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Abstract

A novel 14-D algebra based upon Kuratowski Monoid’s Closure and Complement operators is uncov-
ered. 14 x 14 Matrix Representation, Conditions for inverse elements, 0-Commutator computed using
Mathematica 9.0 . Almost Random Almost Incompressible large-length coefficients are found to have
inverse. Matrix representation can have the form of a Stochastic Matrix, and its infinite power has a limit
with two 1-valued eigenvalues and determinant 0. An approximate Logarithmic algorithm devised for
mapping Kuratowski’s topological operators to 182 dimensional Lie Algebra of 14 x 14 Stochastic Matri-
ces, thus a concept of pre-geometry is brought forth.

Preliminaries

Let X be a topological space. Denote A~ closure of a the set Ac X and A° the Complement. A widely
known fact due to K. Kuratowski [1] states that at most 14 distinct operations can be formed by such
compositions of the two operators!

Kuratowski Operations:

oo (A)=A (The Identity), o1(A) = A® (The Complement),
o2(A) =A™ (The Closure), o3(A) = A°

oa(A)=AC, os(A)=A°"C (The Interior),
ge(A)=AT"", o7(A) = A°C |

og(A)=ATC, Tg(A)= AT

T10(A) = AT, o11(A) = AT

o12(A) = ATCC, o13(A) = AT

Cancellation rules:

A—C— — A—C—C—C— AC—C— — AC—C—C—C—

The corresponding Cayley table for Kuratowski Monoid [1], also see [2] section 1:
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Op ©O1 ©O2 03 O4 O5 O O7 Og Og O10 O11 O12 O13
01 Op O4 O5 O2 O3 0O Og O O7 O12 013 O10 O11
02 O3 ©O2 03 0O O7 O O7 O10 O11 O10 O11 O O7
03 ©O2 O O7 ©O2 O3 O10 011 O O7 O O7 O10 O11
04 O5 04 O5 Og Og9g Og Og O12 013 O12 013 Og Og
Os5 04 Og O9g 04 O O12 013 Og Og Og Og O12 013
Og O7 O Or O10 O11 O10 O11 O O7 O O7 O10 O11
07 O O10 O11 O Oy O O7 O10 O11 O10 O11 O O7
Og Og Og Og O12 013 O12 013 Og Og Og Og O12 013
Og 0Og O12 013 0Og Og9g Og Og O12 013 O12 013 Og Og
010 O11 O10 011 O O7 O O7 O10 O11 O10 O11 O O7
011 O10 O ©O7 O1p0 O11 O10 O11 O ©O7 O O7 O10 O11
012 O13 O12 013 Og Og Og Og O12 013 O12 O13 Og Og
013 O12 O Og O12 013 O12 O13 O Og Og Og O12 O13

Methodology: Symbolic Computation

Kuratowski Monoid [1] has been around since 1922, yet no new results nor extensions have been found
so far. This is not due to the scantiness of its structures, rather it is almost impossible to hand compute
or prove any new results or extensions for this monoid due to the size issue.

By application of Mathematica 9.0 the author not only was able to extend the Kuratowski Monoid [1], but
also using Monte-Carlo like random processes was able to uncover theorems and their corresponding
proofs.

As the reader can see in this treatise, the algebraic structures are not trivial, sizeable and the theorems
are not evident nor can easily be guessed by unaided human mind.

What follows of methodologies and code empower the researcher in three ways:

1. S/he needs not be a PhD genius algebraist to figure out the theorems and proofs. Indeed undergradu-
ate students or researchers from other fields e.g. computer sciences can take part in such investiga-
tions.

2. Larger algebras can be investigated and the only limits would be the CPU and memory, which can
easily be remedied in most cases

3. Learning curve is far less steep than traditional paper and pencil algebra, indeed an investigation can
be carried out in record time.

Reference [2] and [3] provides all the code and computations.

1' BaSIS {O_Ov Ol! O_Zl 0_31 0_41 O_5| 661 0_71 0_81 0_91 0-101 O_lll 0_121 0_13}

Imagine o as vector basis for a vector space over a (commutative) Field e.g. R or C:
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13
V=) 80 (EQ 11)
i=0

We call such a vector 14-Sets Vector.

Let’s define such two vectors v1 and v2 :

V1=a0'0+b0'1+Co'2+d0'3+eo'4+f0'5+g(76+h0'7+i0'8+jo'9+k0'10+|0'11+m0'12+n0'13

V2=a20'0+b20’1+020'2+d20’3+920’4+f20’5+920’5+h20’7+i20’g+j20'9+k20’10+|20’11+m20'12+n20'13

Calculate their multiplicative product using the Cayley table above, [2] section 2:

(@aa2+bb2)og+@2b+ab2)o; +
(@2c+ac2+cc2+hb2d+be2+de2)o,+(b2c+a2d+ad2+cd2+bf2+df2)oz +
(bc2+a2e+c2e+ae2+hb2f+e2f)o,+(bd2+b2e+d2e+a2f +af2+ff2)o5+
(c2d+ce2+a2g+c2g+ag2+cg2+b2h+e2h+g2h+bi2+di2+gi2+e2k +g2k + dk2 +

gk2+c2l+i2l+k2l+cm2+hm2+km2)og+(dd2+cf2+b2g+d2g+a2h+f2h+ah2 +
ch2+hh2+bj2+dj2+gj2+f2k+h2k+d21+j21+d12+gl2+112+cn2+hn2+kn2)o7 +
(ee2+c2f+bg2+eg2+a2i+c2i+ai2+fi2+ii2+b2j+e2j+92j+fk2+ik2+
e2m+g2m+em2+ jm2+mm2+c2n+i2n+k2n)og +
(d2f +ef2+bh2+eh2+b2i+d2i+a2j+f2j+h2j+aj2+fj2+ij2+fl2+il2+
f2m+h2m+d2n+j2n+12n+en2+jn2+mn2)og +
(e2g+dg2+gg2+c2h+ci2+hi2+a2k+c2k+i2k+ak2+ck2+hk2 +kk2+b2l+e2l+
g2l+bm2+dm2+gm2+1m2)oq o+ (f2g+d2h+dh2+gh2+cj2+hj2+b2k +
d2k +j2k +a2l+f21+h2l+al2+cl2+hl2+Kkl12+bn2+dn2+gn2+1n2)oq; +
fg2+e2i+g2i+ei2+c2j+i2j+bk2+ek2+jk2+a2m+c2m+i2m+k2m+am2+fm2+
im2+b2n+e2n+g2n+m2n)op +(fh2+f2i+h2i+d2j+ej2+jj2+bl2+el2+
jl2+b2m+d2m+2m+12m+a2n+f2n+h2n+an2+fn2+in2+nn2)o3

From this product we can compute the 14 x 14 matrix representation, [2] section 3:

a b 0 0 0 0 0 0 0 0 0 0 0 0

b a 0 0 0 0 0 0 0 0 0 0 0 0

c d a+c 0 b+d 0 0 0 0 0 0 0 0 0

d c 0 a+c 0 b+d 0 0 0 0 0 0 0 0

e f b+e 0 a+f 0 0 0 0 0 0 0 0 0

f e 0 b+e 0 a+f 0 0 0 0 0 0 0 0

g h d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l 0 d+g+! 0 c+h+k 0
V=lh g 0 d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l 0 d+g+l 0 c+h+k

i j f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m 0

joi 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0 f+i+n 0 e+j+m

k | h+k 0 g+l 0 d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l 0

Ik 0 h+k 0 g+l 0 d+g+l 0 c+h+k 0 a+c+h+k 0 b+d+g+l

mn j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n 0

n m 0 j+m 0 i+n 0 f+i+n 0 e+j+m 0 b+e+j+m 0 a+f+i+n
(EQ1.2)

In order for this product to form a group, the matrix representation must have an inverse i.e. non-zero
determinant, and the conditions for determinant being 0, see [2] section 7:
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{ta~-b}, a~ -b}, (a— -b}, (a - b}, (a - b}, (a - b}, fa 5 (-c - F =V )},
(oo HrotVEfo dro B ) fan b e tV3),
fa>-b-c-d-e-f-g-h-i-j-k-l-m-n},{a--b-c-d-e-f-g-h-i-j-k-l-m-nj},
{a—>b—c+d+e—f+g—h—i+j—k+|+m—n},{a—>b—c+d+e—f+g—h—i+j—k+|+m—n}}

whereA = 4b? +c?+4bd+4be+4de-2cf+f>  (EQ1.3)

Remark 1.1: {a » —b} means if a = —b then the determinant is 0. Each {...} is a single criterion by itself,
‘" stands for ‘or’.

When such 14-Sets vectors form an algebra we call the result 14-Sets Algebra.

Corollary 1.1: Matrix representation (EQ 1.2) applies to both multiplication and addition of 14-Sets
vectors.

Random Coefficient Theorem:

Theorem 1.1: 14-Sets vectors with (almost-incompressible) almost-random coefficients have inverse.
Proof: We model the concept of randomness by Kolmogorov complexity (Appendix A). By constraints of
(EQ 1.2) an irreversible element has to have a pattern to its coefficients and therefore could not be as
random as possible since its Kolmogorov complexity will be considerably less than the length of strings
of its coefficients, recall Theorem A.2 and C(x) = x if x (concatenated coefficients) were incompressible
. Therefore all random or incompressible vectors have inverse.

O

By direct computation, see [2]:

Corollary 1.2: The following single criterion makes the 14-Sets Vectors commutative:
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d2 (-b-e b2 (d-e) b2 (c-f) d2 (c-f)
{{e2e——)f(—,f29c2—(—f ‘
b+d b+d b+d b+d

j2-g2+ (i2(-(c+h+k)?2+(b+d+g+1)%) (-(g-j) (b+d+g+1)+(c+h+k) (c-f+k-n)))/

((c+h+k)2-(b+d+g+1)2) ((-c-i -k) (b+d+g+l)-(c+h+k) (-b-e-g-m)) -
(c2(dg-eg-ch+fh+ci -fi-dj +ej-hk+ik+gl -jl -gm+jm+hn-i n))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -

(k2 (dg-eg-ch+fh+ci -fi-dj +ej -hk+ik+gl -jl -gm+jm+hn-i n))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -

(h2 (c?-cf -bg-eg-g®+ci -fi +bj +ej +gj +2ck-fk+ik+k?-gmsjm-cn-in-kn))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km),

i2 (- (c+h+k) 2+ (bed+g+l )2)

125 -b2-d2-g2- o0 bede ) k) (beam (h2 (-(-c -i -k) (c+h+k)+ (b+d+g+l) (-b-e-g-m))/
((<c-i -k) (b+d+g+l)-(c+h+k) (-b-e-g-m) -
€2 (- (h-i ) (c+hik)+ (brdigsl ) (d-esl -m)) k2 (- (h-i) (c+h+k)+ (bedrgel) (d-esl -m))
(-c-i -k) (b+d+g+l)-(c+h+k) (-b-e-g-m (-c-i -k) (b+d+g+l)-(c+h+k) (-b-e-g-m) !
b2 (b+e) d2 (b+e) . c+h+k
nﬂa—ﬁ—T—QZ—Q(mmw—((—(c+h+k)2+(b+d+g+l)2) (-b-e-g-m)/
((b+d+g+1) ((-c-i -k) (b+d+g+1)-(c+h+k) (7bfefgfm))))f
h2 ( 1K ((c-i-K) (c+h+k)+ (bsdsgsl) (-b-e-g-m) (-b-e-g-m)/
bed+g-l
(b+dsg+l) ((<c-i ~K) (b+d+g=1) - (c+h+k) (7bfefgfm>)))f
o2 M ((~th-i)(c+h+k)+ (bsd+g+l)(d-e+l -m) (-b-e-g-m)/
bed+g-l
(b+dsg+l) ((<c-i ~K)y (b+d+g=l) - (c+h+k) (7bfefgfm))))f
k2 ( M ((c(h-i) (c+h+k)+ (brdrgel) (d-e«l -m) (-b-e-g-m)/
bed+g-l
(b+d+g+l) ((<c-i k) (b+d+g=+1) - (c+h+k) (7bfefgfm)))),
n2+—%—%-(i2(bc+cd—bf-df—fg—gh+cj+hj+bk+dk+jk+c|—fI+kI-bn—dn—gn—In))/

(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -

(h2 (-bc-ce+bf +ef +fg+gi -cj -ij-bk-ek-j k—cm+fm—km+bn+en+gn+mn))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -

(k2 (-df +ef +bh+eh-bi -di +hj -ij-fl -il +fm+hm-dn+en-|I n+mn>)/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +kl —cm-hm-km -

(c2(cd-ce-df +ef ~-gh+gi +hsj -ij+dk-ek+cl -fl +kl —cm+fm-km-dn+en-| n+mn))/
(cd-ce-bh-eh-gh+bi +di +gi +dk-ek+cl +il +klI —cm—hm—km)}}

(EQ1. 4)

A 14-Sets vector is discrete (i.e. specifies a discrete topological space) if it is of the form:
acg+bo; (EQ1.5)

By direct symbolic computations, see [3]:

Corollary 1.3: Discrete 14-Sets vectors commute.

Corollary 1.4: Discrete and non-discrete 14-Sets vectors do not commute.

2. Stochastic Matrix

This matrix representation is a Left Stochastic if:
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a+tb+c+d+e+f+g+h+i+j+k+l+m+n=1 (EQ21)
and all these coefficients are assumed greater than or equal to 0.
We call these 14-Sets Stochastic Vectors or matrices.

Remark 2.1: 14-Sets Stochastic Vectors are closed under the multiplication of (EQ 1.2) representation
but not addition.

Zeros of the determinant (EQ 1.3) are simplified in case due to the stochastic condition:
{{a—> —b}, {a— —b}, {a> -b}, {a—> b}, {a> b}, {a> b, {a N %(—c —f- \/X)}

o= et VE o et T fao 2ot VT

2 2
where A = 4b? +c®>+4bd+4be+4de-2cf +f2
(EQ2.2)
Therefore:
Lemma 2.1: First 6 coefficients (a, b, c, d, e, f) determine if the 14-Sets Stochastic matrix has an
inverse. The other 8 coefficients play no role.

The following is a list of eigenvalues, see [2] section 4:

{1,1,a—b,a—b,a—b,a+b,a+b,a+b, %(2a+c+f —\/Z), %(2a+c+f—\/f), %(2a+c+f+\/f),
%(2a+c+f+\/Z),1—2b—2d—Ze—Zg—2j—2I—2m,1—2b—2d—2e—29—2j—2I—2m}

where A = 4b* +c? +4bd +4be+4de-2cf+f2 (EQ2.3)

Remark 2.2: Often the eigenvector {1,1,1,1,1,1,1,1,1,1,1, 1, 1, 1} might not correspond to the

above 1-valued eigenvalues, but can be obtained through the linear combination of their corresponding

eigenvectors!

Let v be a 14-Sets stochastic vector/matrix of the form (EQ 1.2), then we define its infinite power as

Ve =limp_e V™.

By direct symbolic computation [3]:

Theorem 2.1: If v is a discrete 14-Sets stochastic vector (EQ 1.5), soisv®™.

This is a powerful result:_A discrete topological space stochastically cannot be become non-discrete.

Or passage of time (or iterations of a process) cannot morph a topological space non-discrete. They are
incurably discrete topological structures.

Theorem 2.2: Infinite power of a 14-Sets Stochastic matrix with all positive entries and non-zero first 6
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coefficients, has a limit which is Stochastic, with two 1-valued Eigenvalues. Moreover all 6 coefficients
for the infinite power limit are 0, and the remaining 8 coefficients are repetition of the first 4:

00 0 0 0 0 0 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0 0 0 0 0 0
ve o | @ B a+p 0 o+ 0 o+B O a+p 0 oa+B 0 oa+B8 O
"B a O a+p 0 a+f3 0 a+p 0 a+f3 0 a+p 0 a+f3
wnn+rw 0 n+w 0 n+w 0 n+w 0 n+w 0 n+w O
nw 0 n+w 0 n+w 0 n+w 0 n+w 0 n+w 0 n+o
a B oa+f 0 a+f3 0 a+f3 0 a+f3 0 a+f3 0 a+f3 0
B oa O a+B 0 a+f3 0 a+B 0 a+f3 0 a+p 0 a+f3
wnn+rw 0 n+w 0 n+w 0 n+w 0 n+w 0 n+w O
n w O n+w 0 n+w 0O n+w 0 n+w 0 n+w 0 n+w
_1 _0/—20(2—204/3
Mmma+ﬁ+w+n—2,w——jzﬁrm
or
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
a B a+f3 0 a+f3 0 a+f 0 o+f3 0 a+f 0 a+f 0
B a 0 a+f3 0 a+f3 0 a+ 0 a+f 0 a+f3 0 a+f3
,“7”21‘(;’;'\28; ,7a:j::)26) 0 ifaf/i 0 éforfﬁ 0 27017/3 0 ifaffi 0 éfaf/i 0 ——a-f
a B a+f3 0 a+f3 0 a+f3 0 a+f3 0 a+f3 0 a+f3 0
B a 0 a+f3 0 a+f3 0 a+f3 0 a+f3 0 a+f3 0 a+f3
70(*212;0;2“3; 733—21T:o‘;)26) %*O(*B 0 2*0{*6 0 %f{){fﬁ 0 §7a7[3 ) 270(7[% 0 %70{7{5 0
1
andaJin7s§.

Proof: It is well-known fact that the infinite powers of non-negative stochastic matrices converge. In our
specific case, for the first 6 coefficients being non-zero, we can estimate the first column of v" by the
following upper-bounds assuming:

V=acogt+boy+copy+doz+eocy+fos+gog+hor+iog+jog+kopp+lopn+mop+nogs

With all positive coefficients, its power v" can be approximated from above, coefficient by coefficient, by
X while assuming 0 <x < 1:

X X X X X X X X X + X + X + X + X X X
= =0 ~— 0 — 0 — — — o = — 0 = o — o — o — o — 0 — 0
14 0 14 1 14 2 14 8 14 4 14 5 14 6 14 7 14 8 14 i 14 10 14 1n 14 12 14 3
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Where X" is computed symbolically, see

[3]:

X" = %7’”x” Uo+§7’” x" Uﬁ-%?’” (—1+2”)x”o-2+§7’” (—1+2")x"a3+§7’” =1+2MX" o4+

%7*” (—1+2")x"05+§7*” (—1+2”)x”(rﬁ+;—7*" (—1+7”—2n)x”(r7+§7’" (—1+7”—2n)x”ag+§7*" (147" =2 X" oo+

§7-” (—1+7”—2n)x“am+§7-" (3—22+"+7n+2n)xna'11+§7'n (3—22*”+7"+2n)x”a-12+§7‘“ (3-22" 47" +2n) X" oy

Or
(VM < %7‘” X" s=1,2

(VM1 < %7-" (-1+2Mx" s=3, 4,5,6

WMs1< g7"(=1+7"-2mx" s=7,8,9,10
WMer< g 7"(8-22"+7"+2n)x" s =11, 12,13,14

Basically X, X" serve as ‘order of magnitude’ vector to approximate the coefficients for v" from above.
This only works for the positive x i.e. the coefficients are replaced by the x and product of X" is com-
puted according to the 14-Sets algebra rules but if x approaches 1 then the corresponding coefficients

of X" become upper-bounds to coefficients of v". - serves as a normalizer to make sure X, X" are
14

both Stochastic as x approaches 1.

It is obvious

(Vn)s,l\%7_”xn—>0 as N—oo,Xx—1 s=1,2

(v”)syl\§7’“(—1+2”)x“—>0 as N—oo,Xx—1 s=3 4,56

This establishes the first 6 coefficients of v are 0.

For the remaining coeffi-
cients:

1

(v”)sl\—7”‘(—1+7"—2n)x”—>l as n—oo,Xx—1 s=7 80910
: 8 8

(v“)svl\é?‘”(—1+7“—2n)x“—>§ as n-—oco,x— 1 s=11, 12,13, 14

This establishes that the coefficients 7-14 are generally non-zero with upper-bound of %.

By the same symbolic computations it is easy to show:
(VMs1—(VMsys1—0a@S N—oo,x—1 s=7,8,910

For example for n = 16:
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(v*),,=(v**),,, = -9"°+15¢" h-105g** h? +455 g** h® - 1365 g'* h* +3003 g™ h° + -

Has combined powers adding up to 16 (in general add up to n) and each coefficient being positive and
less than 1 makes the difference wv"),,-w"y,, tends to 0 as n increases.

In other words

V®)71=(VO)111 =«
V)1 =(V")121 =8
(V¥)91=(V)31 =w

V)101 =NV )1a1=17

(EQ 2.2) by direct computation establishes the two 1-valued eigenvalues, and being stochastic matrix
columns should sum to 1 or for the first column of v*:

0+0+0+0+0+0+a+f+w+n+a+B+w+n=1

Therefore

a+B+rw+n = %

. 1 . . .
if we replace n= —(a¢ + B+ w) + > and form equations for v*-v® = v* there is a solution for w :

_ a-2a*-2ap

20rB) see [3]

Remark 2.3: This result will not hold for negative coefficients, nor for non-stochastic matrices.

Since v* has all 0 rows:

Corollary 2.1: detv® = 0 (no assumption for the determinant of v).

By direct symbolic calculation [3] performed on v*:

Corollary 2.1: Given the first 6 non-zero coefficients, the characteristic polynomial of v is A*? (A — 1).
With the following list of eigenvalues and corresponding eigenvectors:

{0,0,0,0,00,0,0,0,0,0,0,1, 1}

9
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{{0,0,0,0,0,0,0,-=**2£,0,0,0,0,0,1},{0,0,0,0,0,0,-===2£,0,0,0,0,0, 1, 0},

2(@+p) 2(a+p)

0,0,0,0,0,0,0,-1,0,0,0,1,0,0},10,0,0,0,0,0,-1,0,0,0,1,0,0,0}, {0,0,0,0,0,0,0, -*,0,1,0,0,0,0},

{0.0,0,0,0,0,-2£,0,1,0,0,0,0,0},10,0,0,0,0,1,0,0,0,0,0,0,0,0},0,0,0,0,1,0,0,0,0,0,0,0,0,0}
a+,

0,001000000000,0}¢{0,010000000,00,00{,100000,00,0,0,0,0, 0},
1,0,0,0,0,0,0,0,0,0,0,0,0,0},{-£, -,0,1,0,1,0,1,0,1,0,1,0,1}, (-, £-,1,0,1,0,1,0,1,0,1,0, 1, 0}}

{
{ a+p (H/j’ a+f a+p
Generally:

VO VP =V v® =y = (V) = (V)T .

By direct symbolic computation and solving systems of equations [3]:
Theorem 2.3: If vi® £Vy,° = v1® Vo™ £ V% -v™ .

Therefore these infinite powers are governed by these set of
rules:

A-BB-A A=Vv®, B=w® , v£w
A=A n=1, 2, -
[LLA#1

3. Pre-Geometry: Lie Algebra and Logarithm

Lie group of Stochastic matrices of dimension n or M (n, R)is endowed with the Lie Algebra

[4]:

L= o =68 (EQ3.)

Or all members of M(14, R) can be written as the exponential sum:
eDinnit g e Rore (EQ3.2)

and so in specific all 14-Sets Stochastic vectors.

Therefore the Lie Algebra above in cooperation with the exponential map provides a pre-geometry for
the topological operators and spaces they represent.

Lemma 3.1: Sum of the columns of the Lie Algebra elements add up to O.

The dimension of this Lie Algebra is [4]:
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n’—n (EQ3.3)

For the case n = 14, the dimension is 142 — 14 =182. Therefore this dimension is quite large in compari-
son to dimension n of M(n, R) i.e. 14.

Corollary 3.1: Dimension of Lie Algebra, or pre-geometry, for 14-Sets Stochastic vectors is 182.

Example 3.1

The Closure Operator Logarithm is the 8 element linear combination while z approaches infinity, see [2]
section 15:

2Lz 123047130471 4247 71347175421 814471 80

lim,_,. e = 0>y
-z 000 0O OOOO OOOTUO O
0O -z00 0O OOO0OO OOOUO OO
z 000O OOOOOOOO OO
0O z 000 0OOOO OOOTO OO
0O 000-z00OO0OO OOOTU OO
0O 000O -z00OO OOOTUO O
0O 000z 0O0O0OO0OOOOOTZ O
ZULO 4 Z L2102 130z 020 2 LT84 275z LB Lz B0 0 0 00 0 2
0O 000O OOO-z0OOOU OO
0O 000O OOOO-z0O0OO OO
0O 000O OOO <z 0O0OO0OOTDO
0O 000O OOOO z O0O0OOO
0O 000O OCOOO OOO-z0
0O 000O OCOOO OOOT O -z
Z LMz L1210,z 13z L4 2,z LT 13,2 LT 54z LB Mz 186
e 0 00 0 0 00 0 0 00 0 0
e’ 0o 0 0 00 0 0 00 0 0
e? (-l+e?) 0 10 0 0 00 0 0 00 0 0
0 e? (-1+e”) 0 1 0 0 00 0 0 00 0 0
0 0 00 e’ 0 00 0 0 00 0 0
0 0 00 0 e’ 00 0 0 00 0 0
0 0 00 e? (-1+e?) 0 10 0 0 00 e? (-1+¢?) 0
0 0 00 0 e? (-1+e?) 0 1 0 0 00 0 e? (-1+e?)
0 0 00 0 0 00 e’ 0 00 0 0
0 0 00 0 0 00 0 e’ 00 0 0
0 0 00 0 0 00 e? (-1+e?) 0 10 0 0
0 0 0o 0 0 00 0 e? (-1+e?) 0 1 0 0
0 0 00 0 0 00 0 0 00 e’ 0
0 0 00 0 0 00 0 0 00 0 e’
Example 3.2

We obtain an approximation of the Complement Operator’s Logarithm in terms of a variable z and then
take the limit of the z approaching i and thus obtain a Logarithm as an exact calculation, see [2] section
15:

(27084 za LM B4z L2 4z g L2302 r L3z 1 L2421 L2 42 L3042 n L4042 L5842 L0z n L7942 L8042 1 L07)

Iimz_m‘ e 2 =01
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1
5 (ZNL1°'5+Z7TL11'13+Z7TL1'2 +zal21 z 1811

ZﬂL14'12+Z]TL2'1+Z]TL3'5+Z7TL4’6+Z7TL5‘3+Z]TL6'4+Z]TL7'9+27T|_8'10+ZZTL9'7> =

N
>
N
5

20 o 0o 0 0o 0O 0 0O O 0 O
17” f?” 0 0 o0 6o 0 0 0 0O O0 0 O
0 o0 717” 0 17” o 0o 0 0O 0 O O0 0 O
0 0 o0 f?” 0 17” 6o 0 0 0 0O O0 0 O
0 0 17” 0 717” o 0 0 0O 0 O O0 0 O
0 0 o0 17” 0 f?” 6o 0 0 0 0O O0 0 O
0 0 0 0 ©0 © 717” 0 17” 0 0 0 o0 ©
6o 0 0 0 0 0 O f?” 0 17” 0 0 0 o
0 0 0 0 ©0 © 17” 0 717” 0 0 0 o0 ©
6o 0 0 0 0 0 O 17” 0 f?” 0 0 0 o
0o 0 0 o0 O O O 0 0 O 717” 0 17” 0
o 0o o o0 O O O 0 0 O0 O f?” 0 17”
0o 0 0 o0 O O O 0 0 O 17” 0 717” 0
o 0o o o0 O O O 0 0 O0 O 17” 0 f?”

(Z7AL108z r M1z b2z 12 Mz Lz 11422, 2 112042 01384z L4z L5 34z n L8 4z L7942 LB 2042 1 107

e 2
w22 1422
2 22 9 o9 o 0 0 0O 0O OO ©0o 0 0 0
222 222
“1:22 1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1.22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1.22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1422 1.22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
1:22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
o o o o o o ¥ 25 o 0 0 o0
222 222
1422 ~1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
~1+22 1422
0 0 0 0 0 0 0 0 0 0 0 0
222 222
~1+22 1422
0 0 0 0 0 0 0 0 0 0 0
222 222
1:22 ~1+22
0 0 0 0 0 0 0 0 0 0 — 0 0
222 222
1:22 ~1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222
~1:22 1422
0 0 0 0 0 0 0 o] 0 0 0 0
222 222
“1:22 1:22
0 0 0 0 0 0 0 0 0 0 0 0
222 222

Appendix A
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We assume all strings and programs are binary coded.

Definition A.1: The Kolmogorov Complexity Cq,(x) of a string x with respect to a universal computer
(Turing Machine) U is defined as
Cy(x)= min I(p)
p:UPp) =x
the minimum length program p in 2 which outputs x.

Theorem A.1 (Universality of the Kolmogorov Complexity): If U is a universal computer, then for
any other computer A and all strings X,

Cu(X) =Cxr(X) + Cxn
where the constant ¢4 does not depend on x.

Cy(x)-Ca(¥)

Corollary A.1: lim
1(x)

I(X)>c0

= 0 for any two universal computers.

Remark A.l: Therefore we drop the universal computer subscript and simply write C(x).

Theorem A.2: C(x) < x| +c.

A string x is called incompressible if C(x) = x .

Definition A.2: Self-delimiting string (or program) is a string or program which has its own length
encoded as a part of itself i.e. a Turing machine reading Self-delimiting string knows exactly when to

stop reading.

Definition A.3: The Conditional or Prefix Kolmogorov Complexity of self-delimiting string x given string
yis
Kxiy)= min |(p)

p:UP,y) =X

The length of the shortest program that can compute both x and y and a way to tell them apart is

Kx,y)=min I(p)
p:UP) =Xy

Remark A.2: x, y can be thought of as concatenation of the strings with additional separation informa-
tion.

Theorem A.3: K(X) < I(x) +2logl(x) + O(1), KXilx) <Ix) + O().
Theorem A.4: K(X,y) < KX) + K(y).

Theorem A.5: K(f(x)) = K(X) + K(f) , facomputble function
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