe oo No ol =Nl
OO0 O0OO0OO0OO0OO0OkFr OO0O0OOoOOo
OO0 O0OO0OO0OO0OFr OO0 O0OO0OOoOOo
OO0 O0OO0O0OO0OO0OKFr OO0OO0OOoOOo
OO O0OFr OO0OO0O0OO0OO0OO0oOOoOOo

—
—
c
D

The Logarithm of the Boundary Operator exists as a limit process for z approaching Infinity:

logComplement = vsum;
Style[logComplement // MatrixForm, FontSize - 8]

0
0
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o
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OO0 0000000000 OO
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o o N O

o

|

N

Logarithm of Complement Operator

We obtain an approximation of the Complement Operator’'s Logarithm in terms of a variable z and then
take the limit of the z approaching i and thus obtain a Logarithm as an exact calculation:
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cfs = {0, Log[z], 0,0, 0,0,0,0,0,0,0,0, 0, 0}

Repl4Sets[cfs]

ix
sumColumn [matREP]

= Matri

matREP

Style[matREP // MatrixForm, FontSize - 8]

{Log[z], Log[z], Log[z], Log[z], Log[z], Log[z],

Log[z], Log[z], Log([z], Log[z], Log[z], Log[z], Log[z], Log[z]}

Log(z]

0
Log(z]

Log(z]

0

Log(z]

0

0
Log(z]

Log(z]

0

0

Log[z]

0

Log(z]

0

Log[z]

0

Log([z]

0

Log(z]

0

Log(z]

0

Log(z]

0

Log(z]

0

Approximate the Logarithm:
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Llist=_;
Llist[u_] :=Table[LW-“, {w, 1, 14}] ;
14

LIistHOLD[u_] :=
Table[Superscript[”L", ToString[w] <>"," <> ToString[u]], {w, 1, 14}] ;

logMat = {};
Table]
sumU = -Log[matREP[[u]]l[[u]ll]l;

logMat = Insert[logMat, Table[If[w # u, matREP[[w]][[ul]l, O], {w, 1, 14}1, u]l,
{u, 1, 1431;

vsum = ConstantArray[0, {14, 14}];

VSUmHOLD = O;

Table[vsum = vsum + (logMat[[u]]-Llist[u]), {u, 1, 14}];
Table[vsumHOLD = vsumHOLD + (logMat[[u]]-LlistHOLD[u]), {u, 1, 14}1;

vsumHOLD

VSUMHOLD /. {z -» 1}

final = eVs'";

Style[final // MatrixForm, FontSize - 8]
Simplify[sumColumn[final]]

Log[z] L8 Log[z] L** ¥+ Log[z] LY ? +Log[z] L*> %+
Log[z] L*¥ 1 4 Log[z] L 12+ Log[z] L> Y +Log[z] L®®+Log[z] L*© +
Log[z] L>%+Log[z] L®%+Log[z] L"®+Log[z] L® 1% +Log[z] L®7
1. 10, 8 . 11,13 . 1,2 . 12, 14 . 13,11 . 14,12 . 2,1
— 1L+ —dagaLl "+ —dgaLl7c+ — il — ALl — AL — ALt 4
1 1 1 1 1 1
ial®hy il iy i a8 il i B0 g ST
1422 1.22
a0 0 0 0 0 0 0 0 0 0 0 0
“1422 1.22
: —~ 0 0 0 0 0 0 0 0 0 0 0 0
2z 2z
0 o Y2 o 22 4 0 0 0 0 0 0o o
222 222
0 0 o 2 o 2 0 0 0 0 0 0o o
222 222
~1422 1:+22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
~1+22 1:22
0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
“1:22 1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1:22 1:22
0 0 0 0 0 0 0 0 0 0 0
222 222
1.22 1.22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1.22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1.22 1422
0 0 0 0 0 0 0 0 0 0 0
222 222

(1,1,1,1,11,11111).1,
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The Logarithm of Complement Operator is the following 14 member linear combination:

3 L i i R i e P A kL [ S A b 13 A
1 . ;
— it ittty —imnt e ittty Cimn T iYW —in1?
Take the limit z—i:

lim=Limit[final, z-» 1] ;

Style[lim // MatrixForm, FontSize - 10]

MatrixRepl4Sets[{0O, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}] === lim
010000000000O0O0O0

10000000000000O

0000100000000 O0

0000010000000 O0

001000000000O0TO0O

0001000000000 O0

00000000100000

00000000O010000

0000001000000 O0

0000000100000 0O0

00000000DO0O0O0OTLDO

0000000000O00O0GO0T1

000000000O01000

0000000000010 0

True

Therefore the Logarithm of the Complement Operator is:
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logComplement = Limit[vsum, z -» i];
Style[logComplement // MatrixForm, FontSize -» 10]

i i

-— = 0 0 0 0 0 0 0 0 0 0 0 0

2 2
= 77 o 0 o O O 0O O O 0O O0 0 ©
0 0 3‘2—" 0 7" 0 0 0 0 0 0 0 0 0
o 0o o - 0 7” 0 0 0O O 0 0 0 O
o o o 7” 6 0 0 0O 0O 0 0 0 ©
0 0 o0 7" 0 J‘Z—" o 0 o0 O 0 o0 0 ©
0 0 0 0 0 0 -12—" 0 7“ 0 0 0 0 0
o0 0 o O 0 0 ©0 - o 7 0 0 o0 0
0 0 0 0 0 0 7" 0 3‘2—" 0 0 0 0 0
0 0 0 0 0 0 0 7” 0 7% 0 0 0 0
©o 0o 0O 0O 0O 0O 0 0 O0 O 7“‘2—” o S o0
o o0 o O 0O o O O 0 o0 o© J‘Z—" 0 7"
0 0 0 0 0 0 0 0 0 0 7“ 0 -12—" 0
0 0 0 0 0 0 0 0 0 0 0 7 0 7%

Remark 15.3: Perhaps there is a Real Logarithm of the Complement Operator, the author currently
does not know of it.

16. 14-Sets Hopf Algebra

Coproduct defined as a simple tensor product, where g belongs to the 14-Sets group:

A(@ =9®g
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Notation[ A (C_) = Distribute[c_®c_] ]

Notation[ AcC_ = Distribute[c_®c_] ]

(» o is left as blank in most math
books but we need to have an explicit bi-product x)

Notation[ (s_a ®c )¢ (t_ b ®d ) = (s_xt ) (a_ob )e®(c_od) ]

Notation[ (@ x)®(b_y ) — a xb_(x_®Yy ) ]
(» Kludge, Mathematica is sensitive to the format of the expressions x)

X_ y_
Notation[ —®b— = (1/(a_xb ))* (x_ ®y ) ]
a_ -

X
Notation[ a—_®y_ = (1/(a)) * (X_®y_) ]

Notation[ x_®:;—_ = (1/ (b)) * (xX_®Yy_) ]

(*Kludge: Mathematica did not multiply two Reals «x)
Notation[ (a_a2_x )®(b_b2 y) = a xb_xa2_ xb2 (x_®y ) ]
Let’s actually compute a sample of the Coproduct:

Vzaog+boy+Cor+doz+eos+Fos+gog+hor+1o0g+Jog+Kow+ 1 o117 +mMoyp +Nois;
A (V)
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(aop) ® (aop) + (aog) ® (boy) + (Aog) ® (Coz) + (Aop) ® (doz) + (2aop) ® (E0y) +
(aog) ® (Fos) + (aop) ® (dos) + (2op) ® (hoy) + (Aog) ® (1 0g) + (Aop) ® (J 0g) +
(aog) ® (ko) + (aop) ® (1 011) + (20p) ® (Mo12) + (2 0p) ® (No13) + (bo1) ® (Aaop) +
(boy)®(boy) + (boy)®(Coz) + (bo1) ®(do3) + (boy) ® (eoy) + (boy) ® (Fos) +
(bo1)®(gos) + (boy) ® (hoy) + (boy) ® (1 og) + (Do1) ® (J og) + (boy) ® (Koyo) +
(bo1)® (loy) + (boy) ® (Mo2) + (boy) ® (No13) + (Coz) ® (o) + (Coz) ®(boy) +
(Co2) ® (Coz) + (Coz) ® (doz) + (Co2) ® (Boy) + (Coz) ® (Fos) + (Coz) ®(gos) +
(Co2) ® (ho7) + (Coz) ® (1 0g) + (Coz) ® (J 0g) + (Co2) ® (Koyg) + (Coz) ® (N oyg) +
(Co2) ® (Mo12) + (Co2) ® (No13) + (do3) ® (Aop) + (do3) ® (boy) + (do3) ® (Coz) +
(do3) ® (do3) + (do3) ® (€oy) + (do3) ® (Fos) + (do3) ® (gog) + (doz) ® (hoy) +
(d o3) ® (1 0g) + (do3) ® (J 0g) + (do3) ® (Koyg) + (doz) ® (1 o11) + (d o3) ® (Mo12) +
(do3) ® (No13) + (€ 04) ® (A0p) + (€04) ® (Doy) + (€0y) ® (Co2) + (Eoy) ®(dosz) +
(€o4) ® (€04) + (€0yg) ® (Fos) + (€04) ® (gog) + (€0g) ®(hoy) + (Boy) ® (1 0g) +
(€ 04) ® (J 09) + (€ 04) ® (Kog) + (€ 04) ® (1 011) + (€ 04) ® (Mo12) + (€ 04) ® (NO13) +
(Fos) ® (aop) + (Fos) ® (boy) + (Fos) ® (Coz) + (Fos) ® (doz) + (Fos) ® (€ 04) +
(Fos) ® (Fos) + (Fos) ® (Qos) + (Fos) ® (ho7) + (Fos) ® (i og) + (Fos) ® (J og) +
(Fos) ® (ko) + (Fos) ® (L o11) + (Fos) ® (Moy2) + (Fos) ® (No13) + (g os) ® (Aop) +
(gos) ® (boy) + (Qos) ® (Coz) + (Jos) ® (do3z) + (Jos) ® (€og) + (gog) ® (Fos) +
(gos) ® (Jos) + (dos) ® (ho7) + (Jos) ® (1 0g) + (Jos) ® (J og) + (g os) ® (Koyg) +
(9o6) ® (0 o11) + (gos) ® (Mo12) + (g o) ® (No13) + (ho7) ® (2aop) + (ho7) ® (boy) +
(ho7) ® (Co2) + (ho7) ® (do3) + (ho7) ® (€ 04) + (hoy) ® (Fos) + (ho7) ® (gos) +
(ho7)® (ho7) + (ho7) ® (1 0g) + (ho7) ® (J og) + (hoy) ® (Koyo) + (ho7) ® (1 o11) +
(ho7) ® (Mmo12) + (ho7) ® (No13) + (1 08) ® (Aop) + (1 0g) ® (boy) + (1 0g) ® (Coz) +
(i og) ® (do3) + (1 0g) ® (€0s) + (1 0g) ® (Fos) + (1 0g) ®(gog) + (iog)®(hoy) +
(i og) ® (i og) + (1 0g) ® (Jog) + (1 0g) ® (Kogo) + (1 0g) ® (1 o11) + (1 0g) ® (Moy2) +
(1 0g) ® (N013) + (J 09) ® (A 0p) + (J 09) ® (boy) + (J og) ® (Coz) + (J og) ® (do3) +
(J 09) ® (€ 04) + (J 09) ® (Fos) + (J og) ® (Jog) + (J og) ® (hoy) + (J og) ® (1 0g) +
(J 09) ® (J 09) + (J 09) ® (Ko1g) + (J 09) ® (1 011) + (J 09) ® (Mo12) + (J O9) ® (N0O13) +
(ko10) ® (a0g) + (Koy) ® (boy) + (Koyg) ® (Coz) + (Koig) ® (d o3) + (Koip) ® (€ 04) +
(ko10) ® (Fos) + (ko) ® (9 os) + (Koig) ® (ho7) + (Koig) ® (1 og) + (Koip) ® (J 09) +
(k 010) ® (ko1p) + (ko) ® (1 011) + (Ko1o) ® (Mo12) + (Ko1o) ® (No13) +
(lo11) ® (aog) + (oy1) ® (boy) + (Hoy1) ® (Coz) + (1 o11) ® (doz) + (1 o11) ® (€04) +
(o) ® (Fos) + (1011) ® (Qos) + (1 011) ® (hoy) + (1 011) ® (1 0g) + (1 011) ® (J 09) +
(0 o11) ® (ko) + (1 o11) ® (L o11) + (1 o11) ® (Mo12) + (1 011) ® (N013) +
(mo12) ® (A o) + (Mo12) ® (boy) + (Mo12) ® (Coz) + (Mogp) ® (dosg) + (Mo12) ® (€ 04) +
(moy2) ® (Fos) + (Mo12) ® (g oe) + (Mo12) ® (ho7) + (Mo12) ® (1 0og) + (Mo12) ® (J 09) +
(mo1p) ® (Koy) + (Mo12) ® (1 o11) + (Mo12) ® (Mo1p) + (Mo1p) @ (No13) +
(N o13) ® (@ og) + (No13) ® (boy) + (N013) ® (Co2) + (N0o13) ® (do3) + (NO13) ® (E0y) +
(no13) ® (Fos) + (No13) ® (do6) + (No13) ® (ho7) + (No13) ® (1 0g) + (No13) ® (J 09) +
(no13) ® (Kogp) + (No13) ® (1 o11) + (No13) ® (Mo12) + (N 013) ® (N 013)

Simplify the coefficients:
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a?og®op+abog®o;+acog®oy+adog®oz+aeog®ay +af op®o0s+agog®og+ahog®oy +
ai O‘0®O'8+aj O'0®O'g+ako‘0®0'10+a| 00®011+am00®012+anoo®013+abcl®oo+

b201®01+bc01®02+bd01®03+beal®04+bf 01®05+bgal®06+bh01®o7+

bi o1®0g

bco,®o;

Ci 0p®0g+Cj 0p®0g
bdoz®o;+cdoz®o;
di o3®o0g+dj 03®0g
beos®o;+ceos®0m
ei O'4®Og+ej 04 ® Og
bf os®oc;+cf osg®0,
fiogs®og+f | o5®0g
bgog®o1+Cgog®on
gl 06®08+gj Og ® Og
bho;®op+choreo;
hi O‘7®O’8+hj 07 ® Og
bi ocg®o1+Ci og®oy

P2

ij Og®08+j209®09+j K og® 010 +] |

bk(jlo@(jl
ik010®08
bl
il 011 ® Og
bmo,®0;
i moir ®og
anoz®og

011 ® 01

hnopi®oy

| 08®O'8+ijO'8®Og+ik03®0'10+i|
bj cg®o1+Cj og®or+dj og®o3 +€j

+Ckop®os
+] kK oo ®og
+cl o1®07
+) | 011 ® 09
+C Mo12 ® O
+j Mo12 ® Og
+bnoiz®o;

+1 No;3®og

+bj oy®ocg+bkoy®og+bl op®011 +bmoy®o, +bnoy®oiz+ac o, ®og +
+0202®02+Cd02®o3+ce<72®04+cf02®05+Cg<72®06+ch02®07+
+Ckosy®opg+cCcl oh®011+CMor®012+CNoy®o13 +ad oz3®og +
+d? o3®@03+deog®os+df o3005+dgoz®os +dh oz®o7 +
+dkoz®og+dl o3®011 +dmMoz®op +dNo3®o13+a€ 04 ®00 +
+deos®@oz+e?oy@os+ef ou@os+egos®og+ehos®o7 +
+ekos®@oipg+rel ou®011+emos®o012p+€Nos®o013+af og® o0 +
+df05®O3+efO5®G4+f205®05+f905®Oe+fh05®67+
+fKos®opg+fl os®011+f Mmos®o, +f Nogs®o13+ag og®op +
+dgog®o3+eQog®0s+f gog®os +02 0g® 0 + g h og®07 +
+0Kog®o10+gl 0g®011 +gMog®012 +gNog®013+ah o7®0g

+

+dh07®03+eh07®04+fh07®05+gh07®06+h207®07+
+hk0‘7®010+h| 07®011+hmo7®012+hno7®013+ai Og ® Opg +
+di og®oz+ei

og®os+f i og®o5+Q9i og®og+hi og®o7 +
Og®011 +i MOg®o12 +i Nog®o1z3+aj og®og +
Og®04+f ] og®05+Q] og®og+hj og®o7 +
Og®011 +] MOog® 015 +] N Og®013 +aK o19®0p +
+dkoppo®os+ekopg®os+f Kopg®os+gk og®0 +hk oj9® 07 +

+k2010®010+k| 010®011+km010®012+kn010®013+al 011 ® Og +
+dl o1®03+el o117 ®@04 +F | 011®05+g| 011®0g+hl 011 ®07 +

+kl O']_1®O'10+|2O'11®011+| Mo11 ® o012 +| N o1 ®o13 +amMoa ® og +
+dmop®oz+emoa®os +f Mo ®os +g Mo, ®og +h Mo ®o7 +

+k mopp ®oqg + | m012®oll+n?012®012+mn O12 ® 013 +
+CNop3®oy+dNo;3®oz+e€No3®oy +f N o13®05 +J N 013 ® 0 +

+j Nop3®og+knopza®oig+l Noz®og; +Mn 013®012+n2 013 ® 013

By direct computation the following property of the Coproduct can be verified:

A(hg) = A(h)*A(9)

where @ is 14-Sets product and ¢ as the tensor product of algebras:

(a®c)e(b@d)=(acb)®(cod)

Remark 16.1: In most places ¢ left as blank.

Let’s look at some short example:

A (o)

0o ® Op

A (aog+boyp)

83
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(aogp) ® (aog) + (aog) ® (boy) + (boy) ® (Aaop) + (boy) @ (boy)

Simplify:

a’?op®cp+abog®o;+abo;®og+b?o1®0;

Compute the Coproduct:

A (op©os)

O5 ® Og

See if it is same as this tensor product of Coproduct:

(A (o0)) @ (A (o5))
OFf[Syntax: :sntxf] (* this warnning occurs but there is no error!!! x)

(oo ®0p) ¢ (05® 05)

O5 ® Og

Do the same for this Coproduct:

A ((aog+boy) @ (a2o9+b20oq))

((aa2+bb2) og) @ ((aa2+bb2) og) + ((aa2+bb2) og) ® ((a2b +ab2) o1) +
((a2b+ab2) o1)® ((aa2+bb2) og) + ((a2b+ab2) o1) ® ((a2b +ab2) oy)

(aa2+bb2)20g®0p+ (a2b+ab2) (aa2+bb2) og®oy +
(a2b+ab2) (aa2+bb2) 01809+ (a2b+ab2)20,®0;

It is same as this tensor product:

OFf[Syntax::sntxf] (x this warnning occurs but there is no error!!! x)
Distribute[ (A (aocg+boy)) ¢ (A (a2 00+b201))]

((aop) ® (aop)) ¢ ((a2op) ® (a2 0g)) + ((aop) ® (agp)) ¢ ((a2op) ® (b2 01)) +
((aog) ® (aogg)) ¢ ((b201) ® (a2 00)) + ((20g) ® (A 0p)) ¢ ((b201) ® (D201)) +
((aogg) ® (boy)) o ((a200) ® (a2 0p)) + ((a0g) ® (bo1)) ¢ ((a20p) ® (b2 01)) +
((aop) ® (boy)) o ((b2o1) ® (a2 00)) + ((aop) ® (boy)) o ((b201) ® (b2 01)) +
((bo1) ® (aogp)) ¢ ((a2op) ® (a2 09)) + ((bo1) ® (acg)) © ((a2op) ® (b2 01)) +
((bo1) ®(aogg)) ¢ ((b201) ® (a200)) + ((bo1) ® (Aa0p)) ¢ ((b201) ® (D201)) +
((boy)®(boy)) o ((8200) ® (a200)) + ((bo1) ® (bo1)) ¢ ((a200) ® (D2 01)) +
((boy)® (boy)) o ((b2o1) ® (a2 00)) + ((bo1) ® (boy)) o ((b201) ® (b2 0,))
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Simplify[(aa2op) ® (aa2ap) + (aa2o0p) ® (bb20g) + (aa20p) ® (a2boy) +
(aa2 o) ® (ab2071) + (bb2og) ® (aa2og) + (bb2oy) ® (bb2og) +
(bb2op) ® (a2boy) + (bb20y) ® (ab20;1) + (a2boy) ® (282 o) +
(a2boy)® (bb2og) + (a2boy) ® (a2boy) + (a2b o) ® (ab20y) +
(ab20y) ® (aa20g) + (ab20,) ® (bb20y) + (ab201) ® (a2boy) + (ab201) ® (ab201)]

(aa2 +bb2)2 op® o +
(a2b+ab2) ((aa2+bb2) gg®0; + (aa2+bb2) oy®0y+ (aA2b+ab2) oy ®07)

Let'sshow A(1) = 1®1 :
2 (l)

14 Sets
0o ® Op

1 © 1
14 Sets 14 Sets

0o ® Op

In summary, this Coproduct allows for 14-Sets algebra to become a Hopf Algebra.

17. 14-D Vector: Feel of the Space

The 14-Sets algebra and computations are used to model how space is felt.

Remark 17.1: Concept of Category is used by Alfred North Whitehead in place of Axioms and Defini-
tions. This forgotten approach is the most fruitful. Categories, similar to the mathematical counterpart,
are over-generalizations of ordinary concepts stretched beyond their normal meanings. For example
author used the word Here or There below, they are the here and there we feel all the time but
stretched almost to a new meaning e.g. a 14-D vector which has no reverse.

Category of Memory

Every being feels a space, even before becoming (coming to existence), during the being, while ceasing
and after cessation i.e. non-being.

Every being is a memory. When remembering and when forgetting space is felt. When space felt some-
thing was remembered or forgotten.
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Category of Existence

Feeling of the space.

There.

Here.

Organism has one vector of feeling for space. (not counting Here and There and other general vectors)
Dis-organism has multiple or infinite vectors of feelings for space.

Example: Human being is an organism, no matter how many cells it is comprised of and how many
limbs and organs it operates with, feels one locality of space thus we afford to say “l am here”. On the

contrary the electron is a Dis-organism, it passes through two slits on a metal barrier at the same time!
electron feels the space by multiple vectors.

Category of Explanation
Space is felt due to the transfer of Information or knowledge from ‘there to here’, or transfer of erasing
or forgetting of information or knowledge from there to here. Feeling of space and flux of information or

knowledge always appear as a pair.

In general, Feelings are ‘vectors’; for they feel what is there and transform it into what is here [3]. This
vector, feeling the spatial attributes, is the 14-D vector as a member of the 14-Sets algebra.

Things do not reside within some space, they feel the space and one such feeling is that of an interior
thus we say it is inside a space.

Two endpoints of the said vector are:

1) tail or ‘there’
2) head or ‘here’

all the while the vector transform what is ‘there’ into ‘here’. Just like a memory, copy from one address
to another, or copy+erase from one location to another or just erase i.e. from here to here.

‘here’ and ‘there’ cannot be erased.

One feeling of the space followed by another is the binary product in the 14-Sets algebra of two of its
vectors.

An ordered sequence of feeling vectors, finite or infinite, is called a Complex Feeling. They are felt one
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after the other, while preserving the order.

Accumulative multiplication of sequence of feelings in a Complex Feeling is called Evolution and accumu
lative vectors/feelings are said evolving.

If such an infinite sequence of Complex Feeling has an accumulative limit, we say its limit emerged, or
Complex Feeling is emergent.

Two vectors A and B are said to feel the same space if their commutator is O :
[A, B] =0

A feeling is Persistent if it has no reverse (determinant 0). See Also: Corollary 14.1-3.

Appendix A

We assume all strings and programs are binary coded.

Definition A.1: The Kolmogorov Complexity Cq,(x) of a string x with respect to a universal computer
(Turing Machine) U is defined as

Cy(x)= min I(p)
p:U(P) =X

the minimum length program p in U which outputs x.

Theorem A.1 (Universality of the Kolmogorov Complexity): If U is a universal computer, then for
any other computer A and all strings X,

Cu(X) =Cxn(X) + Cxn
where the constant ¢4 does not depend on x.

. C -C
Corollary A.1; lim Su®-Ca®

. 100 = 0 for any two universal computers.

Remark A.1: Therefore we drop the universal computer subscript and simply write C(x).
Theorem A.2: C(x) < || +c.

A string x is called incompressible if C(x) = x .

Definition A.2: Self-delimiting string (or program) is a string or program which has its own length

encoded as a part of itself i.e. a Turing machine reading Self-delimiting string knows exactly when to
stop reading.
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Definition A.3: The Conditional or Prefix Kolmogorov Complexity of self-delimiting string x given string
yis
Kxiy)= min |(p)

p:UP,y) =X

The length of the shortest program that can compute both x and y and a way to tell them apart is

Kx,y)=min I(p)
p:UP) =Xy

Remark A.2: x, y can be thought of as concatenation of the strings with additional separation informa-
tion.

Theorem A.3: K(X) < I(xX) +2logl(x) + O(1), KXilx) <Ix) + O1).
Theorem A.4: K(X,y) < KX) + K(y).

Theorem A.5: K(f(x)) = K(X) + K(f) , f acomputble function
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